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> Partition
Let [a,b] be a given interval. A finite set P ={a=2X;,X,X,,..., X,...,X, =b} is said to

be a partition of [a,b] which divides it into n such intervals
[%: X ] [0 %o ] [Xor X ] e [ X X0 ]

Each sub-interval is called a component of the partition.
Obviously, corresponding to different choices of the points x, we shall have different

partition.
The maximum of the length of the components is defined as the norm of the partition.

> Riemann Integral
Let f be areal-valued function defined and bounded on [a,b]. Corresponding to

each partition P of [a,b], we put

M. =sup f (x) (X, <X<X)
m. =inf f(x) (X, <X<X)
We define upper and lower sums as /\/ M.
U(P,f)=> M, Ax m;
=1 Xj_1 X;

and L(P, f):zn:miAxi.
i=1

where Ax =x-x, (=L2,...,n)

b

and finally jf dx=infU(P, f) ..oovveeerri. (i)
b
jfdx:sup LP, f) o, (ii)

Where the infimum and the supremum are taken over all partitions P of [a,b]. Then

b
f dx and Ifdx are called the upper and lower Riemann Integrals of f over [a,b]
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respectively. :
In case the upper and lower integrals are equal, we say that f is Riemann-Integrable

on [a,b] and we write f € R, where R denotes the set of Riemann integrable
functions.

b b
The common value of (i)and (ii) is denoted by j fdx or by j f () dx.

Which is known as the Riemann integral of f over [a,b].
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> Theorem
The upper and lower integrals are defined for every bounded function f .

Proof
Take M and m to be the upper and lower bounds of f(x) in [a,b].
= m< f(x) £ M (a<x<b)
Then M, <M and m >m (i=12,...,n)
Where M, and m; denote the supremum and infimum of f(x) in (x_,x;) for certain

partition P of [a,b].

= L(P,f) Zm AX, >ZmAx (A%, =%, —X)

= L(P,f)ZmZAxi

i=1
But Zn:Axi = (X = Xg) + (X, = X))+ (X3 = X,) + oo + (X, — X, 1)
i=1

=X,—X =b-a
= L(P,f)>m(b—a)
Similarity U (P, f)<M(b-a)
= m(b-a)<L(P,f)<U(P,f)<M(b-a)
Which shows that the numbers L(P, f) and U (P, f ) form a bounded set.
— The upper and lower integrals are defined for every bounded function f. ®

> Riemann-Stieltjes Integral
It is a generalization of the Riemann Integral. Let «(x) be a monotonically increasing

functionon [a,b]. «(a) and «(b) being finite, it follows that «(x) is bounded on
[a,b]. Corresponding to each partition P of [a,b], we write
Ag; = a(X%) —a(X,)
( Difference of values of « at x. & X, ;)
+a(x) is monotonically increasing.
S Ag; 20
Let f be a real function which is bounded on [a,b].

Put (P, f,a) ZMAa

Pfa ZmAa

where M, and m, have thelrusual meanings.
Define

fda=infU(P,f,a) ..ccoooe..... (i)
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b
jfdazsupL(P,f,a) ................ (ii)
Where the infimum and supremum are taken over all partitions of [a,b].
b b b b
If jfda:Ifda, we denote their common value by dea or jf(x)da(x).

This is the R{emann-StieItjes integral or simply the Stieltjes Integral of f w.rt. o
over [a,b].

If _[b f da exists, we say that f isintegrable w.r.t. «, in the Riemann sense, and
write f e R(a).

> Note

The Riemann-integral is a special case of the Riemann-Stieltjes integral when we take
a(X) = X.

-+ The integral depends upon f,a,a and b but not on the variable of integration.
b b
. We can omit the variable and prefer to write j f da instead of I f(x)da(x).

In the following discussion f will be assume to be real and bounded, and «
monotonically increasing on [a,b].

> Refinement of a Partition
Let P and P” be two partitions of an interval [a,b] such that P < P” i.e. every point

of P is apoint of P*, then P" is said to be a refinement of P.

» Common Refinement
Let B, and P, be two partitions of [a,b]. Then a partition P” is said to be their
common refinement if P" =P, UP,.

> Theorem
If P* is a refinement of P, then
L(P,f,) < L(P", f,a) oo, (i)
and U(P,f,a) > U(P",fa) ... (ii)
Proof

Let us suppose that P~ contains just one point X" more than P such that x._, < X™ < x
where x,_, and X, are two consecutive points of P.
Put

w, =inf f(x) (XHSXSX*) X . X* X

w, =inf f (x) (x <x<x)
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Itis clear that w,>m, & w,>m, where m =inf f(x) , (X <Xx<Xx).
Hence
L(P", f.a)-L(P, f,a)=w| a(X") —a(X,) |+ W,[ a(x) - a(x") |
—m; [a(xi) - a(xifl)]
=w| a(X") —a(% ) |+ W[ a(x) —a(x) |
—ma(x) —a(X) +a(x) —a( ) ]
= (W, —m)[ (') = (%) |+ (W, -m)| a(x) - a(x") |
.+« 1s a monotonically increasing function.
Loa(xX)—a(x,)=20 , a(x)—a(x)=0
= L(P".f,a)-L(P,f,2) 2 0
= L(P,f,a) < L(P",f,a)  whichis (i)

