Vector Analysis: Chap # 2. Scalar and Vector Product B.Sc & BS Mathematics

SCALAR AND VECTOR
PRODUCT

Scalar product or dot product :

If @ and b be the two vectors. Then the scalar or dot product of two

vector is define as

vy

@.b =|a||b]cos 6

Where @ is angle between @’ and b. (e)

Characteristics:

() If @=aitazjtask & b= byi + bojHbs k
Then @.b = (aii +azj+ask) . (bui + boj+ BaK) Eray byt a; bo+ azbs
(i) If @ and b are perpendicular (8 = 90° ) vectors then @.b =0
(iii) If @ and b are parallel (8 = 0°) vectofs=then @.b =ab
(iv) If @ and b are anti parallel (8 =180%):vectors then @.b=—ab
(v) Dot product is commutative
@b =b.a@
(vi) Dot product of two same vector is
a.a=|al
(vii)  Distributive property of dot product over addition or subtraction .
@B +rT)=a.bza.c Left distributive law
@+ b).c=a.c+b.C Right distributive law
(viii) Scalar multiplication in dot product:
(A@).b =A@.b ) or @.(Ab)=A(@.b)
(ixX)  Relation between i, j, k unit vectors in dot product
.1 =1 .j=0
jr=1 j.k=0
k.k=1 k.i=0
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(x) Work done by a force :

Let F be aforce , which applied on a particle and displaces it through a displacement 7. then

work done is define as W=F.7r

(xi)  Projection of one vector along another vector:

If @ and b be the two vector. Then

Projection of @ along b =@ .b =

sl
&l

Projection of b along @ =b . =

—

la’|

Theorem:03:1f @ and b be the two non-zero vectors are perpendicular if and only if a’. b =0

Proof: If @’ and b are perpendicular vectors . then we have to preve, ax b =0
We know that @.b =abcos6
@.b =ab cos (90° ~where 6= 90°
@.b =ab (0)

—

Q
S
1
o

Conversely suppose that @.b =0

Then we have to prove a and b .dre perpendicular vectors. It means (6= 90°)
Now takes @b =0
abcos 6=0
Here ab=+#0 then cos 6=0
6=cos * (0)

Hence proved .

Example #01 :Determine the magnitude of the vector @’=4i + 3j +12k and also find the a unit
vector in the direction of a’.

Solution: Given vector a’=4 i + 3j +12k

Magnitude: &l =y (4)? + (3)2+ (12)2 =16 + 9 + 144 =169 =
|a’|=13
Unit vector: a :g
4i +3j+12k

A ~_ 4 ., 3 . 12
a a=—i+=j+=k
13 13 13 13
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Example#02: If the angle between two vectors whose magnitudes are 14 and 7 is 60° . Find their

scalar product.

Solution: Let @ and b~ be the two vectors

Given |a’|=14; |b|=7 and 0= 60" Scalar product =?
As @.b =|a| |b'|cos 6= 14.7 cos 60°= 98 .5 =

Example#03: Find a unit vector which makes an angle of 45° with @ [ 2,2, —1] and an angle of

60° with b [0,1,—1].

Solution: Let @ be the required unit vector.
U=xi+yj+zk---------- e (A)
[0]? =x% +y? + 22 = x? 4y 4 7%= L oaie @)
al*=1

Given @ =[22-1]=2i+2j—k and b =[0K—1]E0i+j—k
1* condition: The unit vector @ makes an angle 45° withea.

Then @. 4 = |a]||i|cos.® 6=45°

(i +2j —k).(xi +yj+z k)= ()% (D? + (-1)2 . 1. cos 45°

la]=1
2x+ 2y —ZeVN4+4+1 . \/%=\/§ . %
2x+2y—z:% ------ (i)
2" condition: The unit Vector fi-makes an angle 60° with b.
Then b.a = |b|lalcos 6 9=60"
(iR =R).(xi +yj +zk)=(0)% + (1) + (-=1)2 . 1. cos 60° ~lal=1
Ox+y—z= 0+1+1.%:\/§.% =>y—22% ------------- (iii)
Subtracting equation (i) and (ii): > (2x+2y—z)-(y-2)==- %
2x+2y—z -y+z= %:\/2_5

2x +y =2 = y =2 =2x —-(iv)

. . . . .. 1 1
Using Equation (iv) in (i) » V2 —2x — Z =% = \/E—Zx—\/—i—z
2-1 1

1 _ _ P D
=>\/§—E—2x—z= E—ZX—Z = Z_\/E 2x (V)
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Using equation (iv) and (v) in (i)
+[VZ-2x]" + [——Zx] =1
X2+ (V22 + (202 - 2(V2) 20+ ()2 + (2% - 2(5) (20)=1
x%+ 2+ 4x% — 4\/§x+5+ 4x2 — 242 x—1=0
9% —6v2 x +1+=0
9x% —6v2 x +2=0
6x2 — 42 x +1=0 {Multiplying equation by %}
By using quadratic formula

_ - 42)£ [ (4v2) -4@®) 1) _ 4VZ+V32-24 _ 4VZ+/B L i

2x6 12 12 T 12
_4242V2_6v2_ V2 _ 1 _A2-2ioVe V2 _ 1
T 12 12 2 2 X="03 12 2x3 3v2
_ 1 AN
5 N
Putin (iv) and (v)
1 1
y=v2-2(3) y=V2-2(5)= V2 -5
y:ﬁ—ﬁ =0 y= 3\/53_\/§:¥

y=212

3

and
1 1

2= 525 2 =V2 -2(p)
_ 1 2 _ 1 2
RN 2 %W
172 _ =1 _3-2_1
807 vz T3 ave
_ -1 _ 1

‘TR =34

A1 .1 N~ 1. 2V, 1
u—ﬁl+0] ﬁk OR t=—7i+—j+ k
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Example#05:For what value of A, the vector 2i —j + 2k and 3i + 24j are perpendicular?

Solution: Let

@=2i—j+2k and b =3i+2}
According to given condition @’ L b then

a@.b=0

(2i — j 4 2k).(3i + 21j + 0k) =0
E)+()2AH+(2)(0)=0

6—21+0=0

21=6

1=6/2
A= 3

Example#06: Find the cosine of the angle between the vectors aand b where @’ =i + 2j — k

and b = —i+j—2k.

Solution : Given T=i+2j—k and= b= —i+j—2k.
As @.b =|a||b]cos 6
Therefore ,
cos 0 = f b
|| [b]
(i+2j—k) (—i+j—2k)
cos 0 =
(@2 F@2+(0?)(VO2 + ()% +(-2)2)
caNe D @D+ M+ (-1D(=2)
(V1+4+1)(V1+1+4)
cos @ = ﬂ = 3
- (V&)(V6) 6
= C0s 0 = %
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Example#07: If |@ + b

| =|a - b|.showthat @ and b’ are perpendicular.

Solution: Given
|+ b |=|a - b (i)
Wehavetoprove @ Lb it means @.b =0
Squaring equation (i)
@+ b|=la-b]|
@+b).(@+b)=(@-b).(@-b)
@.@ +a.b+h.@+b.b=a.@—a.b —b.a+b.b
@i2+2a.b + |b|’ =@ - 2@. 5+ |p|
@)?+2a.b+ |p| — @+ 2a.b - |p] =0

Hence proved

a
Example#08: If @ = 3i—j—4k ;b

2i+4j—3kandC =i+2j—k.
Find the projection of(@+2b ) along €.

Solution: Given

—

@ =3i—j—4ke b= —2i+4j—3kandT = i+2j —k
Let @ =a+2b

Projection of u alongc'=?
W =a+2h =(3{ ) — 4k) + 2(—2i + 4j — 3k)

=3i —J —4k —4i + 8j — 6k
W =2 7 — 10k
Projection of 4 alohg c=u’. ¢

Now

—

&l

Projection'ef u”along ¢’ =—-

¢ _ (Zi+7j-10k).(i+2j-k) _ (-D@W)+(7)(2)+(-10)(-1)
€l JEDZ+@E (D2 Vi+a+i

_ —1+14+10 _ 23
T V6 V6
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Exercise#2.1

Q#Ol: If@ =3i+j—k ;b =2i—j+2kand = 5i + 3k . Find
() (@a+b)c
Solution

2 2a+b=2@i+j—k) + (Qi—j+2k) = 6i+2j—2k +2i—j+2k = 8idYy+ 0k
Now

(a@+b ).T= (8i +j + 0k).(5i + 0j + 3k) = (8)(5) + (1)(0) + (0)(3), =, 40+ 0+0 = 40
(i) (@ — 2¢). (b +¢)

Solution:
wa —2c=@i+j—k)-2(5i+3k)=3i+j—k—10i -6k =-7i+j— 7k
#wb+C = 2i—j+2k+5i+3k =7i —j F5k

Now

@ —2C). (b+C ) = (=7i +j — 7k). (Ti<J +°5k)
=(=7(7) + (WD +(=7(5)
= —49-1=35

@-2¢).(b+c) = -85

Q#02: Find x, so that a’

= 2i+4j— 7k and b =2i+ 6j + xk are perpendicular?
Solution: Given

@ =2i4+j=7kand b = 2i + 6] + xk

According to given,condition @’ L b then

—

@a.b=0
(2i+4j — 7k).(2i + 6j + xk) 0
@2+ @®®G) +(7)X =0

4424—-7x =0

28 = 7x
x = 28/7
x=3
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Q#03: Find m, for which the angle between @ = mi + j — k & b=i+ mj—k is g?

Solution: Given a =mi+j—kand l7=i+mj—k
According to given condition that 6 = g between @ & b then

a.b =|a||b]cos6

(mi+j—k).(i+mj—k) =/(m)? + (12 + (-1)% (1)? + (m)? + (—1)? cosg

Mm@+ WM+ D ED=VI+mZ+1 Vi+mZ+1 ()
m+m+1=Wm2+2)>.(3)
2(2m+ 1)=(m?+2)
4m +2=m? +2
m?2—4m=0
m(m-4)=0

m=0| or m—4=0 = (m=4

Q#o4: Ifa’ =2i+j—3k & b=i- 2j + k , find a vector whose magnitude is 5 and
perpendicular toboth@ & b .

Solution: Given@ =2i+j—3k & b =i-2j+k

Let u = xi+ yj + zk “Seab------------—--- (A)

@=Yx?+y?+2 = xP4yrez =l

x2 4+ y2 422 E'5° Given |[u’|=5
X%+ Y2 A 22 = 25 (i)

1% condition: w L& then #.a=0
(xi +yj+2zk).(2i+j—3k) =0
@)+ M+ @DE3) =0
2X+Y — 32 =0 ---mmmmmmmmee e (i)
2% condition: @ L b then #.bh=0
(xi+yj+zk).(i—2j+k) =0
M+ E2)+ @A) =0
X — 2y 4+ z= 0-----m- (iii)
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Multiplying equation (iii) by 3 and add in equation (ii)

3x —6y +3z =0
2x+ y—3z=20
5x — 5y =0
5(x—y) =0
x—y=0 = y=x——————-— (iv)

Multiplying equation (ii)by 2 and add in equation (iii)
4x +2y — 6z =0
x — 2y + z =0

5 -5z =0
5(x—2) =0
x—z =0 2z=x——3—7———— (v)

using equ. (iv) and (v) in equ. (i)
x2+x2+x%2=25
3x%=25

25 5
=+ | — =4+ —
X _/ . Or ™ x =

using value of x in equ. (iv) and(v)

5

y:i\/_i and =+

Gl

Putting values of x,y and zin (A)

— ALATD) )
u—iﬁ(l+]+k)

Q#05: If the angle between two vectors whose magnitudes are 12 and 4 is 60° . Find their scalar

product.
Solution: Let @ and b be the two vectors
Given |&|=12; |b|=4 and 6= 60°
As @.b =|a||b]|cos 6
= (12)(4) cos 60°
=48 .-
a.b =24
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. _ 2i-2j+k o _ i+2j+2k ~ _ 2i+j-2k :

Q#06: Show that @ == 3’ b=" ’3 and ¢ = % are mutually orthogonal unit vectors.
. . A 2i-2j+k o i+2j+2k A 2i+j-2k
Solution: Given @ === p =" gnd ¢ = L=

For mutually orthogonal condition, we have to prove
a.b=h.¢=¢.a=0

2i—2j+k) ( i+2j+2k ): (2i-2j+k).( i+2j+2k) — QW+=2)2)+(1)(2) - 2—4+2: 0 — 4. b=0

a.b=( 3 ' 3 9 9 9 9 -
~ A 4+2j42Kk 2i+j-2k \_ (i+2j+2k).(2i+j-2k) _ (V@)+@)()+2)(-2) _2+2-4_0 ~ A
b.¢=( 3 ). ( 5 )= 5 = 5 = —3=>b.c—0
A A 20+j-2k 2i—2j+k \_ (2i+j-2k).(2i-2j+k) _ (2)(@)+(1)(-2)+(-2)(1) _ 442-2 0 A T
c.a=( 3 ). ( S )= 5 = 5 =~ —3=>a.b—0

Hence proved that @ , b and ¢ are mutually orthogonal unit vectors.

Q#07: Find the cosine of the angle between @ = 2i — 8j + 3k and b = 4j + 3k .

Solution : Given @ =2i—8j+3k and br=2j4k.
As @.b =|a| |b’|cos 6 therefore
cos 0 = f b
|||
(2i—-8j+3k) .(0i%4j+3k)
cos 0 =
(V@2 +=2+G)E) (@2 +@2+(3)?)
_ @0+ (-8)@+B3)(B3)
cos 6 = (Va+64+9)(\0+16+9)
coS 9 = ﬂ
~ (VZ9)(V25)
=23
Cos 6 2=

Q#08: (i) If @ = 2i—3j + 4k and b = 2j + 4k , find the component of @ along b and b’

along a’.

Solution: -Given'a "= 2i — 3j + 4k and b = 2j + 4k

Now

., T 3 _ @ b _ (2i-3j+4k) .(0i+2j+4k) _ (2)(0)+(-3)(2)+ (H(4) _ 0-6+16 _ 10
Componentof a along b=a'. b = i Vo @ma7) = (orar1s) =m0

- — _ 7 o~ _ b@ _ (0i+2j+4k) .(2i-3j+4k) _ (0)(2)+(2)(-3)+ (H(4) _ 0-6+16 _ 10
Componentof b along @ =b.a= = V@7 +arran) = (iror1s) =) -
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Q#08: (i) If @ =3i—j—4k;b = —2i+4j—3kand € = i+ 2j — k find the projection of

2a’+3b —c along @ + b .

Solution: Given@ =3i—j—4k ;b =—2i+4j—3kand¢ =i +2j —k
Let
W=2a+3b —C=2(3i — j — 4k) +3(—2i + 4j — 3k) — (i + 2j — k)
=6i—2j—8k —6i+12j —9% —i—2j +k
W =—i+8j— 16k

And 7:a>+5’:(3i_j—4k)+(—2i+4j—3k)
=3i—j—4k —2i+4j — 3k
v=i+3j—-7k

L — s A WV _ (—i+8j-16k) .(i+3j-7k) _| (~D@*(8)(3)+ (-16)(-7)
Projection of w along v=u .0 = w1 (VO - (Vit9+49)

_ —1+24+112 _ 135
- (V59) 59

Q#09: Show that the vectors @ = 3i —2j+ kb =i—3j+5kand ¢ =2i+j— 4k forma
right angle triangle.

Solution: Given
@=3i—-2j+kb =i—3j+5kand ¢ =2i+j— 4k

For right angle triangle, we have to prove

o

@.b =00k b.T=0 or c.”a=0

&~y

@.b =(3i —2j + k).(b="3,F 5k)
=B MM 2D+ (DG) =3+6+5=14

o
a

Q
i

b

o

b .= 3 H5k).(2i+—4k)= (1) (2) + (=3) (1) + (5)(-4)=2—-3—-20=—21
b.cc+ 0

C.@=Qi+j-4k).Bi—2j+k) = @2)3) + (1)(=2) + (-4 (1) =6-2 — 4

—

[3)
S|
=}

Socla

Hence proved that the given vectors form right angle triangle .
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Q#10: The vectors @ = 2i —j + k ;b = —i + 3j + 5k represent two sides of AABC. Find its 3™
sides and also the angles of this triangle.

Solution:
Given @ =2i—j+k & b =-i+3j+5k
Let ¢ be resultant of @ and b in AABC. Then
C=a+b=(2i—j+k)+(—i+3j+5k)=2i—j+k —i+3j+5k
c=i+2j+6k

Now [@] = /(2)2 + (-1)2+ (1)2=V4+1+1=6

6] = /(D2 + 32+ (5)? =V1+9+25=+35

I =y(12 +(2)2+ (6)2=V1+ 4 +36=+41
Let a, B and y be the angle of AABC as shown in figure.

a.b = |E’||F| cosy

@b
cosy = = &

_ Qi—j+k).(=i+3j+5k) @)D+ (1DB)+ (1)(5) _ —-2-3+5 0
cosy = (V6)(V35) ~ V6x35 T V210 V210
cosy =

y = cos }(0) =[y =90°]

=l
ol
I
=l
?
a,
Q
%]
S

b
COS & = ——
by [ 1’
_ V(=i+3j+5k).(i+2j+6k) _ (—1D(D+ (3)(2)+ (5)(6) _ —1+6+30 35
XY (V35)(Va1) - V35x41 = " Jia3s  +1a35
cos a = 0.923

a=co0s 1(0.923) = l|a=22.49"

We know that
a+ B+ y=180°
p=180—a—vy
B =180°-90°— 22.49°
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Q#11: The vectors @ = 3i + 6j — 2k & b =4i — j + 3krepresent two sides of AABC.

Find its 3" sides and also the angles of this triangle.

Solution: Givena” = 3i + 6j — 2k & b =4i—j+3k

Let ¢ be resultant of @ and b in AABC. Then

G
c=a+b

¢c=(3i+6j —2k)+(4i —j + 3k)

¢ =3i+6j—2k+4i—j+3k

c=7i+5j+k

Now

@l = J(3)? +(6)* +(—2)2=V9+36+4 =V49=7
] = V@2 + (—D2+ (3)2 =vV16 + 1+ 9=26

1=/ (D% + 5)2 + (1)2=v49 + 25 + 1 =75
Let «, B and y be the angle of AABC as shown in figure.

