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Infinite Series

Given a sequence {a,}, we use the notation Zan or anl a, or simply Zan to

n=l1

denotes the sum a, +a, +a, +... and called a infinite series or just series.

Convergence and divergence of the series

oo n
A series Zan is said to be convergent if the sequence {s,}, where s, = Zak , 18
n=1 k=1
convergent.

If the sequence {s,} diverges then the series is said to be diverge.

Note:

oo n
For a series Zan , the sequence {s,}, where s, = Zak , 1s called the sequence of
n=l1 k=1

partial sum of the series. The numbers a, are called terms and s, are called partial
sums. One can note that
Sl = al
s, =a +a,
s,=a,+a,+a, and
s =a,+a,+..+a, ors =s _+a.
If the sequence {s,} converges to s, we say that the series converges and write

oo

Zan = s, the number s is called the sum or value of the series but it should be clearly

n=l1
understood that the ‘s’ is the limit of the sequence of sums and is not obtained simply
by addition.

Also note that the behaviors of the series remain unchanged by addition or deletion of
the first finite terms. Just as a sequence may be indexed such that its first element is not
a, ,butis g, ,or a, or a,,we will denote the series having these numbers as their

first element by the symbols

Zan or Zan or Zan.
n=0 n=5

n=99

Review:
= Let {a,} be aconvergent sequence, then lima, =lima,_

.
n—oo n—oo 1
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Theorem

It Zan converges then lima, =0.

n—yoo
n=l1

Proof

Let s,=a,+a,+a,+...+a,. As Zan is convergent, therefore {s,} is convergent.

n=l1

Take lims =s.

n—yo0
Since s,=s _,+ta, or a =s —s_,.
Therefore lima, =lim(s, —s, )
n—oo n—oo

=lims, —lims _,

n—eo n—eo

=5s—5=0 Q

Note:

1

The converse of the above theorem is false. For example, consider the series Z—.
='n
n=1

We know that the sequence {s,}, where s, =1+1+1+...+1 is divergent therefore

Zl is divergent series, although lima, =0. This implies thatif lima #0, then

n—yoo n—oo
n=l1 n

Zan is divergent (It is known as basic divergent test).

Examples:

. .~ 1. .
(1) Is the series Z(l + —j 1s convergent or divergent?
n

n=l1

Solution.

Assume a =1+—.
n

Now we have lima, = lim(l +lj =1#0.

n—oo n—oo n

Hence Z(l + lj is divergent (by basic divergent test)
n

n=1
n

.. .o .
(i1) Is the series Z—' is convergent or divergent?
n=l1 n.

Solution.

n

n
Assume that a, =—.

n!

As a,= L
n-(n-1)-(n—-2)-...-3-2-1
R B s forall n>1.

n n—1 n-2 21
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We conclude lima, cannot be zero.

n—oo

-n' L L
Hence Z—' is divergent (by basic divergent test).
n=1 n.

Questions:
(1) Prove that if Z; a, 1s convergent then lima, =0 but converse is not true.

n—oo

(i) Prove thatif lima, # 0, then Zan is divergent.

n—eo

Review:
* A ssequence {s,} is Cauchy sequence if and only if for all € >0 there exists

positive integer n, such ‘sn - sm‘ <¢ forall n,m>n, (or n>m>n,).

Theorem (General Principle of Convergence or Cauchy Criterion for Series)
A series Zan is convergent if and only if for any real number € >0, there exists a

positive integer 7, such that

<€ ¥V n>m>n,

Proof
Lets,=a,+a,+ta,+...+a,.

Then Zan is convergent if and only if {s,} is convergent.

Now {s,} is convergent if and only {s,} is Cauchy sequence,

that 1s, for all real number € >0, there exists a positive integer n, such that
<€ V n>m>n,.

‘Sn_sm

= la,, +a,,+.+a,|<e Y n>m>n,.

m+1 m+2

n
Zai

i=m+1

= <& V n>m>n,. Q

Review:
= If {s,} is bounded and monotone sequence, then it is convergent.

