Metric Spaces: An Introduction

*» Metric Spaces
Let X be a non-empty set and R denotes the set of real numbers. A
function d: X x X — R is said to be metric if it satisfies the following

axiomsV X,y,ze X.
[Mi] d(x,y) >0 i.e. dis finite and non-negative real valued function.
[M;] d(x,y)=0 ifandonlyif x=y.
[Ms] d(x,y)=d(y,x) (Symmetric property)
[Mg] d(x,z) <d(x,y)+d(y,2) (Triangular inequality)
The pair (X, d) is then called metric space, d is called distance function and d(x, y) is

the distance from x to y.
Note: If (X, d) be a metric space then X is called underlying set.

s Examples:
1) Let X be a non-empty set. Then d: X x X — R defined by
1 if xzy
d(x,y) = { N
if x=y
Is a metric on X and is called trivial metric or discrete metric.
i) Let R be the set of real number. Then d:RxR — R defined by
d(xy) =|x—y| isametricon R.
The space (R,d) is called real line and d is called usual metric on R.

Iii) Let X be a non-empty setand d: X x X — R be a metric on X. Then
d’: X x X >R defined by d'(x,y) =min(1, d(x,y)) is also a metric on X.

iv) Let d:RxR — R be defined by
d(x,y)=4|x-y]|.
Then d is a metric space on R.
v) Let x=(x,V,) , Y =(X,Y,). We define

d(x,y) = \/(xl —%,)° +(y,—Y,)’ isametricon R
and called Euclidean metric on R? or usual metric on R2.

Vi) A d:RxR — R is not a metric, where R is the set of real number and d defined
by
d(x,y) = (x-y)’
vii) Let x=(x,%,), Y=(Y,,Y,) € R*. We define
d(x,y) =% = Y| +]% = Vs |
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is a metric on R?, called Taxi-Cab metric on R2.

viii) Let R" be the set of all real n-tuples. For
X =(X, Xy, X,) ANd Y =(Y;, Ypioers ¥,,) iN R,
we define  d(x,y) = 0% = ¥2)° + (% = ¥,)" + .o (%, = Vo)
then d is metric on R", called Euclidean metric on R" or usual metric on R".

IX) The space 1”. As points we take bounded sequence
X =(X,X,,...), also written as x =(x.), of complex numbers such that

Ix|<C, Vi=123..
where C, is fixed real number. The metric is defined as
d(x,y) = su@ X —y;| where y=(y,)

X) The space 1”, p>1 is a real number, we take as member of 1°, all sequence

x=(&,) of complex number such that i‘ 3 ‘p <o,
=

o |~

The metric is defined by d(x,y) —[i‘gﬂ —Uj‘pj ,
=
S p
where y =(7,) such that Y"|n;| <o
i1

¢ Open Ball
Let (X,d) be a metric space. An open ball in (X,d) is denoted by
B(Xo; 1) ={xe X |d(x,,X)<r}
X, 1s called centre of the ball and r is called radius of ball and r > 0.
+¢ Closed Ball
The set B(x,;r) = {xe X |d(%,,X)<r} is called closed ball in (X,d).

* Sphere
The set S(xy;r) ={xe X |d(x,,x) =r} is called sphere in (X,d).

s Examples
Consider the set of real numbers with usual metric d =|x—y| Vv x,yeR
then B(x;r) ={xeR|d(x,x)<r}
ie. B(x;r)={xeR:x—x|<r}
Le. X, —r<X<X+r=(X—r%+r)
I.e. open ball is the real line with usual metric is an open interval.
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And B(x,;r) ={xeR:|x—x,|<r}

e, Xy —r<X<X,+r=[X,—r,X% +r]

I.e. closed ball in a real line is a closed interval.
And S(x;r) = {xeR:|x=x;|=r}={x,— 1%, +r}
l.e. two point x, —r and X, +r only.

*» Open Set
Let (X,d) be a metric space. A set G is called open in X if for every xeG,
there exists an open ball B(x;r)cG.

% Theorem

An open ball in metric space X is open.
Proof.
Let B(x,; r) be anopenballin (X,d).

Let yeB(X,; r). Then d(x,, y)=r <r
Let r, <r—r. Then B(y;r,) = B(X,;r)
Hence B(x,; r) is an open set.

Note: Let (X,d)be a metric space. Then
1) Xand ¢ are open sets.

i) union of any number of open sets is open.
i) intersection of a finite number of open sets is open.

+ Limit point of a set
Let (X,d) be a metric space and A< X . Then xe X is called a limit point or
accumulation point of A if for every open ball B(x;r) with centre x,

BOx;r) n{A-{x}} = o,
I.e. every open ball contains a point of A other than x.

+» Closed Set

A subset A of metric space X is closed if it contains every limit point of itself.
The set of all limit points of A is called the derived set of A and denoted by A’.

% Theorem

A subset A of a metric space is closed if and only if its complement A° is
open.

% Theorem
A closed ball is a closed set.
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» Theorem
Let (X,d) be a metric space and A< X . If xe X is a limit point of A, then
every open ball B(x;r)with centre x contain an infinite numbers of point of A.

s Closure of a Set
Let (X,d) be a metric space and M < X . Then closure of M is denoted by

M =M UM’, where M' is the set of all limit points of M. It is the smallest closed
superset of M.

¢ Dense Set
Let (X, d) be a metric space. Thenaset M < X is called dense in X if M = X .

«» Countable Set
A set A is countable if it is finite or there exists a function f : A— N which is

one-one and onto, where N is the set of natural numbers.
e.g. N,Q and Z are countable sets. The set of real numbers, the set of

irrational numbers and any interval are not countable sets.