@.b =|a||b]|cosy

CoSy = )
Y @
cos y = BIH6I=2) (NI _ )W+ @D+ (D) _ 12-6-6_ 0
y= (V49)(#26) a VA9x26 T Viz7a V1274
cosy =0

y = cps *(0) =

b. ¢ =|B}Ic’| cosa

—

COoSwa = i
[pl1e]
oS q = (4i—j+3k). (7i+5j+k) _ (O)(7D+ (—1)(B)+ (3)(1)_ 28-5+3_ 26
a= (vV26)(v75) a V35x75 "~ V2625 V2625
cos a = 0.588

a=cos 1(0588) = |a=54"
We know that a+ B+ y=180°
Lf=180—a—vy
B = 180°— 90°- 54°
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#12: Find two unit vectors which makes an angle of 60° with vectors i — j and i — k.
J

Solution : Let i be the required unit vector .

il =xi+yj+zk - (A)
[0°=x2 +y2 + 22 = x% +y? + 22= Lommmmeeeeeeeeeeee () ~ o laP=1
Given a=i—j and b=i—k

1% condition: The unit vector & makes an angle 60° with @’.

Then a. i = |a)|ilcos @ 6 = 60°
(i—j+0k).(xi+yj+zk)=/(1)% + (=12 + (0)2 (1) cos60° ~ AL TaEn
1.x—1y—0.z=vV1+1+0 . %:\/f . %
X=ySp D y=x— g N (i)

2" condition: The unit vector @ makes an angle 60° with b.

Then b.o = |b|lalcos 6 6=60"
(i+0j—k).(xi +yj+zk)=/(0)% + (1)? £(-1)2 ) . cos 60° ~al=1
Lx+0.y-1z=V0+1+1.5=V2 .3
1 1
X—2=F\ T2 =X = e (iif)

Using equation (ii) and (iii) in (i)
112 112
-l -] =1
1

2 2 (Ly2_ L oea kY - =
xX“+ x +(\/E) 2xﬁ+x +(ﬁ) 296\/E 1

302 —VZx4s V2 kA= 1= 32 -20Zx+171 = 32 -2 x=0=x(3x—2V2 ) =0

3x —2V2 =0 = 3x=2V/2 = x=¥
Put in (ii) and (iii)

—O_i: —_i —Q_i—ﬂ - —L
Y= VZ Y=~ Y=73 2 32 =35
—0_L =2 _2/Z_ 1_43 = 1]
z=0 JE:)Z_\/E z—3 NV = 2_3\/5

Using values of x, y ,z in required unit vector represented by equ.(A)

Li—Lk OR =22+ i+ 1k

u=0i—\/—7]—ﬁ 3 3v2? 32
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Q#13: Find the projection of vector 2i — 2j + 6k On the vector i + 2j + 2k.

Solution: Let @ =2i—2j+6k andb =i+2j+ 2k
Then

Projection of @ along b =@ b= @b (2i-2j+6k).(i+2j+2k) _ (2)(1)+(-2)(2)+ (6)(2) _ 2—-4+12 _ 10

b~ (Voz+@@?) | (iees) () 3

Q#14: Find the projection of vector 4i — 3j + k On the line passing through the points
(2,3,-1)and (—2,—4,1).

Solution: Let @ =4i—3j+k and
Givenpoints A(2,3,—1); B(—2,—4,1)
Let b =AB=B(—2,—41) — A(2,3,—1) =(—2—2)i + (-4 = 3% (1 + Dk
b=—4i —7j + 2k

Then
- . = _ . s_a b _ (4i-3j+k).(—4i-7j+2k) @B (EED+(E3)(ED+ (D)
Projection of lon =@ b=""= = V1674914
ojectionof a along b =a .b 5] (Va2 + 2R (V16+49+4)
_ —l6+21+42 _ 7
T T () Ve

Q#15: (i) Verify that the scalar product is distributive with respect to the addition of vectors
wWhen @ =2i—3j+4k ;b =i—j+2kand¢ = 3i + 2j + k.

—

Solution: Given vectors @ =2i —3jt2k ;b =i—j+2k andcT =3i+2j+k
We have to prove , scalar product is distributive with respect to the addition.
@.(b +iC)=alb +a.¢
LHS=@. (b +°C Je=2(2i —3j + 4k ).(i —j + 2k +3i+2j + k)
= (2i—3j+4k).(4i+j + 3k)
= 2D+ +HB)=8-3 +12

RHS=@.b +a.c = (2i—3j+4k).(i—j+2k) + (2i —3j + 4k).(3i + 2j + k)

= @M +EHED O] TG+ (=3)(@) + (H(D)]
=[2+3+8]+[6—-6+4]=2+3+8+0+ 4

Hence Verified from (i) and (ii),

That the scalar product is distributive with respect to the addition for vector “a’, b and T .
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Q#15:(ii) If w'is avector suchthat w.i="u.j="u.k =0, then find u .

Solution: let W = xi + yj + zk --------------- (i)

Given condition: v.i=u.j=u.k=0
U.i=0= (xi+yj+zk).i=0= x=0
u.j=0= xi+yj+zk).j=0= y=0
U.k=0= (xi+yj+zk)k=0= z=0
Using value of x,yandzin (i)

u = 0i+0j+ 0k

Q#16: (i) Under what condition does the relation (a’. b)?=[a’|*|b]* Hold for vector

2 and b .

Solution: By using definition of scalar product
@.b =[a||b]|cos 6
Squaring equation on both sides
(@.b)=(|a] |p’|cos 6 )2
(7. b)*=[al?|b]*cos? 6
This condition hold when

cos?6=1= cos'f=+1

cos § =1=6 =cos* (1) = and cos § =—1= 6§ =cos'(-1) =9 =180

Q#16: (i) If @ =i+2j—3k andb =3i+j+ 2k thenshowthat @+ b is perpendicular

toa@ —b .

Solution: Given “\a“=v¥+2j—3k andb =3i+j+ 2k

We have to proves, (@+b ) L (@ —b) For this (@+b).(@—b) =0-mmeemv (i)

—

a+b =42 =3k)+(3i+j+2k )= i+2j—3k+3i+j+2k =4i+3j—k

a—-b=(0+2j—-3k)—@i+j+2k )=i+2j—-3k—-3i—j—2k =—-2i+j—5k

Taking L.H.S of (i) (@+b).(@—b) = (4i+3j—k).(—2i +j — 5k)
= D2+ MW + (-D(-5)
= 8+3+5

(@+b).(@-b)=0

Hence proved (@+b)L(@—-b) .
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Q#17: Example#04: The resultant of two vectors a’ and b is perpendicular to

a
If |[b] = V2 |al Show that the resultant of 2@ and b is perpendicular vector b’

Solution: Given sumof @and b is perpendicular to @. @+b)Ll @

Then @+b).@=

Squaring both sides I —— (i)
Now we have to prove , resultant of 2 @ and b is perpendicular vector b a + F) 1b
Then @@ +b).b=0
Now Q@ +b).b=2a.b+b.b

=2@.5)+ b
=2 (—[@|D)+ 2|a’ From (i) &(ii)
= =2|a’|%+ 2)a’}?

Q@ +b).b =0

Hence proved that (2@ +sb ) L b.

Q#18: Prove that @’ = (a’.i)i + (a’.j)j + (a. k)k.

Solution: Let @’ = ayi+4'a, p+ ag k ------------------ (i)

Taking dot product™a” with, j and k unit vectors .
aN =(ayi+ayj+azk).i = | d.i=a
@) =(ari +azj +azk).j =
a.k =(aqi+ayj+aszk).k = [a.k=a

Using value of a; ,a; and az in equation (i)
a=(@a.))i+@.j)j+ (@ .k)k
Hence proved.
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Q#19: Find the acute angles which the line joining the points (1,—-3,2) and (3,—5,1) makes
with coordinates axis.

2

Solution:

Let line joining the points are P(1,-3,2) and Q(3,—5,1).
7=PQ =Q(3,-5,1- P(1,-3,2)

= B-1Di+(-5+3)j+ 1-2)k

T=20-2—k

F1=y(2) + (=22 +(-1)> =V&+4+1=V9 =IF=3

Let 7" vector makes the acute angles «, B and y with X,y,z-axis respectivly.

Taking dot product of 7 with i,j and k unit vetors. TFeow= |77 |2]cos a

7.1 _ (2i-2j-k).i_ 24040 _ 2
[77] 13 3)1 3 3

cos a = = a=cos ! G) =Ya= 48.18°

Similarly

_ 7] _Qi=2j-k).j_0-2+0 _ -2 e % — .
COSE=Fn~ @1 s s o PTEs 1(5) =>[p =131.81]
=109.47

~

_ Tk _(2i-2j-k). k_0+0-1 _ -1 \, 21 (2 — 5
COSY =7 kK-~ &1 3 3 = y=¢os (3) ==109.47

Q#20: Find the angles which the vector @ = 3i — 6j + 2k makes with the coordinate axes.

Solution:

Let vector a makes makes an angle « ,Biand y with x, y and z-axes.

Given vector a = 3i —6j +2k
|iNAf(8)% + (—6)2+ (2)2 =V9+36+4 =49
= |df=v

Taking dot product-ofsa’with i,j and k unit vetors.

a.t = |a]|i|cos a
CoS o, = I; Iiil = (31'_?7];3()' = 3+2+0 :% = a=cos~! (%) = a=64.62
Similarly
s = k= S 802 e ()
sy = kS OLHILI U0 i) [T
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Q#21:Prove that |77.75 | < || I73] and State the condition for
(i) 71.77 = |71l 2] (i) 71.72 = — |11l 2]

Solution: By using definition of dot product
r .1y =7l 77| cos 6

If cos 8 =1 then

7173 = || [T —mmmmmmmemmmoeeev (i)
If cos 6 <1 then
.75 < || 7] -mrmmemmmemoemnenees (ii)

Combining (i) and (ii)
.13 < |7l |7l
Taking modulus sign on both sides
.72 | < |7l |73
Hence proved
i) rAr=nln
This condition hold, if cos 8 =1 or @ =0°
(i) m.rz=—Inllrl

This condition hold, if cos8 =—1 or 8 =180°

Q#22:Use scalar product to prove that the triangle with vertices A(1,0,1) ,B(1,1,1) and C(1,1,0)
is a right isosceles triangle.

Solution: Given vertices of AABC are A(1,0,1) ,B(1,1,1) and C(1,1,0)

AB =p.vof B-p.vof A=B(1,11) —4(1,0,1)
=(1-Di+1-0j+ (1 -Dk

=00+ j+ 0k = j N Then |AB|=1---- (i)
BC = p.v of C -pw'of B'= €(1,1,0) — B(1,1,1)
=(1-Di+ Qs 1Dj+0-Dk

=00 +Qj)—\k'= —k Then|BC|=1 - (i)
CA=p.vofA-p.vof C =B(101) — A(1,1,0)
=(1-Di+0-1j+(1-0k

=0i—j+k=—j+k, Then |CA|= V2 - (i)
—2 =2 —2
From (i) ,(ii) & (iii) |AB| +|BC| = |CA4]|

Hence proved that the triangle is a right isosceles triangle.
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Q#23:The d vector of length 5 makes an angle of 30° with the z-axis , its vector projection on xy-
plane makes an angle 45° with x-axis.the vector projection of a 2™ vector b on the z-axis has
length 4. The vector projection of b on xy-plane has length 6 and makes an angle of 120° with
X-axis.

(@) Write the component of @ + b

(b) Determine the angles that the vector a + b makes with the coordinate axis.

Solution: @ & b be the two vectors.

Given that |d|=5 makes angle ¢ =30° with z-axis. Then

5V3

a, = |d| cos ¢ =5 cos 30° = and 6> =)45°

Projection of @ on xy-plane = |d| sin ¢=5 cos 30° :g

j— g H _E 0 _ i
a, —(Ialsmgo)cosé)—zcos45 = 55
a, =(ldlsin¢)sin 6 =>sin 45°= %

Projection of b on z — axis = |b| cos @ =4
Projection of b on xy — plane= |d]'sih ¢=6
b, =|b| cos ¢ = 4
bx=(|l_5|sin<p)cost9:6c03120°:6(_71):-3 & 6 =120°
b, =(|b| i p)sih 6 =6 sin 120°:6(‘/2—§):3\/§
() LetR= d%b
Components of, R.aré

5 _5-6V2 _

R)(za.)('l'b)(zgE _3 - 2\/5 —_123
R = b = 5 \/—_5—6\/3_
y—ay‘l‘ y_ﬁ -3 3—W— — 3.43
REa+b="24 =20- g33

2

Now |R|={/(Rx )2 + (Ry)2 + (Rz)2 =,/(~=1.23 )? + (=3.43)% + (0.33)2

|R| =V1.5129 + 11.7649 + 0.1089 =+/13.3867
|R| = 3.66
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(i) LetR = d+b makes angle a,f and y with coordinate axis.

By using direction cosines

_ Ry _ -123 1 (-123 _ 0
cosa = [R] =~ 366 = a =0s (3.66) = a=90.20
_ Ry _ -343 _ 4 343 _ 0
cosf = ]~ 366 = B = cos —1( 366) = B = 159.60
cosy = N y = cos—l(ﬁ) = y = 850°

| ~ 366

=

3.66

Q#24: Prove that the sum of the squares of the diagonals of any parallelogram is equal to the

sum of squares of it sides.

Solution: Consider a parallelogram as shown in figure
Let O be the origin.hen 0A =d and OB = b

Here AB and OC are the diagonal of parallelogram.

AB=b—d
0C=d+ b

e a)

We have to prove
2 —2 —2 2 2 )
|AB| +|oC|” = |0A| + |BC| +|0B| +JAC]
Inthiscase  |0A| = |BC| and |0B}= |AC]|
—2 =2 —2 — 24N 2 )
|AB| +|oC| = |0A| + |0Af+]6B| + |0B|
— 2 —,2 — 5,2 .2
|AB| +|0C|" = 2|0A| 42|0B|
[4B|"+[0c|” = 2([041"+[0B|") )
Now takinghL.H.S-of (i)

— 2 N5, 2 > 2
|[AB| £loC) = |b— a| +|a

+
=
1

— -

=b.b—b.d—d.b+dd+d.da+da.b+b.d+b.b
—,2 - - -2
=|b| —2d.b+1dl?+ |d|*> +2d.b + |b|
=21a)? + 2|b|’
—,2
=2(lal?+[p|")
|4B|"+[0C|” =2 (04| +[0B|")

Hence proved.
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Q#25: Show that the median through the vertex of an isosceles triangle is perpendicular to the
base.

Solution: Consider an isosceles triangle OACB. Let O be the origin.
0A=d ; 0B=b ;0C=d+ b andAB =b— d
We have to prove 0C LAB=0C.AB=0

—

Now OC.AB=(i+ b).(b—ad)

=4.b—d.d+b.b—b.d
B
2 . . . R a5
=|p| —ldl In isosceles triangle |d| = |b] &)
=ldl* —1d|* =0
Hence 0C.AB=0
Hence proved 0oC LAB

Q#26: Prove that in any triangle the median to the hypotenuse is equal to one-half the hypotenuse.

Solution : Let AABC and O be the origin. Then 0A=a%0B=b andAB=b— d

Let M be the midpoint of hypotenuse AB . Then OM = Ay gl )
In this case : 04 LOB =  @b=0 - (i) n
e — Tab
We have toprove  [OM| = | AB] P )
— 2 - N 2 - — — N - - - 5 N
Now |4B| =|p—d| =(b—&).(b—d) =b.b—b.d—d.b+d.d
—,2
=4ai> |b| — 2(0) ~From (i)
JABN 21d|? + |b| --------mmmmeeemmmeeee (ii)
N 2 @+ B5|° _(@+b).@+b) _ @.a+ab+ba+bb _|al2+|p| +2ab _|a@?+|b|’+2(0)
Now IOMl 2 | B 4 B 4 B 4 - 4
omi|? = la+sl _ 4B i
loM| =——=— ~From (ii)

2 48] \*
jom]” = (=5-)
Taking square- root on both sides

oM | = ~|4B]| Hence proved.
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Q#27: Show that the line joining consecutive mid-point of the sides of any square form a square.

Solution :Let OACB be a square whose position vectors are
0A=d ; 0B=Db ;0C=d+ b
Let E,F,G and H be the mid points of sides of its square as

shown in figure whose position vector are

bf:b_;o—ﬁzzma ;aﬁzzmb ;m’:i

2 2 2 2
From figure OA 1 OB | — (i)
And |a| = IFI --------- (ii)

— 2d+b @ _ 2d+b-d b
HG=0G — OH="22 2 2299742
2 2
- 2 - - b o, oo -2 -
—2 a+b a+b).(d+b d.d+d.b+b.a+b.b b| +|@l?+ 2aw alz+|al%+ 2(o 2|al? al? . ..
Frd _|a |:(a )(a+b) _ aa+ab+ba+bb _ [B| +lal*+2a% Nal?+la2+2(0) _ _2la :ﬂ,_me(l)&(”)
2 4 4 4 4 4 2
oA ld|
|HG| A (iii)
-— 2b+d 2d+b  2b+a@-2d-b _ b>a
GF=0F —oc=222 222 _2p7a-24> 24
2 2 2 2
— 2 - - N - 2 -
2 b-a b-ad).(b-a b.b+b.d+dab+ad |b| +|d|? -2d.b al?+|a|2—2(0 2|al? al? . ..
|GF| :| 1) - aled THanl ol Hal - 2ab _ jaPvial-20) 2l =1 . From()& (if)
4 4 4 4 4 2
lal
|GF| ;A (iv)
. ﬁ:ﬁ_ﬁ:lz_25+d N _ b—2b-a@ :—F—d - —(E+5)
2 2. 2 2 2
o2 3 b o, oo -2 -
2 |-(@+b a+b)(a+b d.a+a.b+b.ad+b.b b| +|al?+ 2a.p al?+|al?+ 2(o 2|al? al? . ..
[FE|'= [0 5 (SR, avabebandh _ [of Wole 20D _ AR 20) - 20 - 12 From(ie. (i)
4 4 4 4 4 2
|d]
|FE]| 7Ny v)
i b a-b
EH=0H ~Q0F=% -2 ="
2 2 2
o 2 - - o, oo -2 -
2 a’=b d-b).(d-b) _ d.d-d.b-b.d+b.b al>+|p| —2d.p _|d|%+|a@|®+ 2(0 al? a|? . ..
|ﬁ| _|a |:(a )(@-b) _ da-dab-ba+bb _ |a’+|b| —2ab _|a*+a*+2(0) _ _2ldl — 12 . From(i)& (i)
2 4 4 4 4 4 2
|EH]| L — (vi)
V2
- — —,2
a+b a-b a|*>-|b al>-|dl> _o
Now HG.EH= (22).(22)=5 L el ) From (i)
2 2 4 4
—_
HG.EH =0

This shows that ~ HG L EH .