If P* contains k points more than P, we repeat this reasoning k times and arrive at

(i).
Now put
W, =sup f (x) (X_, <x<XY)
and W, =sup f(x) (X" <x<x)
Clearly M, >2W, & M, =W,
Consider

U(P,f.a)-U(P", f,a)=M[a(x)-a(x,)]

W, | a(X) - a(X4) | -W, | a(x) —a(x) ]
=M [ a(x)-a(x)+a(x) —a(x)]
W, | a(X) - a(Xy) | -W, | a(x) —a(x) ]
=(M; =W,)[ a(x") = (% 1) |+ (M, =W, )| a(x) —ex(x") | = 0
( a is T)
= U(P,f,a) = U(P", f,a) whichis (ii)
®
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> Theorem
Let f be areal valued function defined on [a,b] and « be a monotonically

increasing function on [a,b]. Then
supL(P, f,a) < infU(P, f,a)

b b
ie. [fda < [fda
Proof 7
Let P” be the common refinement of two partitions P, and P,. Then
L(P, f.a) < L(P",f,a) < U(P",f,a) < U(P,f,a)

Hence L(R,f,a) < U(R,f,a) ..cccc....... (i)
If P, is fixed and the supremum is taken over all P, then (i) gives

b
[fda <U(P, )
Now take the infimum over all P,

:deasj{fda O]

> Theorem (Condition of Integrability or Cauchy’s Criterion for
Integrability.)
f €e R(e) on [a,b] iff forevery £>0 there exists a partition P such that
U(P, f ,a)— L(P, f ,a) <&

Proof
Let U(P f,a)-L(P,fa)<e............. (i)

b
Then L(P,f,@) < [fda < [fda <U(P,f.a)
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b
:jfda—L(P,f,a)ZO and U(P,f,a)— fda >0
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Adding these two results, we have
b b
[fda—[fda-L(P,f.a)+U(P,f,a)>0

b

da - fdaSU(P,f,a)—L(P,f,a)<g from (i)

U
D e T |
—h

(I

fda—|fda <& forevery £>0.

D
o
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b b
N jfda:jfda ie. feR(a)
Conversely, let f eé(a) andlet £>0

b b b
:jfda:jfda:jfda

b b
Now [fda=infU(P,f.) and |[fda=supL(P,f.a)
There exist partitions B, and P, such that

b
U(Pz,f,a)—‘!fda<§ .............. (ii) U(R, f.a)- %< fda

b f L(P. f £
and Ifda—'—(ﬂ,f,a)<§ .............. (i) [fda<L(R.f.a)+%)

We choose P to be the common refinement of B, and P, .
Then

b
U(P,f,a)gu(Pz,f,a)<jfda+g< L(P, f,a)+e<L(P,f.a)+s

So that
U(P,f,a)—L(P,f,a) < & ®

> Theorem
a) If U(P,f,a)—L(P, f,a)<e holds for some P and some ¢, then it holds

(with the same &) for every refinement of P.
b) If U(P, f,a)—L(P,f,a)<e holds for P={x,,...,x,} and st are arbitrary

points in [x_;, X ], then
Y| f(s)-ft)|Ag <e
i=1
c) If f e R(a) and the hypotheses of (b) holds, then

n b
Y f(t)Aa — [ fda|<e
i=1 =

Proof
a) Let P* be arefinement of P. Then
L(P,f.@) < L(P",f,a)

and U(P*,f,a) < U(P,f,a)
= L(P,f,a)+U(P", f,a) < L(P",f,a)+U(P,f.)
= U(P",f,a)-L(P",f,a) < U(P,f,a)-L(P,f,a)
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U(P,f,a)-L(P, f,a)<e
U(P",f.a)-L(P".fa)<e
b) P={X,...x,} and s;, t; are arbitrary points in [x_;,%].
= f(s;) and f(t;) bothliein [m,M,].
= [f(s)-f@E)| < M;-m, Xi.1 S t0X
= | f(s)-f(t)|Ag; < MAg; —mAg,
= i‘ f(s)— f(ti)‘Aozi iMiAai —imiAai
i=1 i=1 i=1

U(P, f,a)—L(P, f,a)

IA

IA

= () - 1) |Aa
UI_(P,f,a)—L(P,f,a) < &

. Zn] f(s)-ft)|Ag < &

C) m o< ) < M,

ZmAa < Zf(t)Aa ZM Ag,
= L(P,f,« Zf(t)Aa < U(P,f,a)

andalso L(P,f,x) U(P, f,a)

DJ'—.

