Vector Analysis: Chap # 3. Vector Calculus B.Sc & BS Mathematics

VECTOR CALCULUS

Introduction:

In this chapter, we shall discuss the vector functions, limits and continuity, differentiation and jntegration of

a vector function.

Vector Function:

A vector function f from set D to setR [? :D— R] isaruleor corresponding that assigns to each
Element tin set D exactly one element yinset R. It is writtenas vy =T(t) .

For your information (i) Set D is called domain of f (i) « SetR is‘called range of f

Limit of Vector Function:

A constant L is called Limit of vector function ?(t) by.taken t approachestoa (t+a).

It is written as lim_,, ?(t) =L [Itisstudiedas ?(t) —Las t—al]

Rules of Limit:

(1) Jim [k, O]~ =k. lim f(o (k is any scalar number)
) lim,_,, [ (5% B()] = [ lim f] £ lim (0]
3) lim, %, [ (6 x g®)] = [ lim f] x| lim (0]
. f(t) | time fo
(4) bime_q [%] T limea 80
(5) lime, O = [ lime, (1"

Continuity of a Vector Function:

Let f(t) is a vector function . Itis called continuous att=a. If lim.,, ?(t) = f(a).

Otherwise we saysthat ?(t) is discontinuous.
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Differentiation of a Vector Function:

Let r= ?(t) be a vector function. Then

2 . f(t+60) —f(0) dt _ .. &t
f’ (t) = llmst_)o st or pri f)'ltnllo 5t

Is called Differentiation of a vector function. It also called 1st derivative .

Its 2nd , 3rd and so on nth-order derivative are written as

r¥l d*r
£ () or Ty
- 3
£ (t) or %
->n d_-nf-’
£7(0 or gt
~ = 23 = 23
Example#02: If f(t) = sinti+costj + tk. Find () T () 5 Gi)|E| (v |5

Solution: Given %(t) = sinti+ costj + tk

(i) %= % [sinti + cost] + tk ]=\costi—sintj + 1k

(ii) 4r_d costi—sintj+ 1k] = —sinti—costj + 0k
7 = g lcosti—sint] = —sinti— cost]j

(iii) % = /(cost) %4 (=sint)2 + 12 =Vcos2t +sin?t+1=V1+1=+2
2—)

(iv) % ="J(Fsint)2 + (—cost )2 + 02 =VsinZt + cos?t+ 0 =V1=1
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Exercise # 3.1

B.Sc & BS Mathematics

Q#01: Evaluate  lim, (sin?t 1 + 253 +tantk)

Solution: Let L= lim_ [sin?t 1 +25t% + tantk]

toty

L= limey, sin? t|1+25[ lime,e, t3 |5+ [ lime,g tant |k

= sin?ty T +25t,% +tantyk

Q#02: Evaluate lirp [sect i+ cost] + cottﬁ]
—TC

Solution: Let L= lim [sect i+ costj + cottk]

t-o1m
L=[ lime, sect]i+ 25[ lime, cost 1§+ [ limeyycott [k
L= sinm i +cosmj + cotmk

L= 01—-1] 4+ ok= o

(a+b)sint 2 tant ~ .
- 3cost] +16b 2R ift =0
Q#03: Example #01:  If the vector function (=] ¢t +A Cesl] e . i

Is continuous at t =0, then find the value of aand b.

Solution: Since the vector function is continuous at t= 0 . then by definition

limeo f(t) = f(0)

\ (a+b)sint tant
= mlim_, —

i + 3cost] + 16ka)=6i+ 3] + 4k

(@ +b) [ lim_y(=5 1+ 3 [ limegcost 15+ 16b | limeo = | k=61+ 3) + 4k

(a + b) [1]1+ 3 [1]j+16Db [1]k=6i+ 3] + 4k

(@a+b)i+3 j+ 16bk=61+ 3] + 4k

Comparing coefficients of 1,7 & k

k: 16b=4 = b= = b=21
16 4
1 a+b=6 = a+4l=6 = a=6—41=? = a=§
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Vector Analysis: Chap # 3. Vector Calculus
(a+3b+20)t21 + (2a—b)t3j +ck
i+ 2] + 3k if t = 2

Q#04: If the vector function f(t)= {

Is continuous at t =2, then find the valueof a,b &c.

Solution:  Since the vector function is continuous at t = 2 . then by definition
lim,,, f(t) =f(2)

lime, [(@+3b+20)t*1 + (2a—b)t’] +ck|=1+ 2j + 3k

(@+3b+2c) [ lime,t3]i+ (2a—b) [ limeot3 1§+ cf lime,, 1]1k=1+ 2j + 3k
(a+3b+20)(2)%1+(@2a—-b)(2)3)+c [1]k=1+ 2) £.3k
4(a+3b+20)i+ 8(2a—b)j+ ckIT+"2) + 3k
Comparing coefficients of 1,7 & k

k: c=3

4(a+3b+20)=1 = 4a +\12b%/8c =1

—>

=  4a+12b+83)=1 = 4ar12b+24=1

= 4a+12b=1-24
4a+12b = —238 “Sebemeee- (i)
j: 8(2a—b)=2" = 4_Ra—-Db)=1 = 8a—-4b=1
Multiplying by 3: 24a 712 = 3----------mm-- (i)
Adding (i) & (ii) 4a +12b = —23

24a —12b =3

28a =—-20 = a=-20/28 = a= (=5)/7
using in (ii) 8a —4b=1
= 8(=)—4b =1
= _740 -1 = 4b
= 4b = =807
= b= (—47)/28

Written & Composed by: Hameed Ullah, M.Sc. Math (umermth2016@gmail.com) GC Nauhera Page 4



Vector Analysis: Chap # 3. Vector Calculus B.Sc & BS Mathematics

(a+3b+20)t?1T + (2a—b)t}) + (@a+b+o)t k if t #1
5i+ 6] + 3k ift =1

Q#05:If the vector function ?(t)z {

Is continuous at t =1, then find the valueof a,b &c.