*» Separable Space

A space X is said to be separable if it contains a countable dense subsets.
e.g. the real line R is separable since it contain the set @ of rational numbers, which

isdenseis R.

% Theorem

Let (X, d) be a metric space. A set Ac X is dense if and only if A has non-
empty intersection with any open subset of X.

+*» Neighbourhood of a Point

Let (X, d) be a metric space and x, e X. Aset N < X iscalled a
neighbourhood of x, if there exists an open ball B(x,;&) with centre x, such that
B(X,;€)=N.

Shortly “neighbourhood ” is written as “nhood .

+ Interior Point

Let (X, d) be a metric space and Ac X . A point x, € X is called an interior
point of A if there is an open ball B(x,;r) with centre x, such that B(x,;r) c A.
The set of all interior points of A is called interior of A and is denoted by int(A) or
A
It is the largest open set contain in A. i.e. A" c A.
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s Continuity

A function f :(X,d)—(Y,d’) is called continuous at a point x, € X if for
any >0 thereisa &>0 suchthat d'(f(x), f(x,))<e forall x satisfying
d(X,X,)<0.

Alternative:
A function f :X —Y iscontinuous at x, € X if forany £>0, thereisa 6 >0
such that
xeB(x;8) = f(x)eB(f(x);¢).

% Theorem
A function f :(X,d)—>(Y,d’) is continuous at x, € X if and only if f*(G) is
open is X wherever G isopeninY.

+» Convergence of Sequence:
Let (x,)=(X,X,,...) be asequence in a metric space (X,d). We say (X,)
converges to xe X if limd(x, ,x)=0.

n—o0

We write lim x, =X or simply x, —-x as n—o.

nN—oo

Alternatively, we say x, — X if for every ¢ >0 thereisan n, eN, such that
vV n>n,, d(x,X)<e.

% Theorem

) A convergent sequence is bounded.
i) Ifx,—»>xandy —vy then d(x,y,)—>d(xy).

+» Cauchy Sequence
A sequence (x,) inametric space (X,d) is called Cauchy if for any ¢ >0
thereis n,eN suchthat Vv mn>n,, d(x, X)<e.

% Theorem
A convergent sequence in a metric space (X,d) is Cauchy.
Proof.

Let x, »>xe X, therefore any ¢ >0 there is n, €N such that
v m,n>n,, d(xn,x)<§ and d(xm,x)<§.
Then by using triangular inequality
d(X,,%,)<d(x,,x)+d(xx,)
<d(X,,x)+d(x,,X) o d(xy)=d(y,X)

& &
<—+—-=¢.
2 2
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Thus every convergent sequence in a metric space is Cauchy.

« Example
Let (x,) be asequence in the discrete space (X,d). If (x,) be a Cauchy sequence,
then for ¢ = % there is a natural number n, depending on & such that

d(x,, %) < % v mn>n,
Since in discrete space d is either 0 or 1 therefore d(x,,X.)=0 = x_ =X, =X (say)
Thus a Cauchy sequence in (X,d) become constant after a finite number of terms,

i.e. (xn):(xl,xz,.. X x,x,x,...)

"1 g

* Subsequence
Let (a,a,,a,,...) beasequencein (X,d) andlet (i,i,,i,,...) beasequence

of positive integers such that i, <i, <i, <... then (ai1 a, ,aig,...) is called subsequence
of (a,:neN).

+» Complete Space
A metric space (X,d) is called complete if every Cauchy sequence in X
converges to a point of X.

s Example
Let X =(0,1) then (X,)=(X, %, Xs,...)=(%, %, %,...) is a sequence in X.
Then x, — 0 but 0 is not a point of X.

*» Subspace
Let (X,d) be a metric space and Y — X then Y is called subspace if Y is itself
a metric space under the metric d.

¢ Theorem
A subspace of a complete metric space (X,d) is complete if and only if Y is
closed in X.

+» Nested Sequence:
A sequence sets A, A, A,,... is called nested if A DA DA D..

¢ Theorem (Cantor’s Intersection Theorem)
A metric space (X,d) is complete if and only if every nested sequence of non-

empty closed subset of X, whose diameter tends to zero, has a non-empty
intersection.

s Complete Space (Examples)
(i) The discrete space is complete.
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Since in discrete space a Cauchy sequence becomes constant after finite terms
I.e. (x,) is Cauchy in discrete space if it is of the form

(X0s Xy, Xg-., X, =D, D, D,....)
(ii) The set Z={0,+1,%2,...} of integers with usual metric is complete.

(iii) The set of rational numbers with usual metric is not complete.
Since (1.1,1.41,1.412,...) is a Cauchy sequence of rational numbers but its limit is

\/5, which is not rational.

(iv) The space of irrational number with usual metric is not complete.

We take (-11),(=5.72).(=%4:74) .- (=0, 1)

We choose one irrational number from each interval and these irrational tends to
zero as we goes toward infinity, as zero is a rational so space of irrational is not
complete.

* Theorem
The real line is complete.
The Euclidean space R" is complete.

The space 1™ is complete.
The space C of all convergent sequence of complex number is complete.

The space I?, p>1 is a real number, is complete.
The space C[a, b] is complete.

% Theorem
If (X,d,) and (Y,d,) are complete then X xY is complete.
Note: The metric d (say) on X xY is defined as

d(x,y) =max(d, (&, ). (. 7,))
where x=(&,7,), y=(&,.1,) and &,&, € X, m,m, €Y.
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