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< Limit of the function
Suppose EC R and f:E— R be afunction. A number [ is called the limit of f
when x approaches to p if for all € >0, there exists ¢ >0 (depending upon &)

such that
| f(x)—1|< € whenever 0<|x—p|<§.

It is written as lim f(x)=1.

xX—p
Note: i) Itis to be noted that pe R but that p need not a point of E in the above
definition ( p is a limit point of £ which may or may not belong to E.)
ii) Evenif pe E, we may have f(p)#Ilim f(x).
xX—p

Example:
In the following diagram we have illustrated lim f(x)=L.
Y=4&)
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< Example
lim—=Y =2
xoe ] + X
We have 2x _ 2x—-2-2x _ -2 <%
x—1 I+x I+x X

Now if €>0 is given we can find 6 = 2 so that

£
£—2 <& whenever x>9. Q
I+x
< Example
2 —_—
Consider the function f(x)= al 11 :
x R

It is to be noted that f is not defined at x=1 but if x#1 and is very close to 1 or
less then f(x) equals to 2. Q
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<+ Definitions
i)Let X and Y be subsets of R, a function f:X — Y is said to tend to limit / as
x — oo, if for a real number € >0 however small, 3 a positive number 0 which
depends upon &€ such that distance
| f(x)—1|<€& when x>& and we write lim f(x)=1.

x—>00

i) f is said to tend to a right limit / as x — ¢ if for £>0, 3 6 >0 such that
|f(x)—l| < & whenever c<x<c+90.
And we write lim f(x) =1

X—>c+

iii) f is said to tend to a left limit / as x — ¢ if for £>0, 3 a d >0 such that
|f(x)—l| < &€ whenever c—d<x<c.
And we write lim f(x)=1. Q

X—C—
< Example

| )
lim sin— does not exist.

X—>00 X

Suppose that lim sin— exists and take it to be [, then there exist a positive real

X—y00 X

number J such that

sinl—l <1 when 0< ‘x—O‘ < 0 (wetake £=1>0 here)
X
We can find a positive integer n such that
i<§ then _2 <0 an 2z <
nx 4n+x (4n+3)7
It thus follows
sinm—l‘ <1 = |-l <1
and sinM—l‘<l = |-1-I|<1 or |1+I]<]1
So that
2=[1+1+1-1| < [1+1]+[1-1| <141 = 2<2
This is impossible; hence limit of the function does not exist. ([l

< Example
Consider the function f:[0,1] > R defined as

-]

Show that lim f(x) where pe[0,1] does not exist.

X=>p

0 if xis rational

1 if xisirratioanl



Solution
Let lim f(x)=gq , if given € >0 we can find ¢ >0 such that
xX—p

| f(x)—q|<€ whenever |x-p|<d.
Consider the irrational (r—s,r+s) < [0,1] such that r is rational and s is

irrational.
Then f(r)=0 & f(s)=1
Suppose lim f(x)=g¢g then
xX—>p

| f(s)]|=1

= 1=|f(9)—q+q|=|(f(s)—qg+q—-0]
=|f()—g+q-f(r)| - 0=f(r)
<|f)—q|+|f(r—q|<e+e

re. l<e+e

Which is absurd.
Hence the limit of the function does not exist.

% Theorem
If lim f(x) exists then it is unique.

X—C

Proof
Suppose lxlilg f(x) 1s not unique.
Take lxlilcl f(x)=I[ and lxlilg f(x)=1, where [ #1,.
= 3 real numbers o, and ¢, such that
‘f(x)—ll‘<€ whenever ‘X—C‘<51
& |f(x)-L|<e whenever |x-c|<d,
Now |} =L|=|(f(x)=1)=(f(x)-1,)|
<|f@)=h |+ f (=1
<€+& whenever |x—c|<min(§,5,)
= [ =1

% Theorem
Let f:E—R and g:E — R be real valued functions. If lim f(x)=A and
xX—p
limg(x)=B then
xX—p
i- lim(f(x)*g(x))=ALB,
xX—p

- lim(fg)(x)=AB,



i- lim

X—>p

(f(x)] =é provided B#0.
g(x)) B
< Continuity
Suppose EC R and f:E— R be afunction. Then f is said to be continuous at
p if forevery £>0 3 a 6 >0 such that

|f(x)—f(l7)| < & for all points xe E for which O<|x—p| <O0.