Solution:  Since the vector function is continuous at t =1 . then by definition
lim,,; £(t) = f(1)
lim,; [(@+3b+20)t?1 + (2a—Db)t’] + (a+b+)tk]=51+ 6§ + 3k
(@a+3b+20)[lime,; t2]i+ (2a —b)[lime,; 3 ]+ @+ b+ o)[lime,; t]k=51+ 6] + 3k
(@a+3b+20)(1)?1+@a-b)(1)3j+@+b+c) [1]k=57+6] % 3k
(@a+3b+20)i+ (2a—b)j+ (@a+b+c)k=54+ 6] + 3k

Comparing coefficients of 1,7 & k

a+3b+2c=5 -----mommee- (i)
2a—b=6 -----mme- (ii)
a+b+c=3
Multiplying by 2: 2a+ 2b + 2¢c = 6= (iii)
Subtracting (i) & (iii a+3b+2c =5

Using (iv) in(ii) 2a—(a—1)=6
2a—a+1=6
a=6-1 = a=>5
Using a=5in (iv) b=5-1 = b=4
Using a=5 & b=4 in (iii) a+b+c=3 = 5+4+c=3

c=3-9 = c=-6
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Q#06: If f(t)= sinti+ costj + 9k Find [f(®) |

Solution: Given ?(t) = sinti + costj + 9k

Now |F(t) | =+/(cost)? + (—sint)? + 92=Vcos?t + sin?t + 81 =V1+ 81
lf®) | =8z

Q#07: If f(t)=1+2tant] + 2tan®tk. Find |f(t) |

Solution: Given f(t) =1 +2tantj + 2 tan?tk

Now f® | = J(D? + Qtant)2 + (2 tan? t)2 =/(1)? + 4tan?t + (2 tan? t)2

=/(1)% + 2(1)(2tan2t) + (2 tan? t)2 =,/(1 + 2 tan? )2

[f®) | =1+ 2tan?t

Q#08: If f(t) =t21 +(t— 1)] + (2 + t+ 1k &B(t) = (t2 + 1) i +tj — k Find(i)f(t) . g(t) (i) f(t) x g(t)

Solution: Giventhat f(t) =t21+(t— 1) + (t2 + t + DR & BM)y= (2 + 1) i +tj — k
O fM). 8t) =[t21+(t—1f + (2 +t+ DK]. [+ D1+tj— k]
=2+ D+ —Dt+EFe DD =t + 2 +t2 —t—t2 —t—1

=t*+t2-2t—1

~

. i j k
() f)xgh)=] 2 t—1 E@+t+1
t2+1  t -1
_ot=1 2+t N 24t | B2 t—1
=1 I +k|,
t A1 t2+1 -1 t2+1 ot

T (=D=1) St +t+ D] =D =+ D2+t + D] +k[Et2 = (2 + 1) (t—1)]

fFt+1-B -t -t -j[-?—t* - -2 =2 —t— 1]+ k[ -3+ 2 —t + 1]

f[-2t— -2+ 1]+ +t* + 3+ t+ 1] + k[t? —t + 1]

=[1-2t—t? - -[1+32 +3+t* [ + [1 —t+t2 ]k
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- - 52
Q#09: if f(t) = costi +sintj + t?sectk. calculate |f'(v)

Solution: Given  f(t) =costi +sintj + t?sectk
Differentiate w. r . t t

f'(t) = —sinti +costj + [t®sect.tant + 2tsect]k

Now |? "(©] = /(—sint)? + (cost)? + (t2sect.tant + 2tsect)?

= \/sin?t+cos2t + (t2sect.tant + 2tsect)?

|? '(©| = 1+ (t2sect.tant + 2tsect)?

Taking square on both sides

- 2
[f'(®)| =1+ (t?sect.tant + 2tsect)?

Q#10: If f(t) =(t2 + 2t— 1)1 +Bt2 —2)f + (G—60)k  Find (i) () (i) (V)

Solution: Given f(t) =(t% + 2t — DI +(3t%2 = 2)] + (5= 6K
Q) Differentiate w. r . t t
f/(0) = (2t+ 21 + (60)] + (=6)k=(2t+2)i + 6tj— 6k

(i) Again Differentiate w. r .t t

Q#11: if f(t)=costi+sintj + 8k  Showthat f'. 'O =0

Solution: Given f(t) 2'¢o$¢ +5in tj + 8k

Differentiatew. h.t/ t f'(t) = —sinti + cost j + Ok
Again Differentiate w. r.t t f(t) = —costi—sint §+ 0k
Now
T/ . F"® =(—sinti +costj+0Kk).(—costi—sint j+ OK)
= (—sint) ( —cost) +(cost)( —sint )+(0)(0)
=sint .cost —sint .cost +0
Hence proved £ ®. F”(t) =0.
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Q#12:1f f(t) =(t—sint) i+ (1—cost)j + (tsint+cost) k. Find f'() & f"(Dat =0 & t==.