Hence proved.
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Q#28: Derive a formula for distance between two points in space.

Solution:
Let P( X1,Y1, 1) and Q(X2 ,Y2, Z2) be the two points in the

space and O be the origin. Let Position vectors. 1 p s d )
— _ . - e e gy
OP=x1i+y1j+z1k and 0Q=Xyi+y,j+2z,k then P
/ ~
_— — —_ Vi Pt
PQ =0Q — OP o
=(Xe—=x) i+(y2 —yDjHz2—2z) k I >

Now

Distance from P to Q = |PQ| = /(xz — x1)? + (y2 — V1) + (22 — 21)?

Q#29: (i) Show that the sum of the squares of the diagonals of any quadrilateral is equal two

twice the sum of the squares of the line segments joining the mid points of the opposite sides.

Solution: Let OACB be a quadrilateral whose position vectors

are OA=3d:;0B=h ‘3'11-—2:‘ F-244)
T 1, 7 £
0C and AB be diagonals of quadrilateral. As shown-insthe 8 & €
figure. !
0C=d+ b andAB=b —d e - ¢
Let E,F,G and H be the mid points of sides ofits : (1'_'7"7
quadrilateral as shown in figure whoseposition
g H Acz)
vector are . (%
== b . Ap_@2btd HR _2dth .~ d
OF ==; OF =/SZ550G = —— ;0H =~
—— 2 —/ 2
We have t'prdve - [4B| +[0C|" =2 ([GE| +|FH|")
FH =0 0625 -0 = S5t= == = [FH[ =[5 )
GE = 0E-0G="2 - 252*5 = 5‘22‘”’ =-2=_a = [cE| =lal? i)
Now |4B| +[o¢| = |b— d| +|a+ b|'= (65— @).(b— @)+ (a+ b).(a+ b)
=b.b—b.d—db+dd+d.d+db+b.d+b.b
-, 2 g - —,2
=|b| —2d.b + |d|? + |d|? + 2d.b + |b|
=21al? + 2[B|" = 2 (jar2+|s|")
—— 2 — 2 — 2 —2
|4B|"+[oc|” =2 (|GE| +|FH]|") Hence proved.
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Q#29: (i)Prove that the altitudes of a triangle are concurrent .

-

Solution: Let 0A=ad ; OB=5b ,0C =& be the position vectors of AABC .
Let O be concurrent point. AD ,BE and CF be the altitude of triangle .
From figure OA | AD then AD =104 =d

AD 1 BC then 3 ACR)

Ab
BE L CA then
BE.CA =0

Ab.(@—2)=0
b.(@—2)=0
b.a—b.é=0

G.b=Db.¢ -t (i)

ae-Ba:o
) 0

(@2, &=
A¢.(d=b)=0
CF .AB=0

This shows that CF 1 AB
here CF =A2=10C then CF || OC

Hence proved.
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Q#29: (i) Example#03: Prove that the diagonal of a rhombus intersect each other at right angle.

Solution: Consider a rhombus OACB. Suppose OA=a,0B =b
)

Since sides of rhombus are equal, therefore |d@| = |b| ------ (i

let AB=O0B —O0A=b — @

OC= 0A +AC = @+ b arethe diagonal of a rhombus.

We have to prove. 0C L AB for this 0C.4AB =0
Now OC.4B = (@ + b).(b — @) o / Ac)

- - -

=(b'+@).(b-a@)=bb—b.a+ab+aa=|b| —la?=|5f 35| ~From ()

0C.AB =0 hence proved 0C L AB

Q#29: (iv) Example#02:Prove that the right bisectors of the sides of a triangle are concurrent.

Solution: Consider a A ABC and O be the origin. L, M and N'bethe'mid points of sides of triangle
ABC after drawing the perpendicular bisectors of each side.4f \0OA=a@ ,0B =b and0C = ¢

Let OM L ACand ON L AB  then we have teprovethat OL L BC

oM =% N =% andor =2 ALd)
2 2 2
AB =b—d ;BC =¢— b and AC=C— d o
. (?/a: 24
Now OM L AC N n (%)
Then OM .AC= 0= (‘7;5).(5— i) =0= (Z+ d).(@E— @=0
2 2
C*—a,= 0 &mmy-Trmmeeee i
. 0 B2y Uz, €
Now ON L. AB CFaz)

QY
(S0

+

Then ON . 4B z0=(==").(b— @) =0= (b+ @).(b— @) =0

b’ =0

This shows that OL 1 BC

Hence proved that the right bisectors of the sides of a triangle are concurrent.
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Q#29:(v) Example#06:Prove that an angle inscribed in a semi-circle is a right angle.

Solution: Consider a semi-circle as shown in the figure.

—_— —_— —_ - P
Suppose OA=a ,0B =-a andOP =b
Since |@| = |b| = radius of a circle ------ (i) : 5,/7°
Let PA=0A—0P =a—b , .
— = c-£)a Q Ac 2)
BP=0P —0B =b-(—a)=b + a
Be the diagonal of a rhombus.
We have to prove. BP 1 PA for this BP.PA=0
_ — — —_ - - - - -2
Now BP.PA=(b + @).(b-a)=b.b—b.a+d.b+d.d =|b|\—elal?
-2 -2 .
=|b| - |b| from (i)
BP.PA=0 Hence BP 1 PA

Hence proved that an angle inscribed in a semi-circle 1S\ right angle.

Q#30: Prove that by using vectors

(1) a=bcosy + ccosf
Solution: Let A ABC and a ,I; and ¢ be thethree vectors along sides of triangle AB,BC and CA

respectively, taken one way round.

Then d+b+ ¢ =0
i =—-b= ¢
d=%b + 0

Taking dot produet with d vector

ld|2= —b.d— ¢.d
|@|*= —|b||d| cos(m — y) — |€]|d]| cos(m — B)
Dividing both sides by |d|

la|= |B|cosy + |¢| cos B
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(ii)b=c cosa+ acosy
Solution: Let A ABC and a ,B and ¢ be the three vectors along sides of triangle AB,BC and CA
respectively, taken one way round.
Then d+b+ ¢ =0
b=-¢—d
b=—(C+ d)
Taking dot product with b vector
b.b=—C+ d).b

5'= —e.5—a.b
|E|2= —|2l|b| cos(m — @) — |@||b]| cos( — y)

Dividing both sides by |B|
|E|= |Clcos a + |d| cosy
(iii)c=a cosB+bcosa
Solution: Let A ABC and a ,B and ¢ be the three vectors along sides of triangle AB,BC and CA

respectively, taken one way round.

Then d+b+ ¢ =0
¢=-d—b
¢=—(d+ b)
Taking dot productwith’c vector
¢.¢=—(a )T
|¢?= 2@ 8b . ¢
8% 5al|¢] cos( — B) — |b|I€] cos(m — )

Dividing both sides by |d|

|C]= |d|cos B + |B| cos a
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(iv)a? = b? + ¢* — 2bccos a
Solution: Let A ABC and a ,B and ¢ be the three vectors along sides of triangle AB,BC and CA
respectively, taken one way round.
Then d+b+ ¢ =0
i =-b—¢
i=—-(b+ 0
Taking dot product with ¢ vector

G.a=[-(b+ O].[-b+ D)= B+ O.(b+ 0

l@|?= b.b+b.é+ C.b+¢2.C

ja>=|b|" + 161> + 2 b.¢

l@l?= |b| + I21? + 2|||¢] cos(m — @)
\df2=|b|” + |21 — 2|B|I¢] cos
(V) b2 = a? + ¢* — 2accos B
Solution: Let A ABC and a ,B and ¢ be the three vectors along sides of triangle AB,BC and CA
respectively, taken one way round.
Then d@+b+ ¢ =0
b=-d—2¢
b=—(d+ &
Taking dot productwith’c¢ vector
b.b=[-@HD[-(@@+ &= (@G+ .G+ 0

-2

|b]

avafa.c+ c.a+c.c

[B| =13 + 162 + 2 a.¢

-2
|B|"= 1|2 + 1212 + 21dl|] cos(m — B)

I5]"= 1% + 1212 — 2|b||¢] cos B
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(vi)c? = a? + b%> — 2abcosy
Solution: Let A ABC and a ,B and ¢ be the three vectors along sides of triangle AB, BC and CA
respectively, taken one way round.
Then d+b+ ¢ =0
i=—-d—b
¢=—(d+ b)

Taking dot product with ¢ vector

é2=laf2 + |b| + 2 a.b
1é2=1a1? + |B|” + 21dl|B] cos(m — ¥)
laf2=1al? + |B|” — 21dl|b| cos ¥

(vii) cos(a— ) =cosacosf +sinasiny

Solution: Let @ =OA and b = OB be the two unit vectors makes angles @ and 8 makes with x-axis.

From figure:
a=0A= |a|cosa i+|alsina’y { 2
=cosa i+ sina j | 2 “f/.:/:.-..‘,
b=0B= |b|cosp i+{b|sinp j A Al
=cosf t+sinp.j ... 99 im,\s.-..g
Taking dot product of & with b unit vectors. "Shes ,;4/6;1‘ -
@/b=(cosa i+ sina j).(cospB i
+sin B JN) 7
la||b| cos(a—pB)=cosacosp +sinasiny ~lal=|b|=1

cos(a — ) =cosacosf + sinasiny
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(viii) cos(a+ f) =cosacosf —sinasiny
Solution: Let @ =0OA and b = OB be the two unit vector makes
angles @ and B makes with x-axis.

From figure:

~

a=0A= |a|cosa T+|a|sina |

=cosa i+ sina j —x e—

b=0B= |b|cosp i—|b|sing j

=cosp i—sing j

Taking dot product of @ with b unit vectors. | ' 2

a.b=(osa i+ sina j).(cosp i—sing j)
|a||b| cos(a+ B)=cosacosp —sinasiny
cos(a + f) =cosacosf —sinasiny

Hence proved.

| s
[ =

Q#31:Proved that +— s equally inclined with @ and b .

B
o

=

| =1

+

Solution: Let uw =

=l

And « be the angle between @ and b

Y

1%, wWisinclinedat@ veetor.

. e — — a b a a da b a _add b.a
Projection u along a =u .C’i:(% + = ) = ==t == + ==
] 9 lal " [s| ) @l Tatial s a1z plial
_@ |b|ldl cos @
ldl? |b|lal
=1+ coS a ------------- (i)

2"\ is'inclined at b vector.

T, — . o~_fa , b\ b_a b b b _bb , ab
Projectionu along b =u .b:(% + = ) =t = o T =
J g jal T8l ) CTel daTel T Tl Bl [ lallb]
:ﬁ |d’||§|cosa
IB|° |blial
=1+cos q ------------- (i)
. .. a b . .. C o -
From (i) &(ii) hence proved that %"'ﬁ is equally inclined witha and b .
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25@ and b is perpendicular vector b if |b’|=5|a’].

Q# 32: The resultant of two vectors a and b is perpendicular to @’ .Show that the resultant of

Solution: Given Resultantof @ and b is perpendicular to a. (a + F) lLa
Then @+b).@=

@2 +ab = ca=d* & ab =b.a
T o (i)
I - =12 — -
And |b |:5|a | or |b | = 25|a@’|? ---mmmmmm R Y- (ii)
Now we have to prove 25a + b is perpendicular vector b . (25 a + F) 1b
Then (5@ +b).b=0

Taking LH.S (25@ +b).b =25@.b+b.b = 25(@b)~+ b

25 (—|a’|?)+ 25| [ =~ From (i) &(ii)
—25|a’|2425]a’|?
Q@ +b).b=0

Hence proved (25@ +b )LD

Q#33: Find a unit vector parallel to the xy-plane and perpendicular to a vector 4 i — 3 j + k.

Solution: Let #i be arequired parallel to the xy-plane.

U=XI+y] -prsommmme (i)
li] = /x% + 92 Yor |a]>=x2 + y2
X NIRRTV - (i)
Let v =47237+k
Accordingto given condition. @ L1 ¥ a.7=0
xXi+vyj).(41-3j+k) =0
4x—-3y =0
4x = 3y
X 2 mrmrnenneees (iii)

Using equation (iii) in (ii)

Eo) e
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9
oYty el
Multiplying by 16 9y2 + 16y% =16
25y% =16
216
"~ 25
Taking square-root on both sides y= i%
Using value of y in equation (iii)
_3 4
=3 (£3)
X= %2
5
Using value of x & y in (i)
g=3r+%% i=—L1-2)
u—51+5] or u=-gl—9)J

Q#34: Example #09: (i) Find a work done by the force F =4i- 3j + 2k on moving particle
from (3,2,—1) toB(2,—-1,4).

Solution : Given F = 4i — 3j + 2k and displacement 7 .from A(3,2,-1) to B(2,-1 ,4) is
7 =AB=P.vsof B- P.v'sof A = B(2,-"1,4) — A(3,2,—1)
= 2-3)i+(-1-2)j+ 4+ 1Bk
7=—i—3j + 5k
We know that
W = F.7 = (4i — 3j4 2k). (=i — 3j + 5k)
= (DEDEED(E3) +(2)6)
= ~449+1

Q#35:(ii) A particle is displaced from point A (2, -3, 1) to B( 4, 2 ,1) under the action of
constant forces F;=12i —5j +6 k ; F, =i+ 2 j —2k and F5 = 2i+8j + k . Find the work done
by the forces on the particle.

Solution : Given F,=121—5j +6k;F,=i+2j —2kand F; =2i+8j + k
Let F be the resultant of these forces then
F=F+F+F;
=121 —-5j+6k+i+2j—2k+2i+8j +k
F =1514+5j+5k
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And displacement 7 from A(2,-3,1) to B(4,2 ,1) is
7 =AB=P.v’sof B-P.v’sof A=B(4,2,1)- A2 ,-3,1)
=(42) i+ @+3)j+(1 -1k
T=21+5j40k
We know that
W=F.7=(15i+ 5] +5k).(2i+ 5] +0k)
= (15)(2) +(5)(5) +(5)(0)
=30+25+0
=55 joule

Vector Product Or Cross Product:

If @ and b’ be the two vectors. Then the vector or cross product of two

vector is define as
@ xb =|a||bsing A
Where @ is the angle between @’ and b and 7 is a dfitvecter which is

perpendicular to both vectors @ and b . {a x b is also perpendicular

vector of @ and b}

Formula:

A ol N ST — (i)

Taking magnitude on hoth sides

|E>< F| =|a’]| |F|sin6 ﬁl
|@ x by z|[@| bTsin 6 |. 1]
@b 5|1@ [bsin 6 | :|Al=1
|@ X% | =|@| |b|sin @ - (ii)
sin 8 = |ix€|
2’| [b]

From (i)

~_ axhb

n= |a’| |b|sin @

A= ;:; : From (ii)
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Characteristics:

() If  @=ai+aj+ask
b= byi + byj+ bs k

Then @ X b = (aii +azj+as k) X (byi + baj+ bz k)

gk
axXb= a, a, as
by b, bs

(i) If @ and b’ are parallel Or anti parallel vectors (8 = 0° or 180°) then @ x bED

(iii))  Cross product is non-commutative:

—

T xXb b Xa bt @Txb=—-bxa

(iv)  Cross product of two same vectors is zero.

axa=0

(v) Area of parallelogram :

If @and b be the two sides of parallelogram .\Then
Avrea of parallelogram = |[@’ x b’ | or
If @+ b and @ — b be the two diagenals of a parallelogram . Then

Area of parallelogram = % (@ + B)xX(a - b)|

(vi)  Areaof triangle :

Area of triangle :% (Area‘ef parallelogram ) = |? X F|

N | =

(vit)  Three collinear vectors:

If @, b andh c\Dbe'the three vectors . these are said to be collinear if

—

axXb+bxc+xa=0

(viit)  Distributive property of cross product over addition or subtraction .

Tx(b+7T)=(@xb)t(ax7) Left distributive law

(@ + ?) xc=(axc)z* (7 XC) Right distributive law

(ix)  Scalar multiplication in cross product:

(A@)xb =A@ x b)) or @ X (Ab)=A@XDb)
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(x) Relation between i, j , k unit vectors in cross product .

ixi=0 ixj=k and  jxi= —k
ix7=0 fxk=i and kxj=-1
kxk=0 ; kxi=j and  ixk=—j

Note :For this we can use a cyclic process as shown in figure.

(xi) Moment of a force :

If 7 be the position vector of P from O and F is the force acting at P. then moment.of force M_

—

is define as M=rxF

Example#01: For vectors@=51 — 3j +4 k &b =0i+ j—k determine
()@ x b (i) Sine of the angle between@ & b .

Solution: Given G=5{—3j+4k &b=0i+ j—R

~

_ 7k
() axb=|5 -3 4
0 1 -1
N . 41, #1585 w=3
Sl Sl AT
=1(3—-4)—j(—=5-0) + k(5= 0)
= —i+5j+5k

(i)  Since|@ x b |=|@’| |bfsin @

sing = @bl V(-1 +(5)+(5)? __ ViFzsizs  _ NFEL _ 4L
TRl V()2 +(=3)2+(4)2 J(0)2+(1)2+(-1)2  V25+9+16 VO+i+1  V50vZ V100
sin 6 = 5L

10

Example #02:Find a vector perpendicular to both line AB & CD . where A(0,—1,3),B(2,0,4)
C(2,—1,4) and D(3, 3,2) are given points.