Note:
(i) If f is continuous at every point of E. Then f is said to be continuous on E.
(ii) It is to be noted that f has to be defined at p iff lim f(x)= f(p). Q
X—=p

< Examples
f(x)=x"is continuous V xe R.
Here f(x)=x", Take peR
Then | f(0)~f(p)|<e
= ‘xz —~ pz‘ <€
= ‘(x—p)(x+ p)‘ < &
= ‘x— p‘ <E=0
Since p is arbitrary real number,
therefore the function f(x) is continuous V real numbers. U

< Example
f(x)=+/x is continuous on [0,00].
Let c¢ be an arbitrary point such that 0 < ¢ < o
For &£>0, we have

r-g@) =[] = e < el

[x—c|

e

= ‘f(x)—f(c)‘ < & whenever < &

ie. ‘x—c‘ <Jce=6
= f 1is continuous for x=c.
" ¢ 1s an arbitrary point lying in [0,00[

. f(x)=+/x is continuous on [0,00 Q



< Right continuous and left continuous
Let f be areal valued function. It is said to be right continuous at point a if

lim f(x)= f(a) and itis said to be left continuous at point ¢ if lim f(x)= f(a).

< Example

- >
X, \
Consider a function given in above graph. We see f is not continuous at point Xx, . It
is right continuous at point x, but not left continuous at point x, .

< Continuity at closed interval

A function f :[a,b] — R is said to be continuous on closed interval [a,b] if
(i) f is continuous on (a,b)
(i1) f 1is right continuous at a .
(111)  f 1s left continuous at b.

% Theorem (The intermediate value theorem)
Suppose f is continuous on [a,b] and f(a)# f(b), then given a number A that
lies between f(a) and f(b), d apoint ¢ , a<c<b with f(c)=A1.

Proof
Let f(a)< f(b) and f(a)<A< f(b).
Suppose g(x)= f(x)—4
Then g(a)=f(a)—A<0 and gb)=f(b)—A>0
— d apoint ¢ between a and b such that g(c)=0
= fc)—-4=0 = f(c)=4
If f(a)> f(b) then take g(x)=A— f(x) to obtain the required result. Q

< Uniform continuity
Suppose f:E — R is areal valued function. We say that f is uniformly
continuous on E if for every € >0 there exists 0 >0 such that
|f(p)—f(q)| <& V p,qe E for which |p—q| <O.

The uniform continuity is a property of a function on a set 1i.e. it is a global
property but continuity can be defined at a single point i.e. it is a local property.

Uniform continuity of a function at a point has no meaning.

It is evident that every uniformly continuous function is continuous.
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To emphasize a difference between continuity and uniform continuity on set S, we
consider the following examples.
< Example

Let S be a half open interval 0<x<1 and let f be defined for each x in S by
the formula f(x)=x’. It is uniformly continuous on S . To prove this observe that
we have

f)=F)|=|x =]
= [x=y[[x+y|
<2‘x—y‘
If |x—y|< & then |f(x)—f(y)|<25=¢

Hence if € is given we need only to take J =§ to guarantee that
‘f(x)—f(y)‘ < & for every pair x,y with ‘x—y‘ <d
Thus f is uniformly continuous on the set S . Q

< Example
Let S be the half open interval 0 < x <1 and let a function f be defined for each x

. 1 . .. :
in § by the formula f(x)=—. This function is continuous on the set S, however we
X

shall prove that this function is not uniformly continuous on § .

Solution
Let suppose € =10 and suppose we can finda Jd , 0< d <1, to satisfy the
condition of the definition.

Taking x=9 , y= %, we obtain

100
S T
and
I 11 10
‘f(x)—f(y)‘z 5 5 =E>10

Hence for these two points we have ‘ f(x)—f(y) ‘ > 10.

Which contradict the definition of uniform continuity.
Hence the given function being continuous on a set S is not uniformly continuous
on S. Q
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