Solution: Given ft)=(t— sint) 1+ (1 — cost)j + (tsint+ cost) k.
Differentiate w. r.t t
?’(t) = (1 —cost)i— (—sint)j + (tcost + sint —sint) k

fr (t) = (1 — cost)i + sintj + tcost k

Att=0 f'O=1-1Di+0j+ 0k =01+0j+ 0 k
Att=2 f'O=01-0)i+1+ 0k =1i+1j+ 0k
Again Differentiate w. r. t t
f7(t) = (0 + sint)i + costj + (cost— tsint) R
F”(t) = sinti+ costj+ (cost — tsinthk
Att=0 : f"@=01+1+ 1k
Att=2: £/ =11+0+ (0-2)ks1i+0j-2k
Q#13: Iff(t) = (“2) i+ ()j +t K Find f'()  and ORAOR

- 2 ~
Solution: Given ~ f(t)= (=) 1+ (£5)j*+t kK Then

/0 = (RN () 1k

_ (th—tz—l) - 1 +1 R

t2

£ = (tz—‘l)i— L) +1k

Now

?(t).?’(t) = [(t2+1) 1+ (1__|1_t)j +t R] . [(t2;1

=) i-—=) +1k]

(14t)?2

=-() (F)+ () (@) + oo

th-1 1
t3 (1+t)3

fo.f' =

+t
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Q#14: Iff(t)& g(t) are continuouse at t = t, . Prove that ?(t) + g(t) is also continuouse at t = t.

Solution:  Given ?(t) & g(t) arecontinuouseatt = t,

Then there exist a number & > 0. |f®) — f(to) | < & - (i)
And I8(t) — 8(to) | <& ------ (i)
Adding (i) &ii) [f() — T(to) [+I8®) — B(to) | < e+ e

[f© + B® | - [f(te) + Bto) | < 2

Here 2> 0 Then show that ?(t) + g(t) is also continuouse att = t .

Q#15: Is f(H=ti+t? +% k is continuous function at t=0?

Solution: Given f(t) = ti+ t% +% k

Now limeg+ f(®) = lim | |60+ €2+ 3 K|=+01+ (+0) % 5 RE+0 1 + 0] + ook =00 ()
limeo- fO = lim _ |61+ 1% + 7 k|=—01 + (Z0)%+ = k=—01+ 0] — cok=—c0 (i)
F(0) =01+ 0j+3 k =01+ 0] + ke 80 - (iii)

From (i) ,(ii) & (iii) this shows that the given vector function is discontinuous at t = 0.

Q#16: If w,a,bare constant and if f(t) =acoswt+ bsin wt. Show that £/ (t) + w?f(t) =0

Solution: Given ?(t) =acoswt + bsin wt---------------- (i)
Differentiatew. r.t t ?’(t) = —awsinwt+ bwcos wt
Again differentiate war. t\ t £7() = — aw? cos wt — bw? sin wt
f(t) = —w?[a cos ot + bsin wt]
£ = — (1) ~ From (i)
£+ wft)=0 Hence proved.
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Rules of Differentiation:

If b & ¢ are differentiable function of scalar variable t.

. d -, 1_da  db
(i) E[a+b]_dt+dt
. d >p1_da | —db
(i) a[a.b]—dt.b +ta.
dr—»__d@ _ , —_db
(iii) a[HXb]—EXb +a X
- d - _d_(p—) E
(iv) Tleal=Fa +o5

d >, Po=oy_d@ 20y, = (db o\, = (7 dc
v) SE b xe)]= & (B xT)+7 . (ExT)+7. (b xE)

. doy o= 9@ /o=y, = ofd =), & (o, de
(vi) G [@x (b xT)] = x(bxt)+a X(EXC>+3 x(b XE)
(vii) Derivative of a constant vector:

Let T be constant vector. Then i—rt =0
(viii) Derivative of a vector function in terms of its component.

B ) . df _dx . dy . dz o
Let T () = x (D1 + y(©) ] + z() K Then =g i+t itk

Theorem #1 :

da

= 0.

Show that Necessary and sufficient condition for a vector a’ of scalar variable t to be a constant is

—

Proof: By given condition. That “a be constant vector. i.e.

a7 = constant

Differentiate w™.r.th t % = % (constant) = % =0
Conversely, suppose that % =0 = da’=0dt
on integrating both sides  [da’= [0dt
a =0.t + constant = a = constant

Hence prove that

The Necessary and sufficient condition for a vector a’ of scalar variable t to be a constant is ‘i—at' =0.
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Theorem #11: Show that Necessary and sufficient condition for a vector a~ of scalar variable t to have a

. . 47
constant magnitude is @. <= 0.

Proof: By given condition. That vector a’ have a constant magnitude.
|a’| = constant

Taking square on both sides |a’| 2= (constant)?= constant

We know that a.a =|al|

a.a = constant

Differentiate w.r.t t %(5’.5)) =%(constant)
@ —  — da _
E .a t+a E =0
_da _ _da _ d7
2 A= 0 k= w2
—da _
T 0
Conversely , suppose that E’.d—i =0 E’.d—i = a%
da
aa' =\0
ada=0dt
on integrating both sides Jada’= [0dt

3 2

EY
2

=0.t + constant
|a’| 2 = 2( constant)

Taking square-raot'en both sides |a’| =/2(constant)

|a’| = constant

Hence prove that

The Necessary and sufficient condition for a vector a’ of scalar variable t to have a constant

—

. d
magnitude is a.—-=0
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Theorem #111: Show that Necessary and sufficient condition for a vector a° of scalar variable t to have a

. . . —s da’
constant direction is a X ===0.

dt

Proof: Let £ be unit vector in the direction of vector a’.