Solution: Here A(0,—1,3),B(2,0,4),C(2,—1,4) and D(3,3,2) are given points.
Now AB =p.v’sof B-p.v’sof A=B(2,04) — A(0,— 1,3)
=2-0)i+0+1Dj+@—-3)k
=2i +j+ k
CD =pv’sof D—p.v’sof C= D(3,3,2) — A(2,—1,4)
=B-2)i+GB+Dj+Q2-4)k
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=i +4j -2k
We know that perpendicular vector of AB_ and CD is
k Sz 1
1

— = 2 1
AB x CD = © RS,

=1

1 1|_j
4 -2

_ N~
N

=i(—2—4)—j(-4-1D+k(B-1)
= —6i+ 5]+ 7k

Example#03: Find a unit vector perpendicular to a=1i + j &b =3+ 2j+k.

Solution: Let 7 be the unit vector perpendicularto @=1+ j &b =30+ 274l vectors.
. axhb .
Then = T Q)
L A R N B It A
@xb= |1 of=tly G| T3 o+ Ely
3 2 1
={(1—-0)—j(1—-0)+k(2-13)
=i—j—k
[@x b |= (D2 +(-1)2+(-1)=VIit F+1=V3
. ~_ axb _i-j-k
From (i) = b V3
A=t Lr_1f
“RTETE

Example#04: Find the area of parallelogram with adjacent sides a=1 — j+ k & b= 2j —3k.

Solution :Given sides d=\i “j+k & b=2j-3k.

we know that Area-of parallelogram = @ X b | ----------- (i)
Sl 1[=l3 Yl Aleel S
0 2 -3
=1(3-2)—j(—=3-0)+k(2-0)
=i+ 3j+ 2k
From (i)

Area of parallelogram = |[@’ x b |

= V(1?2 +(3)2+(2)2=V1+9+4
= /14 sq. units
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Example#05:Find the area of parallelogram determined by the side 2i + j+5k & Diagonal
i—3j+k.

Solution: consider a parallelogram ABCDA.
Given  side AB=2i+ j+5k & diagonal AC =i —3j +k.
By using head to tail rule
AC = 4B + BC
BC=AC — AB=(1—3j+k)—(20+j+5k )=1—3j+k—2i—j—5k
BC=—1—4j—4k

For Area of parallelogram = |E X ﬁ)| """"""" (i)
—_ [ Il\ j ]’é A 1 5 N 2 5 7 2 1
AB xBC =12 1 5|=t|, _4|— -1 _4|+k|—1 —4|
-1 —4 -4

=1(—4+420) = j(=8+5) + k(-8 + 1)
=161+ 3j — 7k

From (i)  Area of parallelogram = [AB x BC | = \/(16)2 + (3)2 + (=7 )2=256 + 9 + 49
= V314 squ Units

Example#06 : Find the area of triangle ABC with adjacent sides d=31 + 2j & b= 2 —4k.

Solution: Given sides d= 31 + 2] & B=2 —4k of A ABC.

We know that Area of triangle :% (Area of parallelogram ) = % |@ x b|-—m (i)
— |t gk -
wxi=l3 2 apil, Sl SlEl g
= /-8—0) — j(—=12 — 0) + k(6 — 0)
=81 + 12] + 6k
From (i)

Area of triangle = % |@ x b|

=~ (V=87 + (12)2+ (6)?)=3 (V64 + 144 + 36) = 5 (V244)
= (2/61)
=61 sq. units
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Exercise #2.2

Q#01: Compute the following cross- product.

(i) i x (2j+3k)
=1 x2/+1 x3k

=2(i xj)+3@( x k)

=2k +3(-f) st xj=k & KXk =-j
=2k -3j

(ii) (2i—-5k)x j
=2ix j -5k xj
=2(ix j) =5k xj)
=2k -5(~1) ExgEk & koxp=t
=2k +5i

(iiiy (2i-3j+5k) x (6i+2j—3k)

(21-3j+5k)x (6i+2j—3k) = é —]23 I;:i_zg _53|_j2 _53|+E|2 _23|

1(9 — 10) — j(—6 — 30) + k(4 + 18)
i(=1) — j(—=36) + k(22)
= —i +36j + 22k

Q#02: Prove that (@-b)x(@+b)=2(@xb)
Solution: Taking=, WH.S=(a-b)x (@ + b )
=@ x(@+b)-bx(a+Db)
=@ Xa@+a@xXb-bxa—-bx b 2@ XT=0
=0+ aXx b+a@x b+0 « b Xb=0
=2(@ xb )=RHS a—b Xa@=a xb
Hence proved
LHS=R.H.S
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Q#03:1f @=2i+5j+3k;b=3i+3j+6kand ¢=2i+7j+4 k.
Find (@ - b)x(¢—- @) and|(@ - b) x(c - a)|.
Solution: Given @=20+5j+3k; b=31+3j+6k and &=20+7]+4k

@ —b =20+5j+3k-31—3j—6k= —i+2j-3k

“C—a=2i+7j+4k-21—-57j-3k = 0i+2j+k

= . O N R T TR R Y

Now (@-b)x(c—-a)= _01 ; _13—12 1|—] 0 1|+k|0 )

=i(246)—j(=1—=0)+ k(2 -0)
i(8) —j(=1) + k(2)
=81+ 1j + 2k

And (@ = B)x (T - a@)|= VO + (1) + (207=V6d+ 1+ 4=69

Q#04: Prove that (@ — F). (@ + E’) = @] - |5’|2

Solution: Taking LH.S=(a-b).(@+ b))

= @2 +a. b4 b — b ~ @ b=

—2
=[a@|? - |b| = RH.S
Hence proved . L.H:'S=R.H.S

Q#05: Find a unit vector perpendiculartod=1+ j+k & b=2

~

i+3j—k.
Solution: let 7 be the Unitwector perpendicularto d=1+ j+k &E:2i+3j—E vectors.
~ _ @' xb .
Then n= |E><F| """"""" (')
— ¥ Lojok ~1 1 ~1 1 ~11 1
axb=11 1 1 _l|3 —1|_] |2 —1|+k|2 3|
2 3 -1

=1(=1-3) = j(-1-2) + k(3 —=2) = i(=4) — j(=3) — k(1)

=—41+3j—k

|@x b |=J9? +(3)2+(-1)2=V16+9 + 1 =26

From () —A=-—Xb -4k A== i+ —f — =k
[@xb | V%6 Vzet TV T Uz
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Q#06: (i) When (@ + b)) is perpendicular to (@ — b )? When are they parallel?

Solution: 1% condition: (@ + b) L(a@ - b )

(@+b).(a@-b)=0

@.@+a@.b-b.@—b.b=0
@2 +a.b - @b —|b| =0 @ b5="b.4
@l2— 5] =0
@2 =[5

|
Taking square-root on both sides  |a’| = |F
When [|@'| =|b| then (@ + b) is perpendicular to (@- b ).
2" condition: (@+ b) Il (@—b)
(@+b) x(a-b)=0

—

@ X(@+b)-bx(a+Db)=0

T XA+ aTxXb-bxa-bx b =0 T Xxa=0 &b XxXb=0
0O+aT X b+a@x b +0 = b xa=axb
2(a@ x b)=

a%b =0

When@ x b = 0theni@’ + b ) is parallel to (@~ b )

Q#06: (i) If d=i+2j —3k & b=3i— j +2k.Then provethat(@ + b) and @ x b are
perpendicular.

Solution: Given d= N+ 2j —3k &b=30— j+2k

We havefo prove” (@+b) L @ x b

Now (@+b)= i+2] —3k+3i— j+2k=41+j —k
I L A 3] .1 =3, ~1 2
axb=1|1 2 -3 =L_21 23|—] 3 23|+ k|3 _1|

3 -1 2

=1(4-3)—j2+9) +k(-1-6) =i(1) —j(11) + k(=7)
=i—11j - 7k
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Now taking dot product
(@+b).(a@ xb)=@i+] —k).(i—11f - 7k)
=@ +OEID+ED T
=4-11+7
(@+b).(a@ xb)=0

Hence proved (@+b) L@ xb.

. =2 o2 . 2
Q#07: Show that |[@ . b| = |a|?|b| —|a x b]|

Solution. Given|a” . F|2

[@ . B 4@ x B = [@P[p] oo ()

Taking L.H.S of (i)

—2

@ . 5" +[@x 5]" = |@l[p|coso | + |l [Blsine a|
= |E|2|F|2c0529 +|E’|2|F)|2 sin 2 6 |72
= 1@2|p|” cos2 6 @[] sin? 6 - |aP=1
=1@1?|p| [cas? Bsin? 6]
@b +|@ x | =@
Hence proved

@. b| = [@Pp| 2w b’

_ o p) 2 2
Q#08: Example#07: prove that (i) [@x b| +|a . b| = [@|?|b]|

Solution: Taking LH'S and by using definition of dot and cross product.
A2 —2 — 2 _ 2
@5+ . b =|@l|b]sine a| +|i@l[b]cose |
= |E’|2|F|2 sin?o |ﬁ|2+|a’|2|5’|2cos2 0
= 1@ 2| sin26 +@|?|p| cos? 6 - |afP=1
= |€|2|F|2[sin 2 9 +cos® 6]
| x F|2 +|a . F|2 = |5’|2|F|2 ~sin?6 +cos’ 9 =1

Hence proved
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.. —s,2 —s,2 —s, 2
Q#08: Example#07: (i) [@.b| —|@ x b| = |@|?|b| cos286

Solution: Taking L.H.S and by using definition of dot and cross product.

@) ~[@ x B =|i@l[Blcos 6 | - |[@1 [B]sin o7 |
= [@2|p| cos26 —[@|[b| sin26 |al?
= |'5|2|F|2 cos? 6 — |?77|2|F|23in2 0 ~ |A)2=1
=@ 12|p’| [cos 26 — sin 2 6]
@5 —|@ x b| =1@?[p| cos26 ~5in A6 *c0s* 6 = cos 2 6

Q#09: If d ' and b ' are vector components of vector a’ and b respectively on a plane

perpendicular to a vector ¢’ . Then show that

()@ xc=d'xc (i) (T+b)xXT=@@'+b')X7T

Solution: (i) Given condition: d@’and b’ L ¢ .0 =290 Then sin90° =1
a'xc=]d"||c|sin90® A=|d"||c| Aamst 0)
b' xc=|b"|[c|sin90° A=|b"|[c|A--mm (ii)

We have to prove

a Xxc=a' xc

Taking L.H.S

a xXc =|al|c’|sin8 A
= (|d’| sin @)\’ )=~ d’ iscomponentof @ : |a'|=|a’|sin®d
=|d.’ [Ic°|.n

a X =alx¢e ~From (i)

(ii)We have toprove (@ +b)xc =@ '+b')xC

Now (@+b)Xxc=a XCT +b x¢

|@| [€’]sin @ A+ |b]| |C]sin 6 A
= (|| sin @) [c’| A+ (|b|sing)[c|# -~ d" iscomponentof @ :|d ' |=|a|sin 6

=la'||Ic|a+a’||c] A « b" iscomponentof b : |b ' |=|p]| sin 6

(T+D)XT=(@"'+b')XT Hence proved .
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Q#10: Showthat (i) (@ +b)XC=a@ X€+ b XC

SOlution: Let a'= a1l +az j+as k ; _l;: bii+ boj+ bs k & ¢ =cil+c j+c3 k

# @ +b =ail +azj+as k + byi+ byj+ bg k = (a1+b,)i +(az+b,) j+(as+bs) k

~

_ T j k
(E)+b)><?:a1+b1 az+b2 a3+b3
C1 C2 C3

iJ k ik
a; a, ag|t|b; b, bs ~By using determinant property

(@+b)xT =a xT+b xC

Hence proved

—

Q#10: Show that (i) @ X (b+¢)=a@ Xb + @ X €

SOlution:Let @'=ail +azj+ask ; b=bii+ bsjhbyk & = altcjtek

&b 4T =bii +b2 j+bs k + Cai+ Cof+ €3 k = (BiskC)MH(b2+cy) j+(bstcs) k
B ) j k
ax((b+c)=| a, a, as
b;+c¢; by+c, by4cs

~ ~

[ B 4 Tk
=la; a, az|¥fay a, a; ~By using determinant property
b; b, bs c; C; C3

Tx(b+T)=a X byha ' xc

Hence proved

—

Q#11: Showthat @ X (b+¢€)+b XC+ @ )+) € x(@+b )=0

Solution: LH.SS@ X (b+¢T)+b X (T+ @)+ T x(@+Db )

N/ _ . . b xa =-a xb
= awXb+a Xc+b XC+b Xa+c Xa+c xXb - cXa=—-a xc
CXb=-bxcT

a Xb+a Xc+b Xc—a Xb—-—a xXc —b X
=0=R.H.S

Hence proved .

ol
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—

Q#12) If b Xxc=¢ xa=a xb #0thenShowthata@ + b + ¢ =0

Solution: Given b XT=¢C Xa=a xb #0

b xc= (—a—-°c)xc
By using right cancellation property

= —a-c¢

T+b+ =0 Hence proved.

—

Q#12(ii) if @ +b + ¢ =0 thenshowthat b Xc=¢ Xa=a Xb .

—

Solution: Given a+b+ ¢ =0
Wehavetoprove b XT = ¢ X@ =a@wXDb,
Let T+b+cT=0 =b =¥ —a-¢

b XT= (—a —¢C)x¢
b XT=—a XCT— ¢ T XT=0
b XT=70C Xd—0 —@ XCT=C Xa
IR Y — (i)

Again Let T+b+c=0 =b = —-a-¢

—

Taking crgss'product with a

AXb=a X (—a—7)
@ Xb=-a Xa@—a X¢C T xXT=0
@ xb=0+C xa ~@ XCT=C xa
R A A —— (i)

Combining (i) & (ii)
b XT=¢C xa=a xb Hence proved.
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Q#13:if() @.b=a.c or (i@ xb=a@ X¢C

Where @’ is a non-zero arbitrary vector then show that in either case b=c.

(i) Solution: Given @.b= @.

o)

1

1

1

1

1

1

1

1

1

1

1

1

1

1
—
p—

From (i) a.b=a.c
@.b—a.c=0
a.( b— c)=0 ~Left distributive law of.det product
Here @#obutb—c=0
=b=C

(i) Solution: Given @ xb= @ X ¢
We have to prove b = ¢

From (i) TXb=a XC

~Left distributive law of cross product

Q#14: Show that the vector @=i —2j + 3k ;b= 2i+ 3j — 4 k &¢ = —7i+0 j+10 k are collinear.
Solution: Given

@a=1—2j+3k b=2i¥3j—4k &c=-71+0j+10k

For collinear vectors;'we have to prove.

—=

axX b+bxc+cxa=0

i 7 k
n T XD = i —]2 3 =i_32 _34|_j% _34|+E|% _32|
2 3 -

=1(8-9) —j(—4—6) + k(3+4) =i(-=1) — j(—=10) + k(7)
= —i+10j + 7k -------- (i)
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~

- i j k
~b xc=|2 3 —4|= 7 10|— |
0 -7 10
=1(30 — 28) — j(20 — 0) + k(=14 — 0) = 1(2) — j(20) + k(=7)
=21—20j — 7k------- (i)
ixa =0 2 1"0 7 10|_ —7|
1 -2 3
=1(—=21+20) — j(0 — 10) + k(0 + 7) = i(=1) — j(=10) + k(7)
= —i+10j + 7k -------- (iii)

Adding (i), (i) & (iiQ)
AXb+bxcT+Txa=0

Hence proved that the given vectors are collinear.

Q#15: Find a vector perpendicular to both line AB & CD . Where A(0,2,4),B(3,—1,2)
C(2,0,1) and D(4,2,0) are given points.

Solution: Here A(0,2,4),B(3,—1,2),C(2,0,1).and b(4,2,0) are given points.
Now AB'=p.v’sof B-p.v’sof A=B(3,~1,2) — A(0,2,4)
=B-0)i+(-1-=2)j+R2-4)k
=31-3/-2k
CD'=p.v’sof P=p’s of C= D(4,2,0) — €(2,0,1)
=4 DN+ 2-0j+0-1Dk

=20 +2] —k
We know'that, perpendicular vector of AB and CD is
N L A 3 _ _ 13 —
ABXCD:% 3 :i:i|23 B e R S
=i3+4)—j(-3+4)+k(6+6)
=71 —j+ 12k
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Q#16: (i)Find the area of a triangle whose vertices are A(0,0,0) ,B(1,1,1) & C(0,2,3).
Solution: Consider a triangle ABC. Whose AB and AC are adjacent sides.

AB'=p.v’s of B—p.v’s of A= B(1,1,1) — A(0, 0,0)
=(1-0i+1-0)j+1-0)k
=i+j+ k

AC=p.v’sof C—p.v’sof A= €(0,2,3) — A(0,0,0)
=0-0i+2-0j+B-0)k
= 0f +2j + 3k

We know that
Area of triangle 2% (Area of parallelogram ) = % |E X ﬁ| --------- (i)
. P Tk -
4B x AC = 1 ;zi; R N s
=i{(3-2)—-j3-0)+ k@240
=i—3j+2k
From (i)
Area of triangle == @ x b

NlRr NIR

JOZFE3+(2)2)= (VI+9+4)
=~ (V14)

14 .
=S5 Sq.units.
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Q#16;(ii)Prove that sin( @ — B) = sina cos § — cos asin 8

Solution: Let @ = 0A and b = OB be the two unit vectors
makes an angle ¢ and g with x-axis.
From figure:

Aa=0A4= |a|cosa i+|a|sina j

=cosa i+ sina j

=3 &—

b=0B= |b|cosp i+|b|sing j
=cosf i+sing j

/64/ Sr'nlg

Taking cross product of b with @ unit vectors.

bxda=(os B i+ sinp j)x(cosa i+sina j)

1 j k
=|cos B sin 0
cosa cos 0

b |1a| sin(a—p) k=01 —0) + k|gg§§ ;gg

sin(a — B) k =(cos B sin @ — sin a sin )k |

S

Il
B

I
[HEN

sin(@ — B) =cos B sina — sinasinyB | Hence proved.