Theorem
Let Zan be an infinite series of non-negative terms and let {s,} be a sequence of its
partial sums. Then ) a, is convergent if {s,} is bounded and it diverges if {s,} is

unbounded.
Proof
We have s =a, +a,+a,+...+a,,thisgive s ,=s +a,,.
As we have given a, 20 forall n>1 and s, =5, +a,2>s, forall n=>1.
Therefore, the sequence {s,} is monotonic increasing.
Now if {s,} is bounded then we concluded that {s,} is convergent.

Now if {s,} is unbounded, then it is divergent.
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Hence we conclude that Zan is convergent if {s,} is bounded and it divergent if

{s,} is unbounded. a

Review:
= A series Zan is divergent if and only if there exists real number € >0, such that

for all positive integer n,,

.|>&  whenever n>m>n,

Theorem (Comparison Test)
Suppose Zan and an are infinite series such that a, >0, b, >0 for all n. Also

suppose that for a fixed positive number A and positive integer k, a, <Ab, VYV n>k.
(1 If an is convergent, then Zan 1S convergent.
(1) It Zan is divergent, then an is divergent.

Proof
(1) Suppose an is convergent and

a, <Ab, VY n2k,A>0, ............. (i)
By Cauchy criterion; for any positive number € >0 there exists n, such that

Zb.<% n>m>n,

from (i)

n n
Zai</12bi<€, n>m>n,

i=m+1 i=m+1

= Zan 1S convergent.

(i1) Now suppose Zan is divergent then there exists a real number £ >0, such that

Z a>AB, n>m.
i=m+1
From (i)
Zbi>12ai>,b’, n>m
i=m+1 /1 i=m+1
= an is divergent. Q
Example

Prove that Z% is divergent.
n

Since nZ\/;>0 Y n2>1.

11
= —<—
n~~n
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= Z% is divergent as Z% 1s divergent.

Example

: 1 . : : :
The series Z—a 1s convergent if & >1 and diverges if & <1.
n

Let sn=1+L+i+...+i.
20! 3(1 a

n
If a>1 then

1 1
5,<s8,, and —< —.
n“ (n—1)

1 11 1
Now S2n: 1+_a+_a+_a+"'+ P
2% 3" 4 (2n)
1 1 ] [1 1 1
=|l+Z+= st set @t et z
i 5 (2n-1) 29 4% 6 (2n)
1 1] 1 1 1
=|l+Z+= |t It satse t z
35 (2n-1) 2 2 3 (n)
1 1 1 .
<|l+—+— + +—s5,  (replacing 3 by 2, 5 by 4 and so on.)
27 4 2n-2)*| 2¢

=1+2—asn1+—asn <1+—as2n+ —5,, s <s <sS,
2
_1+2—aS2n
1
= 5, <l+ — 5,5,
2a—1_ a—1
= (1— aljs2n<1 = — 5, <l = s, < T
a—-1

2% -1
: : 1 .
= {s,} is bounded and also monotonic. Hence, we conclude that Z—a is
n

convergent when o >1.

If <1 then
n“<n V n21
= %Zl YV n21
n n
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. ..
Zl 1s divergent therefore Z—a 1s divergent when a <1. U
n n

Theorem

Let a, >0, b, >0 and limZz = 4.

n—e b
n

(i) If A#0, then the series Zan and an behave alike.

(ii) If A=0and if an is convergent, then Zan is convergent. If Zan is divergent
then an is divergent.

Proof

: . a : P
Since hmb—” = A, therefore for € >0, there exists positive integer n, such that
n—oeo

<€ VYV nzZny. ..o (1)

Ly
b

n

(i) If A#0, then take & =§ (as A will be positive)

= |%_2 <£ V nzn,.
b, 2

= —£<ﬂ—ﬂu<i V n2n,.
2 b 2

n

= /1—£<&</1+§ V nzn,.

n

:>i<&<ﬁ V n2n,.
2 b 2
Then we got

an<%bn and bn<2an for n2n,.

Hence by comparison test we conclude that Zan and an converge or diverge
together.
(ii) If A =0, then (i) implies

a,<é&b,
Hence by comparison test we conclude that Zan 1s convergent if an converges.
Also an is divergent if Zan diverges. Q
Example

: I . ,x. :
Is the series Z:—sm2 — 1s convergent or divergent for real x?
n n

. I . ,x 1
Consider a, =—sin’~ and take b, =—.
n n n
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2

.2 X X
4 sin” — sin—
Then —Z=n’sin®= =—"21 =4 n
bn n 1 X
. hid
n n
Applying limit as n — oo
2 2
. X . X
4 sin— sin—
lim— =lim x° o =x* lim—2 | =x*)=x".
n—oo b n—oo X n—w X
n J— R
n n

= Zan and an have the similar behavior for all finite values of x exceptx = 0.