By given condition, that direction is constant f = constant

d _ :

Then 5 S0 (1)

As we know that P =2 = a=af (ii) 2| =a
. : d@ _d ... _da e

Differentiate w.r.t t = T (at )= o §otag (iii)

Taking cross product of equation (ii) & (iii)

xS =ar x(2r +al)=al(Fxp+REXT
TxE=af(0)+a? (Fx) FxP=0
xS = 0+a? (FxD)

TxE= 2 (Px )k (iv)

axT= a2 (£x0) ~From() & =0
Kxgzo

Conversely , suppose that

X E =0
ion (i) 2 (5x90) = N
Then equation-iv)swill,become a (rx dt) =0 = Pxo =0
Here T #= 0’ but % =0 Therefore f = constant

Hence prove that

The Necessary and sufficient condition for a vector a° of scalar variable t to have a constant direction

. — _da
i x —=0.
S a X 0
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d2r
dt2 *

Example#01: £ = (t+ 1) 1+ (2 + t+ 1)] + (B +t2 + t+ DK Findj—f &

Solution: Given vector functionis F=(t+ 1)1+ (t*+t+ 1)] + (2 +t®2 +t+ 1Dk

= ~ 23
Then d_Z: M+ @t+1] +Bt2+2t+ Dk & %

n =01+ 2] + (6t + 2)k

Example#02: f (t) = sinti + costj +tk .Find (i) f'(t) GDF’(®) (iii) [f'®] (v) [f"®)].

Solution: Given vector function is

?(t) =sinti+ cost] +tk

Q) /(1) =costi—sintj + 1k

(ii) f(t) = —sinti—costj + 0k

(iii) [£'(t) | = /(cost)? + (—sint)Z + 12 = VcosZt + sint Rl =y1+1=+2

(iv) |F "(© | =/ (=sint)2 + (—cost)? + 02=Vsin?t +cos2t+0 =vV1 =1
Example#03: If ¥ =cosnti+ sinnt j . Where n is a constant . show that T x j—f =nk

Solution: Given vector function is ¥ = cosnti + sin nt‘§=.\ Then j—f = —nsinnti+n cos nt j
Now F X z—i = coi nt sinjnt l(; =01-0j + k —iossi;ltm nscir(:;;t

—nsinnt ne€osnt O

=k [(n cosTit ) (eos nt) — (—nsinnt)(sinnt)]

= nk [ ees?nt + sin®nt]

- d% >
X d—z = nk Hence proved
R . i . . d (> _ dd\_- _ d2
Example#04: If a be differentiable vector function of scalar variable t then show that o (a X d—i)z a X If
. d(- _ da\_da _ di K6 - _ d?*3
: Ho=— Zl==x =+ =<
Solution LHS=+ (a X dt) T X ntaX 3
- _ dx da _ da
=0 + —_— S— — =
0 ax dt? dt dt 0
- _ d%4d
=3 x — =RH.S

Hence proved L.H.S=R.H.S
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Example#05: Ifd ,b are constant vectors, o is a constant and £ be a vector function is given by

— 22 7 -
¥ =coswt 3+ sinwt b.ThenShowthat(i)%+ w?t=0 (ii)F x %= w(@xb)

Solution: Given vector function = cos ot 3 + Sin @t b ~----==-----=- 0)
dr . — g .-
Then d—i = —wsinwt a + wcoswt b ------- (i)
. dZF —_ 2 - 2 . g
(1) Tz - W cosotd—w sinwt b
2 [ coswt @+ sin wtg]
dt?
e W2t = I 2E=0 Henee proved
e @ dt? - P '
(i) Now taking cross product of equation (i) &(ii)
- d_> - . P3¢ . - ¢
X d—i = (coswt a + sinwt b) X (—msmwt a+ wcoswt b)

—w cos wtsin wt(@ x 3) + wcos2wt(E X b ) + wsinwt(—bBX 3 ) + wcos wt sin wt (b x b )

—o cos wt sin wt(0) + wcos?wt(d X B) + wsinZwt(dx B) + wcos wt sin wt (0)
=0+ w (3 x E)[coszwt+ sinwt] + 0

- d? —
Px —=w(@xb) Hence proved.

Example# 06: if %z B xd & L= & x £.Then show that % (Ux 1) =wx(uxr.

=
. - d %% - _di _ >, — _ dr
Solution: Taking L.H.S ” (u'xr)= o X THu X —

H - dﬁ) o - df: o -

Using given values T wXxXu & 5= WOXT

S (TUxP)=@x W) xi+8 x (B x 7)
(@)U -W.Nw+ @W@W.Nw - W.o)r

N Y I N I () [—— (i)

Now taking R.H.S w X (U xD)=Wr)u— U 0)r-—--—--—-———- (i)

From (i) & (ii) Hence proved that

d - - — — -
E(uxr)=mx(uxr)
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Example: 07: Differentiate the following w. r. t t.where ¥ vector function of scalar variable t.

a be constant vector and m is any scalar. (i) .d (i) x a (iii) T . %
.\ o E 2,1 . ﬁ 2 r+a ....FXxa
(iv)r X i Wr t= (vi) m(dt) (vii) -y (viii) =3
(i) Let f(t)=¢.3
H H _), _i g _E—) —)E r ¥ :E—)_E:
Differentiate w.r.t t f'(t) i (r.a) =5 d tro; = f{'(t) R 0
(ii) Let f(t)=¢ x3
- H -), _i - =g _E’ e e d E -)[ :i — . E =
Differentiate w.r.t t f'(t) =% (f xa)= o Xatrxo = f'(t) T xa = 0
_ o df
(iii) Let f(t)—r i
. . 2,00 _d (5 dE\_dF dF |, - d?F 2, N aR\? | o d?F | dF dF _ (dF\?
Differentiate w.rt t f (t) —E (ra )_E a +r§:> f (t)_(E'E) +I‘? a .a— (a)
. 2 5 _ dt
(iv) Letf(t) =r x —
dt
ifferenti P =L (3 @) o0 A
Differentiate w.r.t t f'(t) =% ( m )— TG T Xz
f' (= 0+7 xjtzr
- r & LA dE
= dez " X w0
(v) Let f(t)=r2+—
i i ) =% (12 + D)=L )+ L r-)=r gy (o3&
Differentiate w.r.t t f'(t) =% (r + rz)—dt (r )+dt (r=%)=2r m +( 2r dt)
2 _ dr 2 dr _ , dr 2
Fo=2rg-5g=25(r-5)
. dr
(vi) Let f(t)=m ( dt)
. . _d (dR\2_ df\[d (dF 2, s dr a2t
Differentiate w.r.t t f(t) m — (E) =2m (E)[E (E)] =f'(t) =2m iy
. r+a
(vii) Let f(t) S
Differentiate w.r.t t
_f)’(t) _d (?4.5 )_(r2+a2)ditﬁ’+3)— (F+5’)dit(r2+az) _(r2+32)[%+%] (F+3)[2ri—rt] _da —0
Tdt \r2+a2 /" (r2+a?)2 - (r2+ a2)2 Tdt T
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rXx