Q#16: (iii)Prove that

sin(a + ) =sinacos f + cosasinf

Solution: Let @ = OA and b = OB bedhetwo unit vectors makes an angle a and 8 makes with x-axis.

From figure:
a=0A= |a|cosa (t+|a@]|sina |
= cosa I+ sing
b=0B= |b|cosp i—|b|sinp j

=cos,fN U—sinf j

Taking cfess product of b with @ unit vectors. 741 esy
bxa=(os g i—sinB j)x(cosa i+sina j)
i j k -

= [cos B —sin 8 0
cos a cos a 0

|b|la| sin(a+pB)k=0: _(’)‘]+E|COSB —sin B

cosa sina

sin(a+B)k=(cosp sina+ sinasinf) k ,-,|B|:|a|:1

\Sin( a+ ) =cosPfsina +sinasinf \Hence proved.
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Q#16: (iv) Prove that sin law of trigonometry by using vector .

Solution: Consider a AABC as shown in the figure.
If AB=¢ ;BC=a andAC =5

lal _ o] _ I

sina  sinf  siny

We have to prove

—

We know that @+b + =0
O e — (i)

Taking cross product of (i) with b

axXb=(-b—C)xb
@xb=—-b xXb—¢xhb
@xb=0 —¢xb

- —

a Xb=b x¢
Taking magnitude  |@ x b|=|b x ¢
|a’| |F|sin y = |F| |c’|sin a

|&’| siny = |c’|sin a
| _

S I e (ii)

sina siny

—
a

Taking cross product of (i) with ¢

(@)

TXEF —b x -
BXE=C xb
Taking magnitdde - [@ x ¢|=|¢” x b|
|@| [€']sin B =[] |b|sin &
|@’] sin B = |F|sin a

lal _ [p]

sina _sinﬁ -“(”)
Combining (i) &(ii)
@l _Ip] _ Icl
sina _sin[)’ _siny

This is called law of sine of trigonometry.
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Q#16:(v)If the diagonals of a given parallelogram are taken as its adjacent sides of a second

parallelogram, then prove that the area of the second parallelogram is twice the area of given
parallelogram.

Solution: Let @ & b be the adjacent sides of a given parallelogram and a’ + b and @ — b bethe

diagonal expression taken as the adjacent sides of second parallelogram.
We have prove.

(Area of parallelogram with diagonal as sides) = 2( Area of parallelogram with original sides )
|(@-b)x(@+b)|=2|a xb|
LHS=|(a-b)x(a+ b )|

=@ x(@+b)—bx(a+b)

= |@x@+ax b -—bxa =bx b @ xa=0
=0+ @x b +a@x b + 0 «b xXb=0
=2 |@ x b |=RH.S ~b xa@=axb

Hence proved.

Q#17:I1f @=2i —3j+ k ;b= —i+ k & ¢’=2j —10k . Then find the Area of a parallelogram

whose diagonalsare @’ +b and @ —b.

Solution: Given @= 21 —3j + k ;b=<i{¥0j +k  &c'=0i+2j —10k

If @+ b and @ — b be the two diagonals of a parallelogram . Then

Areaofparallelogram=%|(E’+ b)x (@~ b )| 0)
S G A2 —3f+k —i+ 0+ k=1 —3j+2k
NES % =20 —3j+k+i— 0j— k=30 —3j+0k
Now (@ % b)x(a—b)-g _g 2|= | 1 e o S

=1(0—6) — j(0 —6) + k(=3 +9)
= —61 + 6] + 6k
From (i) Area of parallelogram = % |(@+ b)x(a— b)|

=~ (V=67 + (6)2+ (6)?) = (V36 + 36 + 36)
= % (V108) = %g = 3v3 sq.units.
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Q#18: Find two unit vectors which makes an angle of 60° with vectors [1, —1, 0] and [1, 0, —1].

Solution : Let @i be the required unit vector . Let @ = xi + yj + z k ------------------ (A)
Then  |G]?=x2 + y? + 22 = x? + Y% + z2= 1o (i) ~lal=1
Given @ =[1,-10]=i—; and b=[10-1]=i—k

1% condition: The unit vector & makes an angle 60° with @’.

Then @. 4 = |a]||ilcos 6 where 6=60°
(i—j+0k).(xi+yj+zk)=(1)*+ (—1)2 + (0)2 .1.cos 60° wl=1
lx—1y—0z=v1+1+0.-=V2.
x—y=5 = y=x—\/% ------- (if)
2" condition: The unit vector & makes an angle 60° with b .
Then b.o = |b]lalcos 6 where. 8=60°
(i+0j —k).(xi +yj+zk)=(0)% + (1)? + (=1)2~ ] c0s 60° ~lal=1
Lx+0y—1z=V0+1+1 . 3852 %
x—Z:\/% ﬁz=x—% --------------------- (iii)

Using equation (ii) and (iii) in (i)

2 _ 1 I

v+ - e -
X2+ x2+(=)2-2x = P (=) -2x==1
V2 V2 V2 V2

332 —VZ x4s V251 = 3P -22x+1=1 = 2 -2V2 x=0 x(3x—2V2 ) =0

x=0 3x =242 =0 = 3x =22 =~x=¥
Putin (ir)'and (iii)
=0 -8 M _nz_ 1 _43 -1
y=0-mo V=g Y T TR Y2
&
-—0_L —— _n2_1_43 =1
2=0-% = ‘TR RN e A =30
Using values of x, y ,z in required unit vector represented by equ.(A)
A s 1.1 ~ 2\/_
u_Ol_ﬁj_\/_Ek OR =— +7]+—k
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Q#19:Prove by using cross product that the points (5,2,-3),(6,1,4),(—2,—3,6) and

(—3,—2,1) Are the vertices of a parallelogram then find its area.

Solution: Let A(5,2,—-3); B(6,1,4); C(—2,—3,6) and D (—3,—2,1) are the vertices of
parallelogram ABCDA. AB & AD are its adjacent sides.

Now AB'=p.v’sof B-p.v’sof A=B(6,1,4) — A(5,2,—3)
=(6-5i+1-2)j+@&+3)k
=i—j+7k
AD=p.v’sof D-p.v'sof A= D(-3,-2,1) — A(5,2,—3)
=(-3-5)i+(-2-2)j+(1+3)k
= —81 — 4] + 4k

We know that perpendicular vector of AB_ and CD is

R
1 -1 7
-8 —4 4
=i(—4 + 28) — j(2 + 56) + k(=4=8)

=241 — 58] — 12k

1 7
-8 2

AB X AD =

=1

:}L A7L|_j |+E|—18 ;1}

Avrea of parallelogram =| AB’ x AD 4.= (\/(24)2 + (-58)2 + (—12)2): (V576 + 3364 + 144)

= (V4084 ) sq.units.

Q#20: Find the area of parallelogram having diagonals @=3i +j — 2k & b=1i— 3j +4k

Solution: For diagonal expression

Area of parallelogram= % R — (i)
AesSyTE T R 1 2o o3 -2 a3 1
axb=13 1 -2/=0|_; 4|‘11 4|+k|1 —3|
1 -3
=1(4—-6)—j(12+2) + k(-9 - 1)
= 21— 14] — 10k

Area of parallelogram=

L@ x b| =3(J/(=2)7 + (-14)7 + (-10)?)=% (V& + 196 + 100)

—1(/300) =125

2 2

= 5v/3 sq.units.
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Q#21: Find area of triangle with vertices at (3,—1,2);(1,—1,—3)and (4,-3,1).

Solution: Let A(3,—1,2); B(1,—1,—3)and C(4,—3,1) are the vertices of triangle ABC.
If AB & AC be the adjacent sides of its triangle. Then

AB'= p.vsof B-p.v'sof A=B(1,-1,-3)— A(3,-1,2)=(1-3)i+ (-1+1)j+(-3-2)k

=-2{+0/-5k
AC =p.v'sof C-p.v'sof A= C(4,-31)— AB,—12)=(4—-3) i+ (-3+1)j+(1-2)k
=1-2]—k
We know that perpendicular vector of AB_ and CD is
|t T k] 0 =5 =2 =5, ~1=240
AB xAC = ‘12 0 =574, —1|_] 1 —|+k|1 —2|

=1(0—10) —j(2+5) + k(4 — 0)
= —10i — 7] + 4k
Area of triangle = > [4B"x AC | = 5 (V(=10)2 + (F7)ZF(4)?)=5 (V100 + 49 + 16)

= ; (VI65)

_ V65 .
= $q.units

2

Q#22: If @=2i —j ;b= + k &|€|= 12 and ¢ is perpendicular to both @ and b

, write the component form of ¢’ .

Solution: If @=2i —j + 0k p=0i+j+k & |¢|=12

—

Let ¢ be the unit vector petpendicular to both "a” and b.Then é= |ai:bﬁ|

~

o= P AR 1 o L2 =1 a2 =1 ) -
axb=1[2 —1.0/=1 1 1|_]O 1|+k|0 1|:l(—1—0)—](2—0)+k(2—0)
0 1
= —0—2j + 2k

@ x b |=/(=1)2 + (=2)2+ (2)2=V1+ 4+ 4=v/9 =3

. . _ @xb _ —1-2j+2k T
From (i) ¢= x5 ] . (i)

Now by using definition of unit vector

? — —
c=|c|

e’

12 () =4(—1-2f + 2k) = T =—4i—8j+8k

>

>
11

c
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Q#23: Showthat @ x b= iXa; b +i X a,b +i Xasb where @=aii +az j+as k.

Solution: Given @’= a1l +az j+as k

We have to prove a X b= iXa, b +1 X a,b +1 X ash
Now R.H.S:ixall7+ixa23)+ixa33)
a; I X F+azixF+a3iXF
:(a1i+azi+a3i)xF

=@ x b= LHS
Hence proved . R.H.S=L.H.S

Q#24: Ifa=2i —3j+ 7k :b=1i— j+ 10k &c’=3i-5 j+4k and these vector have a

common initial point, Determine whether the terminal points lies on a straight line.

Solution: Given if @=2i —3j+ 7k ;b=1— j+ 10k & '=.3i=5 j+4k
We have to prove Xb+b XT+TXa=0
axb=]2 3 l7( =t 1 10| |+k|i j

1 -1
=1(=30+7) —j(20 — 7) + k(=2 + 3)
= —231 — 13j + k- (i)
VR L k I L
; :é 10 J 13 4 3 -5
= 1(—4 +50)—(4 — 30) + k(=5 + 3)
= 461 + 26j 2k - (ii)

Y 13—
?xa’zg :g 4 |— L7L|+k|§ _5|
=1(—35+ 12) — j(21 — 8) + k(=9 + 10)

=231 —13] + k - (iii)

Adding (i), (ii) & (iii)
XD +b XT+TXaT =0

Yes, the terminal point lies on the straight line.

Written & Composed by: Hameed Ullah, M.Sc Math (umermth2016@gmail.com) GC Naushera Page 55



Vector Analysis: Chap # 2. Scalar and Vector Product B.Sc & BS Mathematics

Q#25: Let @ & b be the unit vectors and 6 be the angle between @ & b.

Show that sin 2= 2|b — aj.
2 2

Solution: Let @ & b be the unit vectors and 6 be the angle between @ & b .

N =

Then we have to prove sin gz |b — al.
Let |6 —a|"=(b - a).(b — a)

=b.b—b.a—-a.b+ a.a

N

S

= |B|*+ 1 al? - 2|b ||| cos 6 |5
=1+1—2cosf=2—2cosf=2(1—cosB)
_ . 56
=2 (2 sin? 5)
~ .2 . 0)?
|b — a| —(ZSmE)
Taking square-root on the both sides
|I§ — d|: 2sin2
2
|

Henc proved that sin %:

()

— al= sin2
2

N | =

N |

|b — al.

Q#26: Show that the component form of a unit tangent vector to acircle x* + y*> = a

is given by + i(—yi +x7j).

Solution: Let 7 be the radiusivector of a circle. Let r=xi+yjJ
Putx=acosf &Yy=asind
r=acos 0 i asin g j-------- (i

For tangent vector,, differentiate equation (i) w.rt 6

ar . A A
%:—a51n91+ac056] ;
-“‘L
Required unit vector of tangent vector is
dr
df _ gg _ _—asinfitacosf j _ —asinfitacosf j
de |g J(=a sin8)2+(a cos0)2 Va? sin26+a? cos28
_—asinfi+acosf j_ —asinfi+a cosb j
a Vsin20+ cos26 a V1 J,
_—asinfi+acosb j_ —yi+x] 7
B a (1) T ta
dr 1 A n
5ot (=yi +x7J). Hence proved.
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2

"+ + | +[c+ TP

— 2 > 2 e
Q#27:Prove that: |@]>+|b| +[C?+[@+ b +¢| =|a+ b

Solution: LH.S=[a'? + [b| +[cl?+|a+ b + ¢
=@+ b + [P+ 1@+ [| +IT1?+27.b +2b.c+2¢.7
:[léi*l2 + |_b*|2 +2 ?;T.Ef] + [|_l;|2 + T2 +2 F.?] +[[C)?+|7)> +2¢.7]
@+ b +[b+ | +[C+ TP=RHS
Hence proved R.H.S=L.H.S

Q#28: Show that the median through the vertex of an isosceles triangle is perpendicular to the base.

Solution: Consider an isosceles triangle OACB. Let O be the origin .

o

Let OA=d ; OB=b ;0C=d+ bandAB=b— d
We have to prove OC L AB = OC.AB =0
Now OC.AB = (di+ b).(b—d)

=d.b—d.d+b.b—b.d
=[B]" - 1ar
= |d|? - |d|* Inisosceles triangle: |0Af\=|0B| = |d| = |b|
0C.AB=0
Hence proved. 0C LAB

Q#29: In triangle ABC, D & E are mid points of the sides AB & AC respectively. Show that DE
is Parallel to BC.

Solution: Consider'a AABC’ Let Position vectors are A(a), B(E) , C (¢) and Mid points D(?) & E(d+5) .

2

We have to prove. DE || BC
- - -
BC =0 — Broeeoeoreeeeeen(i) A (Z)
—— _ a+é  a+b _a+é-a-b _é-b
& DE = L2 2 2 T2
=-(¢-b) ( é’r_ﬂ')
DE = 2 BC From (i) */b Ec &+
This shows that DE || BC 2 )
8
(67 C
2 &)
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Q#30:{Example}: Find the moment about the point A(5,—1,3) of aforce 4i +2j + k through
point B(5,2,4).

Solution: Let F= 4f +2j + k be aforce & # be a position vector from point A(5,—1,3) to B(5,2,4).
7=P.vof B- P.vof A= B(5,24)— A(5-13)
=(5-5)1 +2+1j+ 4 -3k
7=0f +3j+k

We know that
Moment of Force= M= 7 x F = (i) 3: llc:is 1|—f 0 1|+ IE|0 3]
4 2 1 2 1 4 1 4 2
=1(3—-2)—j(0—4) + k(0 —12)
=i +4f — 12k

Q#31: Find the moment about the point origin of a force 4i +2j + k through point (5,2,4).

Solution: Let F= 4% +2j + k beaforce & 7 be a positionivector from origin 0(0,0,0) to A(5,2,4).
7=P.vof A—P.vof 0= 4(5,2,4) — 0(0,0,0)
7=51 +2j + 4k

We know that
T L L T TV TR
Moment of Force = M= 7 X F = |5%.2 4—12 1|—] 4 1|+k|4 2
4 2 1
21(2—-8)—j(5—4) + k(10 —8)
=—61—j+ 2k
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Scalar Triple Product:

If 2, b & beany three vectors, then [@ b clor @ . (b x T is called scalar triple product of

a.b&c.

Characteristics:

(i) If @=aii+azj+ask
B: bii+ b2f+ b3 ié
¢ '=cil+cz j+c3 k

Then the scalar triple product can be finding by the following method.

a; ap as
a .(bxc)=|by by bs
i C GC3

(i) Volume of the parallelepiped :

Let @, b & ¢ be the three vectors along the edges of parallelepiped. Then
Volume of the parallelepiped =V = @ .(b X &)

(iti)  Volume of the tetrahedron:

Let °, b & T be the three vectors along the edges of tetrahedron . Then
Volume of the tetrahedron = V = % [Fa (b xT)]

(iv)  Coplanar vectors:

If 2°,b & be the three non-zero vectors . These vectors are said to be coplanar if

—

a .(bxc)=0

If a’,

ol

, © and d b, the four non-zero vectors . These vectors are said to be coplanar if
(b —2 )u(&—2 ) x(d =T )=0
(V) T b XCY=b.(Tx T)=C .(T Xb)
(vi) I two vectors are same in scalar triple product, then the scalar triple product is equal to zero.

As 3 .(bx@)=0
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Example#01:Find the volume of parallelepiped whose edges are @', b’ and . where

d=3i +2k ;b=i +2j — k and ¢= —j + 4k.

Solutiom: Given d=31 +2k ;b=1 +2j — k and &= —j + 4k.
We know that

3 0 2
Volume of the parallelepiped=V = a .(b x¢)=(1 2 -1
0 -1 4
_ 2 -1 1 -1 1 2
_3|_1 4|_0|o 4|+2|o —1|

=38—-1)—-04—-0)+2(-1-0)
= 3(7) =0 +2(-1)
=21-0-2

=19 cubic units

Example#02: Find p such that the vectors @=2i —j + k ;b=1 +2j — 3k & ¢=3i+pj + 5k

are coplanar .

Solution: Given d=2i —j + k ; b=1 +2j — 3k and &=31 +p j + 5k
According to given condition , the vectors are coplanar. Therefore

a .(b xCY)=0

2 —1fwa1
1 2™ -3|=0

3 »p 5
2 -3 1 -3 1 2|
2|p 5|_(_1)|3 5|+1|3 p|_0

2(10 #A3p)+1(5+9) +1(p—6)=0
20+ 6p+14+p—-6=0
7p+28 =0
7p =28
p=28/7
p= 4
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Example#03:Prove that the four ponts (4i +5j + k );( —j — k );(31 +9j + 4k ) & 4(—-i +j + k)

are coplanar.