) 1 . ) ) .
Since 2—3 is convergent series therefore the given series is also convergent for
n

finite values of x except x = 0.
If x=0, then the given series is also convergent because it is just zero. U

Theorem (Cauchy Condensation Test)
Let a,20, a,>a,,, forall n=>1 (i.e. {a,} 1s positive term decreasing series). Then

the series Y a, and ) 2"'a

Proof
The condensation test follows from noting that if we collect the terms of the

series into groups of lengths 2", each of these groups will be less than 2"a , by

1 converges or diverges together.

monotonicity. Observe,

ta, +ota,, +-
2"+1

2n+l -1

J

2)1

Ya, =a+a,+a,+a,+a;+ag+ta;++a

<a,+a, <aytaztastay Sazn +a2” +~-‘+a2”
<a +2a,+4a,++2"a, +--=) 2"a,.
n=0

We have use the fact that g, is decreasing sequence. The convergence of the original

series now follows from direct comparison to this "condensed" series. To see that
convergence of the original series implies the convergence of this last series, we
similarly put,

+-+a

v

Y 2a, =a+a,+a,+a,+a,+a,++ a,+a SR
n=0 S 4

on 2n+l
V

<a+a <a,+ay+az+a <a +a  + + oo
1 1 2 2 3743 =a a a a a
P G DI A ) "

2n+l

<a+a+a,+ta,+a,ta,+ta,+a+=2> a,
n=l1

And we have convergence, again by direct comparison. And we are done. Note that we
have obtained the estimate

ian < i2”a2n < 2ian. Q
n=1 n=0 n=l1
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Example

: : 1 . :
Find value of p for which Z—p is convergent or divergent.
n

If p<0 then limi # 0, therefore the series diverges when p <0.

n—e p

If p >0 then the condensation test is applicable and we are lead to the series

=1 &
2 (2/()17_22/{[7—/(

k=0 k=0
k
N 1 N 1 O Ak
_Zzw—l)k - Z(z(p—n) - ZZ .
k=0 k=0 k=0

Now 277 < 1 iff I-p <0 ie.when p>1.

And the result follows by comparing this series with the geometric series having
common ratio less than one.

The series diverges when 27 =1 (i.e. when p=1).
The series is also divergent if 0< p <1.

Example

= 1
Prove thatif p>1,
P HZ;‘ n(lnn)?

converges and if p <1 the series is divergent.

Since {Inn} is increasing, therefore { } decreases

nlnn
and we can use the condensation test to the above series.

We have anz;
n(Inn)”
1 ) 1
= a4, =— = 2'a,=——
2" (In2") (nin2)
Now Y2, =Y+ -1 g1
Y T (nn2)”  (In2)"=n’

This converges when p>1 and diverges when p<1.

Example
1
Prove that » —— 1is divergent.
Z Inn 8

Since {Inn} is increasing there {%} decreases.
nn

We can apply the condensation test to check the behavior of the series.

Takeanzi,then a., = ! .
Inn 2 In2"
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So 2"a, = 2 = 2'a, = 2 )
2 In2" ¥ nln2
Since 2 > 1 V n2>1
n o n
and Zl is diverges therefore the given series is also diverges. U
n

Alternating Series
A series in which successive terms have opposite signs is called an alternating series.

(=™ I 1 1 . : .
Z =]l-—+—- 2 +... 1s an alternating series.

Review:
= If {s,} is convergent to s, then every subsequence of {s } converges to s.

= If Zan is convergent, then lima, =0.

n—eo

= [f a sequence is decreasing and bounded below then it is convergent.

Theorem (Alternating Series Test or Leibniz Test)
Let {a,} be a decreasing sequence of positive numbers such that lima, =0 then the

n—eo

n+l

alternating series Z(— 1)

n=l1

a,=a,—a,+a,—a,+... converges.