Let f()="=

o)

(viii)
Differentiate w.r.t t
f’(t)zi (?xg ):(F.ﬁ)%(f'xé')—(?xé')%(?.ﬁ') _(F.")[—x T 4T ><—] (rxa)[—i’+_’. ‘;at
a \ ta T .3)? T .3)?
S o\ [dr o= [dT =
F,(t):(r.a)axa +01—£rxa)[—a+0] E -0
(. a)? dt
e Exa|-axa|ea
@ .3)?
i (F. a)[—xa (rxa)[dr* i—rtxa (rxa)[dr*
©=—Far ()2 .3 (32
Example#08: A particle that move along a curve X = 4cost,y = 4sint,z = 6t.Find velocity and

acceleration att=0&t = g .

Solution: Let f (t) be a position vector. Then
r=xi+y] +zk
Putting X = 4cost ,y = 4sint,z = 6t, we get
=4costi+ 4sintj + 6t k

-

Velocity: Differentiate ¥ w.r.t t.

7=2—F= —4sinti-f 4cost] + 6 k
At t=0: V= —4sin01% 4cos 0] + 6 k=0i+4j + 6k
4sm—1+4cos—] +6 k=—4i+0] +6k = V=—-4i+6k

=

= V=4 +6k

At t=ZI:
2
Acceleration: Pifférentiate v w. r. t t.

?——4C05t1—451nt] +0k
4c0s01—4sin0j +0 k=—41+0f +0k = a’=—4i

-4 +0k =73 =4

)

At t=0:

a= —4cos§i— 4 sin gi +0 k=01

At t=I:
2
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B.Sc & BS Mathematics

Exercise#3.2

Q#01 :If f(t) = (2t + DI +(3 — 2t3)] + (2 — Dk & §(t) = 3 + 2t2) 1 +(3t + 1)j + (2t — t3)k.
- d 2 -
Find s [f+g]

Solution: Given

f=Ct+DI+GB -2t + (2 —Dk & BN =GB +2t)1+G@t+1Dj+ 2t—t)Hk
Then

f4+8=[Ct+ Di+G —2t2)] + (2 — DR+ 3 + 2t2) 1 +Bt + 1)j + (2t — t3)kd
=(2t+1+3+2t)1+@B - 2t2+3t+1)] + (2 -1+ 2t -tk
f+8=(4+2t+22) 1 +(4 +3t—2t2)] + (-1 + 2t + 2 — )k

Now taking derivative w. r .t t

S [F+8]1= @ +401+(3 —40)) + (2 +2t— 3tk

- d A d = -
Q#o2: Find —[f. 8] & <[fxE]

() if f)=CBt2+ DI+ —1)j + 22 +3tHk & B(t)= ti+(t2 —20]+ Bt—t3)k
Solution: Given

f) =GB+ DI+ - D] 222 +33)k & Bl)= ti+(2—20j+ Bt—t3)k
Then f

LB =[Gt BIGR@E — D + (2t2 + 3tH)k] . [tT +(% — 26)] + (3t — t3) K]
= (Bt%=F D)t + (263 — 1)(t%2 — 20) + (2t2 + 3t3)(Bt —t3)
N3t + t+2t5 — 4t* — t2 + 2t + 6t3 — 2t° + 9t* — 3t6

[

= 3t—t? 4+ 9t3 + 5t* — 3t
Now taking derivative w. r .t t

(=9
-t

[f.8]=3—2t— 18t% + 20t3 — 18t°
i j k L2683 =1 2624+ 3t3 . 3t2 4+ 1 2t2+3t3, o |3t?
t?+1 263 -1 2t*+ 36371 | 3 |—1| |+k|

t t2 -2t 3t—t3 o2t 3t

_f)X§= 3

+1 2t3-1
t 3t—t3 t t2 — 2t
=1[ (23 - 1)@t —t3) — (t2 — 20)(2t% + 3t3)] = J[(3t% + 1) (Bt — t3) — ()(2t? + 3t3)]

+K[(3t% + 1) (t? — 2t) — () (2t3 — 1)]
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= 1[6t* — 2t% — 3t + t3 — 2t* — 3t° + 4¢3 + 6t*] —j[9t3 — 3t° + 3t — t3 — 2t3 — 3t*]