Using (b), we have
b
Y ft)Aq—[fda| < & ®

» Lemma
If M & m are the supremum and infimum of f and M', m’ are the supremum &
infimum of | f|on [a,b] then M'—m' < M —m.
Proof
Let x,X, €[a,b], then
[T 0| F O] <] )= FO) | e, (A)
~ M and m denote the supremum and infimum of f(x) on [a,b]
X SM & f(X)>m VvV xela,b]
X, X, € [a,b]
o f(x) <M oand  f(x,)=>m
= f(x) <M and —f(x,) <-m
= f(x)-Ff(X)<M-m......... (1)
Interchanging X, & X,, we get

[FO)-FO)] <M=m ... (ii)
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M) &) = | f(x)-f()|]<M-m
= || F)|-f ()| <M-m  byeq. (A) ........... )
.+ M’ and m’ denote the supremum and infimum of |f(x)| on [a,b]
SfX) <M and [f(x)|=m Vv xelab]
= 3 &>0 such that
1f(x)| >M' —¢ (iii)
and [f(x)] <m+e = —|f(x)|+e>-m ... (iv)

From (iii) and (iv), we get
\f(xl)\—\f(xz)\+g >M'—-m'-¢

= 2e+|f(x)|-|f () > M —m’
e dsarbitrary . M'—m' < [fOQ)|=[FOQ)| i (V)
Interchanging X, & X,, we get
M'—m' < —([f0Q)]=[F)]) coovernn (vi)
Combining (v) and (vi), we get
M’ =m" < || F )| = [F || o (ID)

From (1) and (I1), we have the require result
M'—m" <M-m

> Theorem
b b
If feR(@) on [ab],then | f|eR(a)on [ab]and ([fda| < [|f|da.
Proof
© feR(a)

. given £>0 3 apartition P of [a,b] such that
U(P, f,a)—L(P, f,a) <&
I.e. ZMiAai —Zmi A, :Z:(Mi -m)Ag; < ¢
Where M; and m; are supremum and infimum of f on [x_;,%]
Now if M/ and m are supremum and infimum of | f | on [x_,X] then
M/-m <M. —m
= Z(Mi’—m{)Aai < Z(Mi—mi)Aai
= U(P,|f|,a)-L(P|fl.a) <U(P,f,a)-L(P,f,a) < ¢
= | f|eR(a).
Take c=+1 or —1 to make cjfdazo

Then

b
jfda

Also cf(x) < \fzx)\ vV xela,b]
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b b b b
= [cfda < [|f|da = c[fda < [[flda ... (ii)
From (i) and (ii), we have

b b
[fda| < [|f]da ®

> Theorem (Ist Fundamental Theorem of Calculus)

Let feR on [ab]. For a<x<b, put F(x)=If(t)dt,then F is continuous on

[a,b]; furthermore, if f is continuous at point X, of [a,b], then F is differentiable
at x,,and F'(x,) = f(x,)-

Proof
o feR
-t is bounded.
Let | f(t)| <M for te[a,b]
If a<x<y<hb, then 2 X y b

[F(y)-F()|=

ff(t)dt—ff(t)dt

_ jf(t)duff(t)dt-jf(t)dt

= jf(t)dt sf\f(t)\dt Sdet =M (y—x)

= |F(y)-F(X)| <& for £>0 provided M|y—x| < ¢
ie. |F(y)-F(x)| <& whenever |y—x|< ﬁ
This proves the continuity (and, in fact, uniform continuity) of F on [a,b].
Next, we have to prove that if f is continuous at x, €[a,b] then F is

differentiable at x, and F'(x,)= f(x,)

ie. fimrW=FO) g0y
=X 11X,

Suppose f iscontinuousat x,.Given £>0,3 6 >0 such that
\ f(t)— f(xo)\ <e¢g |if \t—xo\ < 6 where te[a,b]

= f(x)—-e< flt) < f(x)+e If Xx,—-0 <t<Xx,+0
t

- j(f(xo)—g)dt < jf(t)dt < j(f(xo)+g)dt d X0 X Xgto
Xo Xo Xo




10

Riemann-Stieltjes Integral

= (f(xo)—g)jdt < jf(t)dt < (f(x0)+g)_t[dt

= (F(x)—&)t—%) < F(t)—F(x)) < (f(X)+&){t—x,)
F(t) - F(x)

0

= f(x)—¢€< < f(x)+e

_ |[FO-F)
t—X,

= IimM = f(x

t—X%, t— 0)

= F'(%) = (%) ©

f(x)| < e

> Theorem (IInd Fundamental Theorem of Calculus)

If

f e R on [a,b] and if there is a differentiable function F on [a,b] such that

F'=1f, then

Pro

_Tf(x)dx: F(b)-F(a)

of

- feR on [ab]

. given ¢>0, 3 apartition P of [a,b] such that

U(P,f)-L(P,f)<e

-+ F is differentiable on [a,b]
3t €[%_,%] such that

F(x)—F (X)) =F'(t)Ax
= F(x)-F(x_)="f{t)Ax for i=12..,n - F'=f

N if(ti)Axi = F(b)- F(a)

- if f e R(a) then
‘Zf(ti)Aai—jbfda‘<g

= < &

F(b) - F(a)—‘tff(x)dx

.+ £ Is arbitrary

'Tf(x)dx:F(b)—F(a) ®