Proof
Looking at the odd numbered partial sums of this series we find that
Sy =, —a,)+(a,—a,)+(a;—ay)+...+(a,, ,—a,,)+a,,,,.
Since {a,} is decreasing therefore all the terms in the parenthesis are non-negative

=5, ..>0 Vn.

2n+1
Moreover

Soni3 = Sopr1 ~ opin T 0y,05

=S T (a2n+2 - a2n+3)
Since a,,,,—a,,,, =0 therefore s, , <, .
Hence the sequence of odd numbered partial sum is decreasing and is bounded below

by zero. (as it has +ive terms)
It is therefore convergent.

Thus s,,,, converges to some limit / (say).

Now consider the even numbered partial sum. We find that
Sonv2 = Sone1 T Gopin

and

lims,, , =1 m(S2n+1 - a2n+2)
n—soo n—co

—lima =[-0=I . lima, =0.

2n+1 2n+2
n—>o0 n—>eo

=lims

n—oo0

so that the even partial sum is also convergent to /.



Ch 03: Series -10 -

= both sequences of odd and even partial sums converge to the same limit.
Hence, we conclude that the corresponding series 1s convergent. U

Absolute Convergence
A series Zan is said to converge absolutely if Z‘ an‘ converges.

Review:
= A series Zan is convergent if and only if for any real number € >0, there exists

n
Zai

i=m+1

a positive integer n, such that <¢ forall n>m>n, .

n n
» Forall aeR,i=12,..,n; a |< ‘a[‘.
i=1 i=1
Theorem
An absolutely convergent series is convergent.
Proof:

If Z‘ an‘ is convergent then by Cauchy criterion for convergence; for a real number

£ >0, there exists a positive integer 7, such that

n

2. |al

i=m+1

Also, we have

zn“ai < la| (ii)

i=m+1 i=m+1

By using (1) and (i1), one has

n

= Z‘ai‘<€ Vnm>n,. .............. (1)

i=m+1

n
Zai <& Vnm>n,.

i=m+1

This implies the series Zan 1s convergent.

Note:
The converse of the above theorem does not hold.
) . ..
e.g. Z( is convergent but Z— is divergent. U
n n
Question:
= Prove that every absolute convergent series is convergent, but convers is not true
in general.
Review

= Let x,ye R and x < y. Then there exist number r such that x<r<y.
* [If lima, exists and lima, </, [ >0, then there exist positive integer n, such that

n—eo n—eo

a,<l for nzn,.
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Theorem (The Root Test)
b

Let Iim

n—so0

al’l
Then Zan converges absolutely if p <1 and it diverges if p>1.

Proof
Let p <1 then there exist real number r such that p<r<I.

S =

As we have lim‘ a,

n—oo

p, there is some n, so that

a

n

:‘an‘<r"<1 V n>n,.

l
4<r V n>n,

Since Zr” 1s convergent because it is a geometric series with ‘ r‘ <1, therefore
Z‘ an‘ 1s convergent.

= Zan converges absolutely.

l
Now let p>1. Also we have lim‘ a, o = p, there is some n, so that

n—oo

1
i’ > 1 for n2n,.

> 1 for n2n,.

=

a

n

—

an
= lim|a,|#£0 = lima, #0.
n—oco n—oo

= Zan is divergent.

Note:
The above test gives no information when p=1.

e.g. Consider the series Z% and Z%

) 1 . .. |
For each of these series; p=1, but Z— is divergent and Z_z is convergent.
n

n
Theorem (Ratio Test)
The series Zan
(i) Converges if lim Gt | o1 |
n—oo an
.. . e | @
(i) Diverges if lim|—2L|>1.
n—oo an
Proof
If (i) holds we can find £ <1 and integer N such that
D | < B for n>N
al’l

In particular

-11 -
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aN+1

<p
aN

= ‘aNH‘ < IB‘aN‘
= ‘aN+2‘ < ﬁ‘aNH‘ < ﬂz‘aN‘
= ‘aN+3‘ < ﬂ3‘aN‘

= ‘an < ﬂ"‘N‘aN‘ we put N+ p=n.
ie. |a,|<|ay|BNB" forn=N.

Z B" is convergent because it is geometric series with common ratio less than 1,

therefore Zan 1s convergent (by comparison test).