+K[3t* — 6t3 + t? — 2t—2t* + 1]
fx g=1[-3t+5t3 — 10t* — 3t5 — 2t6] — j[3t + 6t% — 3t* — 3t5] + R[—t + t2 — 63 + t*]
Now
%Ff x g] = [-3 + 15t% — 40t — 15t* — 12t°]1 — [3 + 12t — 12t — 15t*]j + [-1 + 2t — 18t? + 4¢°]k
(ii)If f(t) =cos ti +sintj + k & Bt =ti +(2t—1)j + t2k.
Solution: Given f(t) =costi+sint] +k & B(t) =ti +(2t— 1)j + t2k
Now f. 8 =[costi+sint] +k]. [t +(2t— 1)] + t2k]=(cos Ot + (sint) (2t & 1)+ (1)(t?)
f. 8=tcost+2tsint — sint + t2

Now taking derivative w. r . t t

%[_f). g] =—tsint+ cost+ 2tcost + 2sint — cost+2 t= (2 At)Sint + 2tcost +2
i ik . .
e ~ | sint ~ |cost cost sint
&  fxg= i - 21 [ O]+ k|
g cots t zim t1 12 2H—1 t2 +k t 2t—1

=1[ (sint)(t?) — (2t — D] —jicost) (t*) — (D] +k[(cos ) (2t — 1) — (D) (sin )]
fxg=1[t?sint— 2t + 1] — j[t? cost= t] + k[2tcost — cost — tsint]
Now taking derivative w. r .t t

%rf) X 'g] = [t? cost + 2tsint =21 [—t?sint + 2tcost — 1]j + [—2tsint + 2 cost + sint — tcos t — sin t]k

%[? x 8] = [t? cost+tsint — 2]i — [-t?sint + 2tcost— 1]j + [-2tsint + 2 cost — tcos t]k

Q#03: (i) If ¢ is position vector of moving point then show that 7. % =r % here || =r.
.. . _ dr dr
(ii) Interpret the relation 1. = 0 &Tr =0.

(i) If ¢ is position vector of moving point then show that T . % =r % here || =r.

Solution: If ¥ is position vector of moving point . Then

— Cd 2

r.r =r
. . dim —_d o
Differentiate w.r.t t —[r.r]==r
dt dt
dF) — —>dr dr
e +r.dt —2rdt
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2 7 &= pr & FE- &y
" dt dt Thtdr T oat
— dr dr
r=r4 Hence proved.

(ii) Interpret the relation ?.‘ji—rt =0 &T X ‘(11—'; =0.

dr’

(a) If ¥ & 5 are perpendicular. (8 = 90°) Then
— d? = dr 0 |1 = dr 0 _
As r.a—|r||a cos 90 —|r||a(0) Because co0s90° =0
—dF _
r E =0
(b) If ¥ & % are parallel . (6 = 0%) Then
As T th_lrl & sin0 —|r||(jlt 0) Because ™ ‘sin 0Y =0
- _dr _
pro 0
Q#04: If ©=cos5ti + sin5t§. Then show that P x5k
Solution: Given vector function I = cos 5t1 + sin 5tj Then g = —5sin5t1 +5 cos 5tj
Now rxT - i5 i j5 s =k | cosSt - sinSt ~Expanding by C
dt COS_ t sin 5g_\ 0 —5sin5t 5cosb5t 3
—5sin5t  5co$bt, 0
= Kk[(cos 5t) (5 cosSt) — (=5 sin 5t) (sin 5t)]
= 5k[e0$5t% sin 25t]
Hence proved T x % = 5k.

Q#05: If f(t) = @ coswt+b sinwt thenshowthat f xf' = € XB)

Solution: Given
T (1) =3 cosot+b sinwt

Then f'() = -3 ® sinwt+b w coswt

Now
fxf' = @ coswt+b sinwt) X(—a w sinot + b cos wt)

=—(@ xa )wcoswtsinot + (@ x F)wcos Zot+ (—F X3 )wsin?wt + (b xDb ) wcos wtsin ot
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:0+(5’ xg)wcoszwt+(E’xg)msinzwt+0 22 X3T=0& b Xb =0

=w (3 x b)[cos 2wt + sin2wt] s~ X

nl
X

=-b xa

ol

F’=w(§ XB)

Hence proved

Q#06: If T is a unit vector then prove that |? X %| =

df
dt

Solution: If T is a unit vector.

~ L df o | dF] .
X —| = |f| |-
Then |r i |7 | m |sm9

We know that T & % are perpendicular vectors. Then 8 = 90°

dfr dr

~ — | = ~ = . 0
|r X4 |7 | dt|51n90
# 5 4F = 1y |45 IRl = : 0'—
ExS=0 5] ®  |f] = L& §Th90P =1
|f VgLl ﬁ|
del ~ | dt
Hence proved.
— e 22 el
Q#07:1ff = @ sinwt+b coswt+ —— t sinwt then prove that d ’r

2c
+twr =(n_ cos wt.

w 2 dt?

Wherea’,b,c are constant vectors and w is a scalar.

Solution: Given vector function, is F =3 sinot+b coswt+ — t sinwt - (i)
Then —=aweoSwt— b wsinwt+ wt coswt+ sin wt
dt w?2 w2

& = c c

C

SN . (o} .
—= awcoswt— b wsinwt+ — t coswt + sin wt
dt w w?2
dZF _ — 2 s T 2 c . c c
& — =——a w*sinwt— b w?*coswt— — wt sinwt+ — coswt+ w cos wt
dt2 w w w?2
dze ¢ ¢

. e . C C
=—2 w?sinot— b w?coswt—C tsinwt+ — coswt+ — coswt
dt? w w

—

d2r

— . 1 C . c
—=—w?[a sinot+ b coswt+—-t sinwt] +2 — coswt
dt ) )
027 + 2 cosot - From(i)
dtz ~ ® h
d?t — _2C
—+w?r == coswt Hence proved.
dt? &)
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Q#08: If T =acosti+asint] +attanak then show that