Solutiom: Let A(41 +57 + k );B( —j —k );C( 31 +9] + 4k )& D(—4i +4f + 4k) are given four
points.
If these four points are coplanar then we have to prove coplanar condition
AB .(AC xAD)=0
~AB =B( —j—k )—A(4l +5j+Fk ) =—j—k—41 -5] -k = —41 6] — 2k
~AC =C(30 +9j + 4k ) —A(41 +5j + k ) =30 +9j + 4k — 41 —5] — k =={"+47+3k
~AD =D(—4i +4] + 4k) —A(41 +5]+k ) = —40 +4f + 4k — 41 —5] =< k==8] —j + 3k

Now AE .(ACxAD)=|1 2 _32:—4|_41 J-colmad+ -y A
-8 -1 3

—4(12 +3) + 6(=3 + 24) — 2(1.+32)
—4(15) + 6(21) — 2(33)
=—60 + 126 — 66

AB .(ACxAD)= 0

This shows that the given four points are coplanar.

Example#04: Provethat[a +b b + ¢ é+a|=2[a b c]

Solution:LHS=[a+b b + Ce i+ a
=(2 +b).[(b + TP 6¢ + )]
=(7+b )b x EFb x 3 +C X T+T x @

=(2+b )L[b X% T+b x T +0+C x 7]

ol
X
ol
Il
o

=(@4+DJMb x T+b x T+C x 7]

=a%(b x ¢)+2.(b xa)+a. (€ xa)+b.(b x ) +b.(b xa)+b.(C x a)
=2.(b xT)+0+0+0+0+b.(C x @)

=2.(b x¢)+7.(b x ) ~b.(C€ xa)=7.(b x©)
=2 a.(b x T)

=2[a b ¢]=RHS

Hence proved L.H.S=R.H.S
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—

— —

Example#05 : if a’, b and ¢ are the position vector of A,B,C. Prove that

-

axb +b x €+ ¢éx a isavector perpendicular to the plan of ABC.

— —

Solution: Let a’, b and ¢ are the position vector of A B & C. then
AB=b -3 :BC=c-b & CA=a - ¢

Lletd =a’xb +b X T+ &¢x @

—

We have to prove d L AB d AB =0
LHS =d .AB =[a@xb +b x ¢+ ¢x a]. (b —3)
=(axb)b+(bxcT)b+@xa)b—-(axb)i-(bx<T)dy(cxa)d
=0+0+@x a)b +0-(bxc)i-0
=(b x¢)a- (bx¢c).a (b XT)ay= (¢x )b
= 0=R.H.S
Hence proved . L.H.S=R.H.S
B . la b Ic
Example#06: Prove that [l m #][a b 7|=lmw.a@ m.p m.rc
m.a w.b n.C
Solution: Let 1= I +1 j+isk & a=aii +az j+ask
m= m,i+ m2j+ ms i& & B: b+ b2j+ b3 E
n =mi+n; j+nsk & ¢ = cii+c2 j+cs k
. Yy l1 lz l3 a; 4d ag
LHS =[l m"gNa=b ¢]=|my m, ms|.|by b, b3‘
n1 n2 n3 Cl CZ C3
NG L jan br g
=\|[m; " m, mg|.la, b, ¢, . Taking transpose of 2nd determinant .
m  np; nzllag by c3
lLia, + la, + l3a4 liby + 1,b, + I3bs lic; + ey + 13¢5

=1miaq + msya, + msas m1b1 + mzbz + m3b3

mycq + mycy, + mscs
n,a, + nya, + nias n,a, + nyb, + n3bg

n.c; + nyc, + n3c;

la 1.b 1.cC
=lm.@ m.b wm.c|=RHS
n.a w.b 7w.c
Hence proved that  L.H.S= R.H.S
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Exercise#2.3
Q#01:1fa=3i —j + 5k; b=4i +3j — 2k &¢=2i +5j+ k.Find @ .(b x¢ ) and
also verify thata’ .(b x€)=b.(€x @)=C .(a xb)
Solution:
3 -1 5
7 (b xT)=4 3 :3|§ _12|—(—1) |‘2‘ ‘12|+ 5|‘2L
2 5 1
=3(3+10)+1(4+4)+5(20-6)
= 3(13) + 8 + 5(14)
=39+8+70
Iy A— (i)
— 3 5 1 2 M\ 2 5
b (cxa):g _51 é:4|_1 5|_3 3 5|+(_2)|3 —1|

= 4(25 +1)+"3(10 — 3) — 2(—2 — 15)
= 426)=3(7) —2(-17)

=104 - 21 + 34
=, Iy Z—— (ii)

- =W 2 1

: (aXb):i 35 =27t S-S+l S
= 2(2-15) =5(=6—-20) + 1(9 + 4)
= 3(=13) — 5(-26) + 1(13)
=39+130+13
Sy L — (iii)

From (i),(ilh& (iii) hence verify that
Z.(bxT)=b(CTx @)=
Q#02:Find the value of i. j x k.

|

l
X
ol

Solution: i.(j x k)

11
~>

) L x k=

11
[ By
>
~>
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Q#03:Provethat [i—j j—k k-i]=0

~

Solution: LH.S=[i—] j—k k—1]

L=10) 7 _ 0 -1 0 1
= _1|=1 ~ (-1 0
_01 (1) 11 |o 1 | (=D |—1 1 |+ |—1 0|

=1(1-0)+1(0—-1)+0
=1 +1(-D=1-1
=R.H.S

Hence proved L.H.S= R.H.S

Q#04:Find the volume of parallelepiped whose edges are represented by

_~

() @=20 -3j+k;b=i —j+2kand ¢=2i +j -k
Solutiom: Given d=21 —3j+k ;b=1 —j + 2k and ¢=21 +j -k
We know that

203" 1
Volume of the parallelepiped=V = @ .(b xT)=|1 <1 2
271 -1

2 Aol Sleal, T
=2(1%2) +3(-1-4) + 1(1 + 2)
=2(1)+3(-5) +13)=-2-15+3
=—14
V = 14 unit Cube  (V is always positive )
(i) d=i —2j+3k;b=2i +j—kand ¢=j+k
Solutiom: Given a=i *2j+ 3k ;b=2i +j—kand ¢=j+k
We know that

1 -2 3
Volume ofithe parallelepiped=V= @ .(b xT)=|2 1 -1
0 1 1

=1 Tl-ea 5 T1+slg g
=1(1+1)+2(2-0)+3(2+0)

=12)+2(2)+3(2)=2+4+6
V = 12 unit cube
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Q#05:Find the volume of tetrahedron bounded by the coordinate planes and the plane is
15x+10y+2z—-30=0

Solution: Given equation of the plane is
15x + 10y + 2z — 30 = 0 -----————- (i)
When x=0 & y=0 then
2z—30=0 =12z=30 = [z=1§
When y=0 & z=0 then
15x =30 =0 = 15x=30 = [=2
When z=0 & x=0 then
10y—30=0 = 10y=30 =
Let OA =a=2i ;0B =b=3j & OC=c =45k
along x,y,z-axis as shown in the figure.
We know that

=15\ [1.1] cfx k=1
V=15 wunit cube o 1.1=1

Q#06: Show that the vectors i —2j + 3k ; —2i +3j — 4k & i —3j + 5k are coplanar.

Solution: Let d=i —2j + 3k~ bz =21 +3j — 4k and é=1 —3j + 5k

For coplanar vectors, we have:to prove 2 .(b x7T)=0
1 -2 3
o= N\ .13 =4 |2 —4 -2 3
..a.(bxe)——lz _33 —54-1|_3 5|-( 2)|1 5|+3|1 _3|

=1(15 — 12) + 2(—10 + 4) + 3(6 — 3)
= 1(3)+2(—6)+3(3)
=3-12+9
a2 .(bxT)=0

Hence proved that the given vectors are coplanar.
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Q#07: Show that the vectors 5a’ +6b +7¢, 7a —8b +9¢ & 3a +20b + 5 ¢ are coplanar,

wherea’, b & ¢ are any vectors.

Solution: Let #=5a +6b +7¢ :9=7a —8b +9¢C and w=3a +20b +5¢C

For coplanar vectors, we have to prove a2 .(bxT)=0
5 6 7

AT (VXxW)=|7 -8 9| =5| -6 |5 o+ 7] |
3 20 & 20 5 3 5 3 20

= 5(—40 — 180) — 6(35 — 27) + 7(140 + 24)
= 5(—220) — 6( 8) + 7(164)
=—1100 — 48 + 1148

T .(VXW)=0

Hence proved that the given vectors are coplanar.

Q#08: Show that the four points 2a’ +3b — € ; @ —2b +3¢C ;332 +4b —2¢€ &

—

a —6b + 6 care coplanar.

Solution: Let A(2a" +3b — € );B@ —2b + 3T );C(38+4b — 2T )& D@ —6b + 6T) are
given four points. If these four points are coplanar then we have to prove coplanar condition

AB .(AC x ADW=0
~AB=B( @ —2b +3¢C)—A(2a +3b"=C)=3 —2b +3¢—-23-3b + C=—-3 —5b +4°C
~AC=C(3 +4b —2¢T)—A(2a™+3b —T)=3a +4b —2¢—-23—-3b +C =a +b —C
~AD=D@ —6b +6¢C) —A(23 ¥3b —C) =a —6b +6¢C—23—-3b +¢ =—-a —9b +7C

-1 -5 4
1 1 -1
-1 -9 7

=—1(7-9) +5(7-1) +4(-9 + 1)
= —1(=2) + 5(6) + 4(—8)
=2 +30 —32

Now AB .(AC xAD)) = :_1|_19 _71|_(_5)|_11 _71|+4|—11 —19|

AB .(AC xAD )= 0

This shows that the given four points are coplanar.
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Q#09: (i) If a.r=0b.r=0&C.F =0 thenprovethat a .(b x¢)=0 .
(i)If a.m”=0b."”=0&c.n=0 thenprovethat a .(b x¢)=0 .
Solution: Let T=xi+yj+zk &
a=ail +az j+ask
b= byi+ boj+ bs k
T =caite ok
According to given conditions.
. a.r=0
(aif +azj+ask). (xi +yj+zk)=0
a1 xtazy+az z =0 ------------- (1)
b.F =0
(b1l +b2j+bs k). (x1 +yj+zk) =0
b1 x+bz y+b3z z = 0----------&-- @)
~c.T =0
(cii +c2j+cs k). (xi +yj+zk)=0
C1 X+C2 y+c3 Z = Oc-----m---- (iii)
Eliminating x, y & z from equation() ,(ii) & (iii)
a; az“a;
by _*b, bs[=0
N CS C3

7 .(b xcT)=0

Note: Part (ii) is similartoypart (ii) only T replace by n".

Q#10; (i) is similar to example #04:

(i)provethat @ .(b X€)+b.(€x @a)+C .(aA xb )=3[@ .(b X T)]

Solution: LES=a .(b XxT)+b.(CTx 2)+C .(2xDb)

Because a2 .(bxT)=b(CTx @)=C .(2°xDb)

Therefore =2 (b xT)+a (b xT)+a .(b XT)
=3[ .(b xT)]=R.H.S
Hence proved L.H.S= R.H.S
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Q#11: Find A such that the vectors i +j—k ; i —2j+ kand ¢=Ai+ j— Ak are coplanar

Solution: Let @={ 4+j—k ;b=1 —2j + k and ¢=Ai +j — Ak
According to given condition , the vectors are coplanar. Therefore

a .(bxT)=0

1 1 -1
1 -2 1]|=0
A1 =2

1 oalth Slrenl Tl

122-1)—-1(-2-21)—-1(1+21)=0
21-1+24-1-21=0

1

21-2=0
21 =2
A=1
Q#12: If @', b &< are three non coplanar vectors , show that
—_[p ¢ 7Fla [a@Flb [@ b 7]¢ .
r_[EFF]+[EF?]+[E’F?] for any vector 7.

Solution: Let F=xa+yb4zce—————— (A)
Taking dot product of equation (A) withe( b X c)

(b XT).F =(baxT).(xT+ yb +27¢)

[0 © 7] =x&(b xT)+yb.(b x¢)+2¢.(b x¢)
[b. ¢~ 2x3.(b xT)+ 0+0
[b\¢T]=x[a b ¢]

(CxT).F=(Txa).(x3+yb +z7C)
[ @ T] =x3.(C X3 )+ yb.(T xT)+zc.(C X7
[ @ F] =0+ yb.(T x3)+0
€ 7 F]l=y[@ b c]
[ a 1]
y= [; 5 ;] """"" (i)
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Taking dot product of equation (i) with (2 x b )
(xb).F=(axb).(x3+ yb +z7C)

[@ b 7] =x2.(2 xb )+ yb.(7 xb )+2z¢.(3a xb)

[@ b T]=0+0+2C.(3 xb)
@ b Tl]=z[F b 7]
Zzggg ----------- (iii)

Using value x, y & z in equation (A)

Hence Proved.

Q#13:Solve the following system of equation. a,, x + b,y + ¢,z = d,, where r=1,2,3.

—

Solution: Let @'=aii +az j+ask

b= byi+ b+ b3 k

¢ =caltcjt+esk

d = dii+dz j+ds k
Given equation a-xe b,y +c.z=d,
Putr =1 ayxs by +c,z=d;

Multiplying equation with t\unit vector .

gy xt+byi+cizi=dql -----mmmmmmmmme (i)
Putr =2 a,x+b,y+c,z=d,
Multiplying, equation with j unit vector

Ay XJ + by j+ c22] = dp j -mmmmmmmmmmmnnees (ii)
Putr =3 az;x+bzy+c3z=d;

Multiplying equation with k unit vector
az xk + bsy k + c3z k = dgk ----mmmeeemme- (iii)
Adding equation (i), (ii) & (iii)
(a1f 4+az j+az k) x +( byi+ byj+ b3 k) y +( cii+cz j+cs k )z = dii+dz j+ds k

T o X e —— (vi)
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Taking dot product of equation (iv) with ( b X c)
(@x+by+cz).(b xT) =d.(b x¢)
@.(b XxT)x+b.(bxCT) y+c.(b xT)z=d.(b x¢T)
@.(b XxT) x+0+0=d.(b x7T)
@ b ¢]x=[d b c]
_[@ b
b c

X

Taking dot product of equation (iv) with (¢ xa’)
(@x+by+cz).(b xT) =d.(b x¢T)
T.(CTXT)x+b.(TxT) y+¢.(C x7) 4=d.(\¢ xa)

0+a.(b XT) y+0=d .(Tx7a)
@ b ¢T]y=[d © @]
]

)

T
B

=

y

|
Al

Similarly

Taking dot product of equation (iv)avithy(a” x F)

_[d 7 D]
 TFE o <
Selution set:{([i > f] ,@ < i] ,[H ab )}
[@ b T’'[@ b 7] b ]
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Q#14: Solve the simultaneous equation F xa =a xb ;where ¥.€=0 &a.cC # 0.

Solution: Given conditions
r.c=0 &a.c#0

Given simultaneous equation

Fxa=axb
Fxa—axb =0
Fxa+bxa =0 — axb=bxa
(F+b) xa =0
This condition hold when
r+b=ta ta xa =0
R U R (i) t is a scalar number

Taking dot product of equation (i) with ¢ vector

T.¢=(ta—-b).T

!

r.c=ta.c—-b.c
0=ta.c— b.cwBetause r.C=0 &a.C %0
t(a.¢)=b.C

using value of t in equation (i)

b.c —
Tr=—=——3a->b
a.c

This,isstheyrequired solution.
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VECTOR TRIPLE PRODUCT:

> —

If 2, b & beany three vectors, then 3 x (b X ¢

—

) is called scalar triple product of @, b &T.

Theorem:04:Prove that ax(bxc)=@.c)b —(a.b)c
Proof: Let a= ail +a j+a3 E ; B: bii+ b2j+ b, I’é & c= C1i+C2f+C3 E
. Pk b, b b, b b, b
b xc = =i 2 3Bl-7r Bl+k|[' =M, —Db i—(bjcs —b i+ (bsc,—b k
c Ei 132 lg: l C Cs c, Cs ¢ (bycs 3C2)T — (byc3 3¢1)j + (bic, 2€1)

= (byc3 — bscy)i+ (bscy —bycs)f+ (byc, —bycydk
_ T j k
LHSng(b XF)z 31 az 33
byc3 —bsc, bzc; —bics  bic; —bycy

az as ai ag a; az
=1 -] i |
bsc; —bics byc; —byey bycs3 —bzc,  bicgs bacy byc3 —bzc, bzcy —bics

= {(azbycz —azbycy) — (azbscy —azbycs)}i — {(a;bic, —asbycy) — (agbycs — azbscy)}f
+{(arbsc; — a1bic3) — (azbycs — azbzi)3k
= {azbic; —azbycy — agbscy + asbyeg}l— {a;bic; —ajbycy —agbycs +azbscy}y
+{a;b3c; —a;bjc3 —abycs +a,bscy}k
= {azbic; +asbycg —azbycy —agbsei}i — {ajbyc; + asbsc; —ajbyey —aszb,cslf
+{a;bsc; +aybscy ma bics —a,bycslk
= {a;bjcq + a,bjcy+ agh;c; —a;bic; —azbyc; —asbscy 3t
— {a1bicy +9a, 565, Fazbsc; —agbycy —azbyc; —azbyes}f
+{a;bzc; +agbyc, + azbscs —a;bycz —a,byc; —azbscslk
= {bi(agCyF azc; +azc3) —cy(ajby +azby +azbs}i
=.{e2(ayb; + ayb; +azbs) — by(ascy +azc; +azcz}lf
+{b3(ascy +azc; +ascs) — cz(arhy —azb, —agbs)}k
= {by(ajc; + azc; +azcs) — ¢y (agby +azb; +azbs)}i
+ {b2(aic; + azc; +azcz — cx(asby +azb; +azbz)l
+{b3(a;c; +azc; +a3c3) — cz(ashy —azb, —agbs)}k
=  by(ajcq +ayc; +azc3)i —cy(ajby +azby, +azbsz) 1t
+b,(a;cq +azc, +aszc3f — cy(aibg +azb, +azbz)j

+bs(ascy + a,c, + ascz)k — c3(agby — a,b, —asbs) k
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=(a;cq +ayc, + a3c3)(bli + b,j + bgié) — (a;b; + ayb, + a3b3)(cli + c,j+ C3E)

=@.c)b - (2.b)c =RH.S

Hence proved.