If (11) holds, then we can find integer n, such that

a
—L1 > 1 for n>n,.
a}’l
This gives
‘anﬂ Z‘an‘ for n=n,,

that is, the terms are getting larger and guaranteed to not be negative, therefore
lim‘ a, ‘ # 0. This provide us lima, #0.

n—so0 -
= Zan is divergent. Q
Note:
The knowledge 11_{2 % =1 implies nothing about the convergent or divergent of
series.
Example

—-n

n+l
Prove that series Zan with a = ( j , 1s divergent.

n+1_ n+1

Since —— < 1, therefore a, >0  V n.
n+1

1 n+l
Also (a,)n =|— ( z j

n+l \n+l

-1
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lima, = lim(1+lj {1—(1+lj }
n—oo n—oo n n
= lim(1+lJ im{l—(1+lj }
n—oo n n—oo n

=1 [1_3—1]_1 -

= the series is divergent. U

Dirichlet’s Theorem
Suppose that
(i) {s,}, s,=a,+a, +a,+...+a, isbounded and

(ii) { b,} be positive term decreasing sequence such that limb, =0.

n—oo

Then Zan b, is convergent.

Proof
Since {sn} is bounded, therefore, there exists a positive number A such that
s|SA vV nxl1.

Then a,b.=(s,—s.,)b, for i>2
=50, =5,
=8;b,=5.,b,+5.b, —5,b,
=5 (bi _bi+1) =S, b, +5,0,,

= Zn: a;b, = Zn: S; (bi _bi+1) - (Sm b =S, bn+1)
i=m+1 i=m+1

Since {b,} is positive term decreasing,

Zn: a:b,

i=m+1

< Z {‘ S; ‘(bl _bi+1 )}+‘ SM‘bmH +

i=m+1

S Zn: {/’l(bz _bi+1 )}+ /’lbmﬂ + ﬂ’bnﬂ B ‘Si‘ < 2’

i=m+1

= /1[ Zn: (bi _bi+1)+bm+l +bn+lj

i=m+1

n

D si(b—b.)—5,b,, +5,b

therefore =

m ~m+l n “n+l

i=m+1

Si’l

bn+1
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= AM(byes = b, ) ¥, +b,., ) =24b,,, <24b,, +1.
= Zn: ab|<e where € =24b, ., +1 a certain number
i=m+1
= The Zan b, is convergent. (We have use Cauchy Criterion here.) Q
Theorem
Suppose that

(1) Zan 1s convergent and
(i) { b,} is monotonic convergent sequence,
then Zan b, 1is also convergent.

Proof
Suppose { b,} is decreasing and it converges to b.

Put ¢, =b —b forall n.
= ¢,20 and limc, =0.

n—eo

Since Zan 1s convergent,

therefore {s,}, s, =a, +a, +...+a, is convergent, that is, {s,} is bounded.
By Dirichlet’s theorem, we have Zan c, 18 convergent.

Since a,b, =a,c,+a,b and Zan ¢, and Zan b are convergent,

therefore Zan b, is convergent.

Now if {b,} is increasing and converges to b then we shall put ¢, =b—b,. a
Example
A series Z is convergent if & >1 and divergent if ¢ <1.
(nlnn)®
To see this we proceed as follows
a,= !
(nlnn)®
Take b, = 2"a,, = 2 — = 2 —
(2'm2")" (2" nn2)
2" 1

2"n*(In2)" 2" "n“(In2)"

1 (a=Dn
1 2

~ (m2)*  n"
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(a-Dn
. I . . : .
Since Z—a 1s convergent when & >1 and (Ej 1s decreasing for & >1 and it
n

converges to 0. Therefore an 1s convergent
= Zan is also convergent.

Now an is divergent for a <1 therefore Zan diverges for a <1. Q

Example

To check Z !

n“Inn
1
n“Inn

is convergent or divergent.

We have a, =

Take b = 2"a, = 2 = 2
2 2")%(n2") 2" (nln2)

(a-Dyn
1
1 .2(1_0{”’ _ 1 (2)

In2 =n In2 n

n(a-1)
. Zl 1s divergent although {(5) } is decreasing, tending to zero for o >1
n
therefore an is divergent.

= Zan 1s divergent.

The series also divergent if o <1.
1.e. it is always divergent. U
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