. [df  d?F d3F]_ 3 o [dF ) d%F|_ 5
0) I:a pre) dt3]—a tan a (i) i@t X prel ks Sec a

Solution: Given vector functionis T =acosti+asintj +at tanak

dr A N ~
Then d—z = —asinti+acostj +a tanak ;
e —acosti—asint] +0k
dez ~ )
3—)
&

qo - asinti—acostj +0k
Q) Now taking L.H.S

—asint acost atana .
) —acost /=asint
—acost —asint 0 =atana

dr d?¢ d37 dr¥ (d?r _ 43¢ .
[ dez ] TS ( ) - asint  ~acost| - EXpandingby C;
asint —acost 0

dt dez de] = de\de T de

=atana[(—acost)(—a cost) — (asint)(—sint)] =latan afa®cos %t + a?sin %t]

[d—? a’r d3?]—a3 tan a
dt  dez2  de3]

Hence proved.

(i)Now Taking cross product

dr % d_z?z r ] k - acost a tana|_A |—asint a tana|+f{ —asint acost
at © gz _|—asint acost atanoTh|_p g V' -acost 0
—acost —asint 0

—acost -—asint
=1[(acost)(0) — (—asint)(atana)] —j[(—asint)(0) — (—acost)(a tan )]

+k[(—asint)(—asint) — (Gacost)(acost)]

=1[0 + a® sint stant] [0 + a? cost tan a] + k[a? sint + a®cos?t]

=1[a? sint, tanoh—j[a? cost tan a] + ka? [ sin?t + cos?t]

dé) dzH R ~ ~ o i,
d—: X gzr = [a#sih t\tan o]i — j[a® cost tana]j + a’k

Taking magnitude j—i X 3—;? = \/(az sint tana)? + (a? cost tana)? + (a%)?
= \/ [(@?)?] [sin?t tan?a + cos?t tan?a + 1]
=/ [(@®)?] [(sin?t + cos2t) tan2a + 1] =4/(a?)?[ tanZa + 1]
=/ (@®)?[ sec2a ]=/(a% sec a)?
j—i X j—if = a’sec Hence proved
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Q#09: If ¥ = cos2t @ + sin2tb .Where@ &b are constant vectors. Show that

. ax | s dE
(i) = t4r =0 (i) Tx3=2@ x b)
Solution: Given vector F = cos2t @+ sin2th - 0]
Then % = —2sin2t 2+ 2cos2tb
i 4 _4cos2t T—4sin2th
(1) Sz = —4cos2t a sin
A _4[cos2t T+ sin2th
qz = —4[cos2t a + sin ]
azr _ . _
qz - A =~ From (i)
a’r +4r =0 Hence proved
dtZ r = p .

(ii) Now F’x%=(c052t T+ sin2tb) x (=2sin2t a + 2cos2€b)

= —2cos2tsin2t (@ x ') + 2cos 22t(aax.b ) ®2sin22t(—b x ')
+2cos2tsin2t(b xb) ~a XxaT=0& b Xb =0
=0+ 2cos22t(a xb ) + 2sin?2¢(@ x b )+ 0 23 xb =-b x7
=2(3 xE)[c0522t+ sin2t]

L
rx—=2( xb) Hence proved .

— — 22
Q#10: Ifr = 2’ e3'+ b e 3'. Wherea &b are constant vectors. Show that 9T _o9p =

dt?
Solution: Given vectorfunction T = 3 e3'+ b e 3t-eremmv (i)
Then z—i = 33 e3t—3b e 3t
& ST_gretygb e

dt?

d2—> S N
T =9T From (i)
L

= I9r =0 Hence proved .
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&
dt?

Q#11: If F =3 et + b 3. Where@ &b are constant vectors. Show that 5 % +6r =0

Solution: Given vector function T = 2 e+ b e3temmrmv (i)
dr 2 a2t 4 2 a3t
Then = 2ae +3be
AT _ 4= a2t L g o3t
& w© =4a +9b e
Now %—5 +6r =43 e +9b e3t— 523 e2 +3b €3] + 6[a e + b e3']

=43°e?t + 9b e3t — 102" e2t — 15b e3t + 63 et + 6 b 3¢

d2
Q—S +6 =0

Hence proved .

Q#12: (i) If T =acosti+asint] + btk then show that

-2 - 22 12 22 3=
dr _ 2 2 dr d<r _ .2 2 2 [ d-r d°r ] 2
— | = + — — | = 4L — -
(@) i a“+b“ (b) % X 12 a® (a* + b?) (c) o b
- — e —_— — — dz_) —
(i) IfT = ¢y e® + ¢ e @t Wherec;” &c, are constant vectors . Show that d—tzr—mzr =0

(i) If T =acosti+asintj + btk then show that

Solution: Given vector function =acosti+asintj +btk
dr A . o

Then d—]tr ="—asintl+acostj + bk
dze _ . o a -

& — = —acostl—asint] + 0k
dt?

32

d A . ~
= asinti-acostj +0k

dt3
(a) % | = /(asint )2+ (—acost)?+ (b)2 = VaZsin?t + a%cos?t + b2 = /a2 [sin?t + cos?t] + b2
% =+va? + b2
Taking square on both sides
at 2. 5 .o
rdl B b Hence proved
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~
a ~

1 j k
dr d?r ~lacost b| .
by — X —=[_54;j =1 ) —
( )dt TS asint aco'st b —asint 0
—acost —asint 0

—asint b ~ |—asint acost
—acost O —acost —asint

=1[(acost)(0) — (—asint)(b)] —j[(-asint)(0) — (—acost)(b)]
+k[(—asint)(—asint) — (—acost)(acost)]

=1[0+absint ] —j[0 + abcost] + k[a? sin®t + a?cos?t]

={[absint ] —j[abcost] + ka? [ sin?t + cos?t]

ar o

dr = [absint 1i =1 Y+ a2k
= X 12 [absint |1 —j[abcost]j+ a“k

d2r

= = J(absint )2 + (abcost)? + (a2)2 =/ [a2b?] [ sin%t + cos2t] + a*

Taking magnitude E X

df _ d?F
d—z d—tzr =+ a2b? +a*= \/az(bz + a?)
S 2212
Taking square on both sides % X % | =a? (a2 +b?)