Example#05: Prove that

@ b ¢]=

2

ol & |/
]| /] ]|

ab arc
b.b b.C
c.b c.c

Solution: Let @=aii+azj+ask
B: bii+ b2j+ b3 i&

& c=citcjtesk

1 Gz 04z |41 a4z
=|b; b, bs|.|by by
€t C2 C3] ICp €

a, a, ag| ja; by
=|b; by bz|.la, b,
Ci €2 C3l lag bsg

a;aq + a,a, + asds
= b1a1 + bzaz + b3a3
c1a4q + ca, + C30a3

a.a db ac

=lp.@ b.b b.c|=RHS
c.a T.b i&.c

Hence proved that) © L.H.S= R.H.S

C1
C2
C3

a, by +.dyb, + asbs
biby4.b,b, + b3bs
C{@y+ C, b, + c3b3

A Taking transpose of 2nd determinant .

a,c; + a,c, + ascs
bicy + bycy + b
€11 + cycy + C3C3
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Example#06: Prove that the component of a vector 1 is parallel and perpendicular to ¢ in the

ol
3
\
o~
L
—/
a
X
~
<
X
!
N

planeofc & T are. (i)

il
a

o

Solution: Consider two vectors ¢ &

I =y &

Vector ¢ taken along x-axis and vector T makes an angle 6 with
C vector.
Draw a perpendicular BD on ¢ vector as shown in the figure.

From figure :

— — A
AB=F & AD =¢ & 2
1P/ cass
(i) Component of " parallel to ¢’ .

Let AD be vector whose magnitude is parallel to the directionof "€ vector.
As

|l

AD =|AD]| © » x-coponentof T’ = [AD|=|F|cos§ & ¢=

al

c

AD =|F|cos =
Ic]

|| Il cos@ T

=~ Multiplying & dividing by ||

G
= =B ~c.7T =|c| |r]cosb
AD =S ¢ ..o =|C)?

(i)  Component of /perpediculartoc .

By using*Head To Tail Rule.

AB =AD + DB

DB = AB —AD

DB =r—--=—=7=C

Hence proved
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Exercise#2.4

Q#01: Find
i) ix(jxk)
i x(jxk)
=1 x1i jxk=1
=0 i xi=0
(i) jx(kxj)
jx(kxj)
=7 x(=1) kxj=—4
= —j x1 —f iz B
=1 Xj
=k i =k
i) (1 xk)xi
=—j x1i W k=—j
=1 Xj —J Xi=1X]j
=k i xj=k

Q#02: Evaluate@ x (b X ¢ ). If a=2i +3j—5k ;b=—i +j+ kand ¢=4i+2j + 6k.

Solution: Given =2 { +3j —\5k);b=—1 +j + kand c=41+2] + 6k

We know that

a x (b xT)=(@c)b —(a.b)T
=§21 +37—5k).(4f +2j+6k)}b— {(21 +3j—5k ).(=1 +j+k )}
={8+6—30}b- {-2+3—-5}C
= (=16) (=1 +j + k) — (-4 )(4i + 2]+ 6k)
= (=16) (-1 +j+ k) +4 (41 +2]+6k)
=16i —16] — 16k + 16 i+8 j + 24k

a x (b x7T)=321—8j+ 8k
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Solution: d=1 +j + 0k ;b= —i +0j + 2kand ¢=0i+]+k

5 ok 02 =1 20 a-1 0. . -
Bxé= -1 0 2|=1f; 1|—1 ) 1|+k|0 1|=l(0—2)—](—1—0)+k(—1—0)
01 1
=—2i+j—k
T I A O L S R R SR
ax(bxc)=]|1 1 0=t} _1|—] _y _1|+k|_2 1

=i{(-1-0)—j(-1-0) + k(1 +2)

@.S)b —(@.b)e=((i +j+0k).(00 + j+k)}b— {(rtp+0k ).(=t +0j+2k )T
={0+1+0}b-{-1+0+0}C
= (1) (-1 +0f + 2k) — (- L )01\ Fj + k)
= (1) (=t +0j +2k) +1 (07 ¥ +k)
=—1+0j +k+ 01+ j4%
=—21 +] + 3k - enr i (ii)

From (i) & (ii) hence verified that @ (b x¢)=(@.c)b-(a.b)c

Q#04: Prove that (bxc)x(cxa)=[@ b c]c

Solution: CHS=(b xT)x(Txa)
Let b xT=TF

—

=7 x(c'xa)

={(bxcT).a}c—{(bxc).Cra
={(axb).c}c—-{o}a
={(axb).T}c -0
=[@ b CT]CT=RHS

Hence proved
L.H.S=RH.S
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Q#05: (i) Example#04: showthat [ x b bx ¢ cxa]=[a b c]?

—

Solution: we have [@xDb bxc CTxa]=(@xb).{bxT)x (Tx )}
)Let (bxcT)=d

—

[@xb bxc cTxa]=(axb).{dx (Tx )}

( A@a)e-([d.o)7}
H(®xc)a)ye-{(b x )]
(b x ¢©).a}c-{0)a’]
(b x¢)a}c-0]
A(b xT)a)e

TI(T%xDb). €]

2

a X

N—r

®|
X

1
— — ~ ~ \ N
=)
X
o

|
X
Il 2l Bl o o

SN N N

=]
X

,\
®|
X

p—

ol o &=l

= R SN = Hence proved
[aXb bxc c¢cxal= c]? P

!

Q#05: (ii)Example #02: Show that @ x (b x € )+b x (€ xa )+C x (@ x b ) =0.

Solution: We know that ax(bxc)=@.)bNa.b)c
b x(cxa)=(a)c—(b.c)a
Cx (T xb93(C.b)a - (C.a)b

—

Now LHS=aX(b Xt¥+tb x (¢ xaT)+cXx (T xb)

!

—

=@.c)bE(ab)c + (b.2)c-(b.c)a + (c.b)a-(c.a)b
=@@)b4 (a.b)c+(a.b)c-(b.c)a + (b.c)a-(@.C)b =0=RHS
Hence Proved L.H.S=R.H.S

—

Sy

Q#05(iii) E#03: If d=1 —2j+k ;b=2i +j+kand ¢=i+2j—k thenfind @ X (b x ).

&

SolutioniGivend=i —2j +k ;b=21 +j+ kand T=1+2] -
We know thata x (b x¢)=(@.c)b — (7.b)c
={(t—27+k).(i+2j-k)yb—{(i —2j+k ). (20 +j+ k)T
={1-4-1}b-{2-2+1}C
= (—4) (2 +j+k)-Q)(i+2j—k)
=8l -4 —4k—1-2]+k
ax (b xT)=-91—6] — 3k

Written & Composed by: Hameed Ullah, M.Sc Math (umermth2016@gmail.com) GC Naushera Page 77




Vector Analysis: Chap # 2. Scalar and Vector Product B.Sc & BS Mathematics

—

Q#06: Determine the components of a” x (F x €) along the directions of i,j&k.

Solution: Let  @'=aiil +az j+ask ; b= Dbyi+ byj+bsk & c=altcjtek
Weknowthat @ x (b xT)=@@.©)b —(a.b)c
= (@.C) (bl + byj + bsk) — (3.b)(cii+ cpf + c3k)
Fx(bxc) =[@.)b; - (3.b)y] i+ [(@.T)by — (3.b)c,]f +[ @.C)bs — (7.D)cs] k
Hence [ (@.€)b; — (3.b)ci], [@.E)b, — (.b)c,] &[(@.C)bs — (7.1 )cs] are the

components of @ x (b x ¢ ) along the directions of §,7 &k .

Q#07: Establish the identity ﬁ*:%[i x(aAxi)+jx(Txj)+k x(ax k)]

Solution: Let 3 =a;i+ a,j + azk
+i x(Txj)+k x (3% k)]

[l x{(ai+ a,f+ azk) x T }+j x{(a, 0+ a3/ % ask)x j }

RHS =2[ x (T X 1

N

NIH NI»—\

+k x{(ai+ a,j + azk) x k}]
=-[0 x{ay@x 1)+ a,(x D+ az(kx D}+] x{ay(ix J)+ a,(fx J)
+az(k x j)}+k x{a;(Ix k)#ay(Fx k) + az(kx k)}]
== [t x{a,(0) + ay(—k) + a3(MIF] x {ay (k) + a,(0) +a3(-1)}

+k x{a;(—f)+ a, (1) + a3(0)}]

%[ix{O—a2k+ aght *j x{ak+ 0—azi}+k x{—a;j + a,i + 0}]

==t x{—ak +'ag 9} +J x {ak—asi}+k x{—-a;] + a,1}]

=~ [—a, (0 X RF az (I X J) +a, (J X k) —az(J x 1) —ay (k x J) + ay(k x 1)]
= [—a3P + as (k) +ay (D) —az(—k) —a; (—1) + a,(j )]

%[a2]+ ask +a;i+azk +a;1 + a,7]

%[2a11+2a2]+2a3k]

%2[a11+ ayj + az k]

=a; i+ ayj+ az k
=L.H.S
Hence proved. L.H.S=R.H.S
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—

Q#08: Showthat (a’x b )xc=a x (b x T )if&onlyif, the vectora® & ¢ are collinear.

Solution:

Given

(X Db )XxT=ax(b x7T)
We have to prove vectora’ & ¢ are collinear.
Let
(xDb )xT=ax(b x7)
@.c)b - (b.€)a=@.c)b - (3.b)C

By using cancellation property

Let b.C=A & a.b=p
Aa =uc
—>_E—>
a —}\C

This shows that vector a° & ¢ are collinear.

Conversely, suppose that vector a® & 'C are collinear.

We havetoprove (3 X b )XC=a X (b x¢T)

As
_M
x =3 C
Aa =uc
Put BACELY & a.b =

!

(b.)a=(a.b)c
~(b.)a=-(3.b)C
@.c)b - (b.¢)a=@.)b - (3.b)C

=T x(b x7T)

ol

ol

(2’ x X

Hence proved.
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Q#09: (i) If @,b & ¢ be three unit vectors such that ax(bxe¢)= % b
Find the angle which @ makeswithb & ¢,b & ¢ being non- parallel.
Solution: Given condition
ax(bxé)= % b
T (AT\A_ 1T a . N
(@.&)b—(a.b)e = ~b-o0¢ here |al = |b|=1¢] =1
Comparing coefficients of b & ¢ .
a.¢=- a.b=0
2
la| |é cosa:% @] |b| cos g =0
cos a = % cos =0
_ 1 _
a = cos 1(5) B.=cos1(0)
5= 50°
a makes Angle B =90° with b .

a makes Angle a = 60° with ¢ .

(9}

N[

Q#09: (ii) If @,b & ¢ be three unit vectors such that ax(bxte) :iﬁ -

Find the angle which @ makeswithb & ¢&,b & ¢ being non- parallel.

Solution: Given condition

ax(Bxé):%B—? ¢
@ebs(abe=16- 2 here al = |b| =1l =1
Comparing coefficients of b & ¢ .
a.c=-: ab="
2 2
|d| |é| cos a =% |al |B| cos B = ?
cosa=- cos f3 =5
a =cos™ ! G) B =cos™t (? )
a makes Angle g =30° with b .

a makes Angle @ = 60° with ¢ .
Page 80
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Q#10: Provethat [(a xb)x(axc).d =@.d)[@ b €]

Solution: LHS=[(axb)x(axc)].d
Let @xb =T
=[F x(ax7)].d

=[r.c)a —(r.a)].

|

Hence proved
LHS=RH.S

Q#11: Example#02: Show that @ x (b X €),b X (€ x@ ) &€ x (@ x b ) are coplanar.

Solution:
Let
=2 x (b xT)=@.C)b.a.b)c
7=b x (¢ x7)=(ba)e€ - (b.c)a
3= x (T xbA=(¢.b)a - (C.a)b

Adding 17, T, &)

M+ =a X (b XT)+b x(TXT)+T X (T Xb)
=@.0)b-(a.b)c + (b.2)c-(b.¢)a + (¢c.b)a-(c.a)b
=@.)b-(@.b)c+(@.b)c-(b.c)a+ (b.c)a-(@.)b

T 4T, +137 =0

This shows that ;" , T, & I3 are coplanar.
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SCALAR & VECTOR PRODUCT OF FOUR VECTORS:

Scalar Product of Four Vectors:

If 2,b,C & d be any four vectors, then the scalar product of these four vectors is

define as

(X b)(cxd)=

Slo|
ool

oo
D.-l ol

Vector Product of Four Vectors:

If 2,b,C & d be any four vectors, then the vector product of these fourwectors is
define as
(Txb)x(cxd)=[@.(cxd)b-[b.(Cxd)]a

Reciprocal Vectors:

If @, b & T be any three non coplanar vectors so that [@k b “c]+0, then the three

reciprocal vectors 2’ ', b ' & ¢ ' will be define as

- b x¢T = Txa - a xb'
a'= == b'==== ;= ===
@ b c] ' @ b c] @ bwe)
Theorem: | Provethat a’.a’'=b .b '=¢.c¢ '=
Proof:
— b xc — cxa — Txb
We know that a’=% ,b’= -)c_)a-) ,C’= ‘,a—>*,
@ b ] @ b €] [@ b €]
TR =T AR XD B b Tl )
' @ ¢] @ bc] @b
b B oy Txa :F.(in) _& b ?]:1 ______ (ii)
@ bcl]@bcl]@EDbCT
e o'=¢ axb =€.(EXF)=[§ b cl_ (i)
' @ bc] @ boc] [@ b
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Theorem: 11

Prove that a.b’'=a’c’'=b.a'=b.c'=c.a’'=c.b =0

Proof:
We know that

T = b x¢ o, ©xa e = axb
T @b 7] T @b ] T @b ]
a.b =7, i XA B Al 9 g
' @ bc]@bc]@bc] [@ b ]
T =7 axb _a (ixi):[i a F’]: (i} Q) (i)
@ bc] @ bc] @ bc] @ b ¢
b T - b x¢& :F.(an:[ﬁ b cl_ N -0 (i)
' @ b c] @ b c] [@ b ] Janb)T]
b e =b axb _b(axb) _[b aB)_ 0 -0 (iv)
@ bc] @ Dbc] @A b.€] [@ b ]
e a'=C bxc _c(b*e)_[c b T]__ 0 -0 -(v)
" @ b ] @] @ b <] @ b ]
e b=t Cxan _(éxd) [€ T a]_ 0 -0 (vi)
' "sM@a. b ] @ b ] [@ b ] @ b ¢
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Theorem: 111
Provethat [a b ¢CJ[a’' b’'¢c’']=1
Proof: We know that
T = _)E'if; ’B»,: ﬁFEi T = ﬁsiﬁﬁ
[@ b c] [@ b C] [@ b €]
Let

(b'xT).{(Txa)x(7 xb )}
@ b ¢

Hence proved.
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Example #01:Find the area of a triangle by using result

(bx¢T)(bxcT)=(cxa)(cxa)

Solution: Let atriangle ABC. If @, b & T be the vectors along the sides of triangle.
We know that

Area of triangle == |@ x b

N |

Given condition
(bxT).(bxT)=(cx2a)(cx7)
b xe|’=lc xa?
Taking square-root on both sides
b x¢|=c x3a

—

Multiplying both sides by [ x b|

|§ X b | |b ||?| sina = |5’||F)| sin yaJc||] sin B

N [@||b]| siny 4 [Cl@sin B
X
|a b | [o|1Ghsin a

|5> % E’lz B 2sm')/ sin B
Stn @

.. . ) . 1 —_ |a]2%siny sinp
Using in equation(i) Area of “triangle = 5| X b= —

— — —_— — —

Example#03: Provethat d .[@ x{b x(€xd)}]=( .d)[@ T d]
{

Solution:

~
=]
X
2
~ N—r
Il
o

Hence proved
LHS=R.H.S
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Example#04:Prove that

(X b)X(Cxd)+(axT)x(d xb)+(axd)x(bx¢c)=-2[b.(cxd)]a

Solution: We know that

—

(Txb)x(cxd)=[@.(cxd)b-[b.(Cxd)a
(xCT)x(dxb)=[a.(d xb)]c—-[C.(d xb)]z
(x d)x(bxcT)=[@.(bxT)d-[d.(bxcT)a

LHS= (T x b )x(cxd)+(TxT)x(dxb)+(Zx d)x(b x¢)
=[@.(Txd)]b—-[b.(¢xd)]Z+[a.(d xb)]T—[C.(d xb)a
+@. (b xT)]d —[d.(b x¢T)]a
=[@.b (Txd)]-[b.a(Txd)]+[@.(d xb)]T-—feAdxb)a
+@.(—cxb)]d -[C.(d xb)]&
=[@. D) Txd)]-[Z.b)(Txd)]+[C.(d xbB)& -[C.(d xb)]T
—[d.(Txb)la—[c.(d xb)]a
=[.(d xb)]Z—[C.(d xb)]a—[d (cxb)]a—[C.(d xb)]Z
=—2[b .(T xd)]a =R.H.S

Hence proved.

LHS=RH.S

Example#05 : If the four vector @', b , € & d are coplanar , show that (X b ) x (€ xd )=0

Solution: Let @ x b is/perpendicular to both 2 & b’ in the plane .
Similarly , €. dwis\is perpendicular to both © & d in the plane.Then(a x b )& (T x d )
both thesnormal, of the same plane.
Inthissitiation (2 x b)) isparallelto (T xd).
Therefore
(2x b )x(Txd)=0

Hence proved.
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Example#06: Find a set of vectors reciprocal to the setof 21 +3j —k ;i —j— 2k
and —i+2j + 2k .

Solution: Let d@=21+3j—k ;B:i—j—zfc and ¢=—-14+2j+ 2k

We know that reciprocal vector of @’, b ,Care

-, b'xc nd Txa L axb
a'= === b'==== ;0 = ===
@ b ] [@ b ] @ b <]
T A D e T T D e
bxc=[1 -1 =2|=1 2 2|_] -1 2|+k|—1 Zl
-1 2
=12+49)-j2-2)+k2-1)
=61+k
. P T NI A
cxXa=1|1—-1 2 2 13 _1|_] —1|+k|2 3
2 3 -1
=i(=2-6) — j(1 — 4) + k(=3.-4)
= —8i+3j — 7k
L N NS TR T TR I
~axb=12 3 -1 _ll—l _2|_] 1 —|+k|1 —1|
1 -1 =2
=1(=6—1)—j(4+ 1) + k(-2 - 3)
= —71 +.3) 5k
23 -1
. o 3 -1 _2_ 1 -2 _ 1 -1
~[@ b Tl _11 _21 _22_2|2 2| 3|—1 2|+(1)|—1 2|

=2(-2+4)-32-2)-12-1)
=2(2)-3(00-1(1)= 4-0 —1

=3
Then
T = b xT _ 6i+k
T @ b ] 3
b = xa  _ —8i+3)-7k
T @ b ] 3
o= axb _-71+3j-5k
@ b ] 3

Written & Composed by: Hameed Ullah, M.Sc Math (umermth2016@gmail.com) GC Naushera Page 87



Vector Analysis: Chap # 2. Scalar and Vector Product B.Sc & BS Mathematics

Exercise#2.5

Q#Ol: (X b).(€xd)+(axc).(dxb)+(axd).(bxc)=0
And also show that sin(0 + @).sin(0 — @) = sin?0 — sin’¢

Solution:

LHS=(Zxb).(Cxd)+(axc).(dxb)+(axd).(bxc)
[z b.c|,fad ag:‘Jr a.b a_)’.rf‘

a.d b.d! la’b C.b a.c d.c
=@.)(b.d)-@.d)[b.0)+@.d)EC.b)-@.b)[E.d)+ @.b)([{d.€) —@.c)(d.b)
=@ O)b.d)-@. bB.O)+@.d)Db.T) - @.Db)E.d)+ @b)(cd) - @.)(Db.d)
=0=R.H.S
Hence proved L.H.S=R.H.S
Now let

(TxDb).(Cxd)+(aXE)(d xb )+ (T xd).(bxc)=0
2’| |F|sin 9|F||a)|sin9 + |a’||C’|(—sin @) |E||F|Sin<p + |§I|a)|sin(9 + <p)|F||E’|{—sin(9 —p)}=0
|§||F||?||€| [ sin?0 — sin¢@ — sin(6 + @)sin(6 — )] =
|?||F|I?||a)| +#0 Then sin%6 —Sin’e — sin(@ + ¢)sin(6 — @) =0
sin?0 — sinp = sin(6 + ¢)sin(6 — @)
Hence proved sin(@F @)-sin(6 — @) = sin?0 — sin?e

Q#02: Expand [{a x(b xcT)}xd ].€

Solution:
[{ax(bxcT)xd].¢
S{@. Db -(@Db)c}xd ].¢
=[@. )b xd —(@b)exd ].¢
=@.)[(b xd).e] -(@.D)[EC xd).e]
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Q#03:Prove that

() (xb)x(bxc)=[@ b c]b
Solution: LHS=(2x b )X (b x¢)
=[@.(bxc)b—-[b.(bxc)a
=[@.(b x<T)]b-(0)7
=[@.(b x<)]b
=[@ b T]b =RH.S
Hence proved. LHS=R.H.S
(i@ xb)x(xTxe).bxe)=[g b ]
Solution: LH.S=[(Z x b )x (3 xC)].(b xT)
=T . (xT)}b-{b.(xT)}2].(b xTH
=[{0}b-{b.(TxT)}a].(b XxT)
=[-{b.(-Tx3d)}a].(b xT)
=[{b.(Tx3)}T].(b xT)
=[b.(TXx]E. (DO xT)]
=[@.b xT)]E.({ xT)
=[x b e] =RHS
Hence proved. LHS=RH.S

(il{ (b xc)xa}xa].b=@ b €J@.b)

Solution: LH.S={ (b x'c)xa}xa ].b
<@ )b -(@b)’}xa ]1.b
=[@. )b xa—(a.b)c x7 ].b
=(@.7) (b xa).b]—(a.b)[(© xaT).b ]
=@.©)[0] - (3.D)[(€ x7)b ]
:—(;.b)[(—x XT)b ]
=(@.b)[@ xT)b]
=[@ b ¢]@.b)=RH.S

Hence proved L.H.S=R.H.S

. [b.(b x¢)]=0

[ b.(Tx3)=[a. (0 x7)]
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Q#04: Expand [{a x(b xcT)}xd ] x¢€

Solution: [{@x (b xT)}xd ] x€
={@. )b -(@.b)cyxd ] xe
=[@)bxd —(@b)cxd ].¢
=@.)[(bxd)xe] —(@.b)[[xd)xe]
=@.9)[(b.e)d —(d.e)b] —(@.b)[.e)d - (d.e)c]
=@.c)(b.e)d - @.c)(d.e)b — (a.b)(c.e)d — (a.b)(d.?)g

Q#05: Provethat 2[(a@x b ).(C xd)]=

Solution: Let @=aii +azj+ask; b=byi+ byj+ bs k ; e =clifeajFesk & d =dii+dzj+dsk

—aa Lb CC ((11 by ¢ d4 W1 dq a; by dg N by
L.H.S= 1 bl 1 dl =—5 b2 Co dz — (—b ) dy” Cp dz + E) do bz dz —d do bz
Az 2 2 G2 bz ¢3 d az €3 dy az bz d; az bz
a, by c3 dj
Taking transpose of each determinant
b; b, b; [ 22 433 ap d2 azl & d 33
=—dfc; ¢ c3|+b |1 W[+ |by by bz[—d|b; by bs
d; dy ds d;  d; “ds d; d; dj i € G
=—3b.Cxd)]+bfanCExd)]+c[@.(b xd)]-b [F.([ xT)]
=b[E.(Cxd)]*Ek.Cxd)]+c[@.(b xd)]-b [a.(b xT)]
=b[@.C%dY]=a[b.Cxd)]+c[b.@xd)]-a[d.(b xT)]

=b [@.(€xd)]-3[b.Cxd)]+b[c.@xd)]-a[b. T xd)]
=b [@.@xd)]-3b.Cxd)]+b[@.Cxd)]-a[b.C xd)]

—

=2b [a. (€ xd)]-28[b . (€ xd )] 0

LHS=2[(Zx b).(Txd)]
=2{[@.c€xd)]b—[b.(Cxd)]T }
=2b [@.@©xd)]-23[b .(C xd )] ---remmmms (ii)
From (i) &(ii) Hence Proved L.H.S=R.H.S
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p.a qg.a a
Q#06: Prove that [@.(bx )@ x4)=|p.b q.b b
p.c q.c C
Solution: Let @=aii+azj+ask ; b=byi+byj+bsk ; T=cil+caj+csk
p=pi+pf+psk & @ =qui+q2j+qsk
LHS=[a .(b x ©)]@ x§)
ap a; ag| |t j k
= [b1 bz bsf. P1 P2 Ps3
Gt ¢ Gllg; q; qs
a; ap az| | p1 ¢
=|by by bz[.|j P2 q ~ Taking transposeyof 20d determinant .
Cl C2 C3 k\ p3 q3
a, i+ ayf + ask  a;p; +ayp; + asps  a1Gy £.5qa A asqs
=|bii + byj + b3k bip; + bypy + bsps  bigq wbyq, + bzqs
i+ cyf + sk cpy + capp + 3Pz, €90 F C2q2 €343
a a.p a.q
= b7 b.7
¢ b.p C.q
a p.a q.a
=b p.b q.b
¢ p.c q.c
qg.a p.a’a
=—|7.b ﬁ’F b ~Interchanging Ci & C;
g.copae
p.a. g¢.a a
=p.b @b b ~Interchanging C: & C
p.c q.c C
= R.H.S
Hence proved that
L.HS=R.H.S
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Q#07:Prove the identity ax{ax(axb)=@.a)(axb)

Solution: LHS=a x{a x (2°%xDb )}
=ax{(@.b)a - @.a)b}
=ax (@b )a-ax@3a)b

=(@.b)@xa) - (@.a)@ xb)

(@.b)(0) —@.2)(-b xa) ~axa=0 & axb=-bxa

0+@.2)(b xa)
=@.2)(b xa)=RH.S

Q#08: Prove that
[@ % P){( x T)IX(E x D+ [@ x )b x T Ix(E x pPH+[@ x F){(b X p'IX(C x q)}]=0

Solution: Let
(@ xP){(b xT)X(@E@xT)=@ xp)L{[b . (& XT)g —[q. (¢ xT)]b}
=@ XP). [P NCXF)T - @ xp).[q-(TXTF)b
=[@xP)@ b (T xT)]-[@xP).b [T (TxT)]
[@xB) BT .(TxT)]-[@*xP).b [T (TXT)]

[@ X @O X FIXE@xPY=@ x DL - (¢ xp )T = [F.(TxP)b}
L@xq).b.(CxP)F—@xq).[F.(Cxp)]b
=[@xT).-TIDb  (TxP)-[@XT).b1[T.(TxP)]
=[@ % Q). T[T (TxP)-[@xT).b [T (TXxP)]
| J— (ii)

(@D X PIXCXxD=@ X)L (CxT)P —[P. (T xT)]b}
=@xP).b . (TXT)P-@xD).[F.(CxT)]b
=[@ xT).p’1b . (TXT)]-[@ xT).b I[P (T xT)]
=[@xP).D 1. (T xT)]-[@xT).b I[F-(TxT)]

Adding (i) (i) & (iii)
(@ xP)D X TIXE x PN+ [@ X DL X TIXE x PNIHIE x )L x FIX(E x T)}]=0
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Q#09: Establish the identity @bcld=b ¢dja+[cadlb+@ b d]c
Solution:
Let (xb)x(Txd)=AXx(cxd) Put aXb=A
=(a.d)c-(A.0)d
={(2 x b ).d}c-{(3 x b ). T} - (i)
Let (x b )x(Txd)=(TXb)xB Put Txd=B
=(@.B)b - (b.B)a
={@.(C xd)}b-{b.(T xd )@ -l ()

Comparing (i) & (ii)
{( xDb).dfe-{( xb).cld ={a.(c xd)}b=-{b(T xd )}
{( xDb).d}c-{( xb). Tl ={a.(-d %e9b<{b.(c xd )}
{( xb).d}e-{(z xb). T} =—{a:(dxe)}b-{b.(c xd )}
{(3 xb).Tld=-{7.(d xc)}b4b.(crxd)fa-{(7 x b ).d}c
{( xb)Tld={a(d x)bh{b(c xd)ja+{(z xb)d}c

@b cld=[b ¢dlar[cdadlb+[@ b d]c
Q#10: Provethat(a’ x b ).{(a x¢)xd}=@.d)[@ b €]
Solution:
LH.S= (3 x b ).{(3 KT »x d}
=(ax b )AR@.d)C - (c.d)a}
=(ax by)Na.d)T—(a xb).(c.d)a
=[(&mxb).T](@@.d)-[(7 x b).a](c.d)
<[(ax b).<T]@@.d)-(0)(c.d) (3 xb)a]=0
=@.d)[@ b T]
=RH.S
Hence proved L.H.S=R.H.S
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— -,

Q#11:Provethat a’x[b x (¢ xd

1= (b.d)@x<)-(b.c)@ xd)
Solution: LHS=2 x [b x (€ X d)]
=ax[(b.d)T—(b.c)d]
=ax(b.d)c—ax(b.c)d
=(b.d)@x7)—(b.0)@ xd)
=R.H.S

Q#12: Find a set of vectors reciprocal to thesetof —i+j+k;i—j+k andi+j+k .
Solution: Let d=—i+j+k ; b=t—j+kand c=1+

We know that reciprocal vector of @, b , T are

—,_  bx¢ 5= Txa —, [ a%bp
a_[E’FF] ’ T @ b T ’C_[E’Fa
S L A T R T B TP R T A "
bxe= |1 21 1=t 1|—] . 1|+k|1 1|—l(—1—1)—](1—1)+k(1+1)
1 1 1
= =21 + 2k\
I A A { BT LAJ, ~(1 1 -
X = =1 -7 =17(1 — — 7
c xXa I R S e e 1|+k|_1 1| (1-1)-ja+1)+k(1+1)
-1 1 1
= —2f + 2k\
- i J k P Ay I e R | ~1-1 1]_. o 7~
@xb=|-1 1 1|73 1|—]|1 1|+k|1 _1|:1(1+1)—](—1—1)+k(1—1)
1 —-1A1
=20+ 2}
-1 %1 1
~ A -1 1y 11 1 -1
[ b CI=]17-1 1= 1|1 1|1|1 1|+1|1 1|
1 1 1
2 1(-1-1)—-1(1-1D+1(1+1)
=-1(=2)-1(0)+1(2) = 2-0+2 =4
Then
—, _  bxt _-20+2k _2(-i+k)_ - i+k
T @ b <] 4 a2
T, Txa _ —2j42k_ 2(- j+k) _—j+k
b_[?F€]3"'_4_ 4 2
= axb  _ 2i42j _2(i+]) _i+]
T @bl 4 4 2
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Q#13:If a’, b , C be the set of non-coplanar vectors and
—~,_  bxc o, ©xa .=, _ axb
A= P T Eva S TE
Then prove that
— _ b'xc’ o ©'xa’ . a'xb'
a [?l 'l’)l ?'] ’b_[§>/ 'l’)l E’I] ’c_[avr 'l’)l E’I]
Solution: Let [’ b'C']=a".(b'xC")
_ bxc Txa y axb
@ b ] @ b ] @ b ]
_(bxe).{(cxa)x(a xb )}
B @ b c?
_(0'xT) . {[C.(Txb)]a-[7.(T %b I}
@ b c]3
_(p'xe) . {[c. (axb)]ax[olc}
F b ]
_(bx?T {[c.(_'xB’)]E'—O}
@ bl
_(bxT)7[¢. (a%b)]
[Fbc]
_[@4b€][E b 7]
- — 3
a b T
7' b Cd]= —=—= =[T b CTl= —= --==(i)
@ b ] @' b'cT’]
Now
b ixg =X Ixb _ @xTx@xb) _ [E(Txb)]a-[a(T xb)]T _[E(T xb)]a—[0]T
@ b " Ja bcl [bcl a b ol [ b ¢
@ b ]
- — 2
[@ b ©]
bxT'=—2
@ b ]
T — — 1 — — I — 1 o — F,X€,
lx ! — ﬁ lx 14 — — => — —
Similarly
— c'xa’ - a'xb’
b_[?/ B)IE’I] & C_[a’l B’/ E’I]
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Q#14:if a,b,c &a ',b’',T ' are reciprocal system of vectors . Prove that

(i) axa'+bxb'+Tx¢'=0
Solution: We know that
T = b x¢ b= Txa o= axb
@ b c] @ b ¢] @ b c]
LHS=a’xa' '+b xb’'+cx <’
— b xc o Txa - TXb
=T X — = b X —=2 T x ——
[@ b ] [0 b T] [ b T]
_ax(b x¢)+b x(c xa)+c x(@ xb)
@ b ]
_@O)b-(ab)c+ (ba)c-(be)a+ (Th)a-(ca)b
@ b ]
_ @b -(ab)c+(@b)c-(bc)a+ (b.g)a-—(@c)b
@ b ]
0]
=——— =0 =R.H.S
[@ b
" AV A R _>,:?+F_)+F
(i) a'xb’'+b 'xc c’'xa b o]
Solution: We know that
R b x¢ — TxaT - axb
a’=_,_,_, ;b’———T;C’: ——
@ b C] @ b €] [@ b ]
LHS=a'xb’'+b'xX&'+c’'xa’
b x¢T Cxa cxa axb TXb b xc
:_) _—)C_) X c_)a_}_l__)c_)a_)x _)a_}_) +_}a_)_>x __)C_)
[@ b ] @E.b,.c] [@ b ¢c] [a b ] @ b ¢©] [@ b C]
_(Fx?)x(?xa_’)_l_(?xa)x(a xb)_l_ axb)x(b x¢T)
[@ o E]2 a b CTJ2 @ b CTJ2
_[b.(Txa)c-[C.(TxT)]b [E.(a’xﬂ’)]a'—[a’.(a’xﬁ)]c_I_[a’.(E’x?)]E’—[E’.(B’x?)]a’
@ b ¢]2 @ b CJ? @ b CJ?
_ [B.(b xT)]T-[0]b _I_[a(B’x?)]a’—[O]c _l_[a’(B’x?)]E’—[O]a
@ b CJ? @ b c]? @ b ¢]?
_[@ b T, @ bclm @ b clb
@ b E’]Z+[_’ b E’]Z+[5’ b CJ2
_ c a b _@+b+c
T @b €]+[5* b €]+[a b ¢l [@ b ?]_R'H'S

Written & Composed by: Hameed Ullah, M.Sc Math (umermth2016@gmail.com) GC Naushera Page 96




Vector Analysis: Chap # 2. Scalar and Vector Product B.Sc & BS Mathematics

(iii) a.a'+bb'+C.€'=3

Solution:  We know that

b x¢T — oxa a xb
A= ——— b '= ———— ;0'= —=—
[@ b C] [@ b ] [@ b €]

c T  Ccxa — axb
——
b

c '[a

ol
]

a.(b xC)+b .(Cxa)+C.@xDb)
@ b ]

T.(b xT)+a.(b xT)+a.(b xT)
@ b <]

Q#15: If a,b,¢ &a ',b’,€ . Such that

— — —
a'‘a=b’' . b=c¢’.c=1& a’'b =a’'c=>b'a=b ' . ¢é=c’.a=c".b=0

Then show that

5’!2 _}FEF_’ ’F/ _)Fi?_) ,E_)’: ?ig_)
@ b c] @ b c] T b o]
SOlution: Given 2. 3a=b . b =¢&"'.¢=1-m- 0)

a''b=a'c=b'a=b ' . ¢=c".@=¢c".b=0

Let 2'b £3.%C =0 Thisshowsthat ' is Ltobothb & T.

Then T NI D L — (ii)

- g — _ 1
=12 b ©T] = 1= =%
Using value of A in equation (ii)
a'=—=——— (b x0) => a'=_—"X
[@ b ] [@ b ]
Similarly,
—’,_ Txa -7 __ ;XF
b_[E’FE’] & = C TE b e
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