—asint acost 4.b
—acost —asint “Q =b|
asint —acost O

=acost —asint

asint —acostl ~ Expanding by C,

©) [E €T En_a @ dn
dt  dtz  de3l ~ dt "\dez T aed/)”

=b[(—a cost)(—a cost) — (asint)(— sint)]=b[a%cos %t + a?sin %t]

[j—f g j—if] =a’b Hence proved.
(i) IfT = ¢ e®t+ ¢, e ®t. Where ¢, & ¢, are constant vectors . Show that % —w?’r=20
Solution: Given vector function,/ \r™= ¢ e®t + ¢, e Otooee- (i)
Then j—i = we; e®'— wc, et
& 3—2 = w?c; et + w? ¢y et
3_;? — wZ[q’emt + a’e—mt]
3—2 =w?r ~From (i)

Hence proved.
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-

Q#13:1f f (t) is a vector function. Show that —( fxf/)=f xf"

Solution: If f (t) is a vector function. Then

d, 2oziv_d? omr, 7o 42
S (Exf)=—f xf'+ fx —f

13

%(Fxf’)z?x?” Hence proved.

Q#14: If r=t31+ (Zt3 = i)] Where n is a constant . show that ¢ x %- k.

Solution: Given vector function is

Differentiate w. r. t t

dt 5t3 5t3
! J X 3 213 — L
- 1 " —_
Now ix Z=[t® 2--%5 O0[=07—0}t k 5t
2 3t2 6t% +
3t2 6t% + =5 0 5t3

[(t3) (6t2 + —) =(3t?) (Zt3 - —)]

5t 2

1l
-
L e |
(@)Y
—t
wu
+
N
|
(@)
o
W,
(92 ]
| S

II
I——|
+
I—
—

N
+
w
I—J
W)
—
Ul | n
e

x —=k Hence proved.
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Q#15:1f & =51+ — %k &b =sinti—costj ()< (3.b) (i) @.) (iii)= (7 x b)

Solution: Givenvectors @ =5t%i+4§—t3k & b =sinti— costj
(1) 3.b =(5t%1+ § — t3k).(sinti — costj+ 0 k)= 5t?sint—t cost —t3 (0)
3.b= 5t?sint—t cost

Now (3.b)= 5[t?cost+ 2tsint] — [~ t sint+ cost] = 5t2 cost + 10tsint + t sint — cost

4
dt
=(5t2 — 1) cost + 11 tsint
(i) 3.3 = (5t%1 + g — t3k). (521 + 4 — £3k) = (5t3)( 5e2)+(R)()+ (—t3) (—t3)=25t*+t2+t8
3.3 =tb+ 25t*+t2
Differentiate w.r. t t

% (3.3)=6t>+100t3 + 2t

R 1 j k
(iii)d x b= |52 t _¢3=1
sint —cost 0

~

52, \—t3
sint 0

t —t3
—cost O

a

-

5t2 t |
sint —cost

i[(©(0) — (cos ) (—t*)] — (5t (0) = (sint) (~t*)] + K[(5t*)(—cost) — (sint)(1)]
=1[0 — t3 cost] — §[0 + t3 sint] +K[=5t? cost — tsint]
= —1[t3 cost] — j[t®sint] + K[-5¢? cost — tsint]

Differentiate w.r. t t

% @ x B)z—i[—t3 sint + 3t? cos td= jit3cos t + 3t? sint] + k[—5(—t? sint + 2tcost) — (tcost + sint) |
=1[t3 sint — 3t? cost | j[t3 cost + 3t%sint] + K[5t?sint — 10tcost — tcost — sint]

= 1[t% sint =3t2cost ]- j[t3 cost + 3t sint] + K[(5t> — 1)sint — 11 tcost]

Q#16: If T (t) is a vector function. Show that % [ f. (?’ x £ )= f. (?” x £ )

Solution: If f (t) is a vector function. Then

d e _)I _)II - i rat _)I _)II rat i_)l _>II rat _>I i_)II

SLE (P x P = S F(Ex P [ FGPx I7)+ T x S17)
= PP x )+ F x(F"x " )+f x (" x ')
=0 + 0 +f.(f"xf")

F(Fx )] =F.(F" xf"”)  Hence proved.
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— = d*b  d23 _ —
Q#17: Show that — [XE_EXb xﬁ—ﬁxb

. d[>_db adaz_ ] df]>_db d [da_ —
Solution: Let —[a x = -2 x b]:— T X = __[_ax b]

dt dt dt dt dt dt Ldt
d@ _ db da dF
= |— X —_—
[dt dt ta ( ) ] [dt X3t
_da'de’_l_a,deB’_dzaxﬁ_d; db
Tdt 7 dt dtz  de2 dt ~ dt
d |- _ db da ., d%b d23 —
Slax2 —Sxblaxs=2 -2x .
@ ¥ "X ] AX g g XDb Hence proved

Q#18: If 1(t) is a unit vector then show that T. (r x LT ) + (d—f )2= 1
dt? ’

Solution: If £(t) is a unit vector. Then

£.f = |f?
PP=1 - 0] It] =1
Differentiate (i) w. r .t t L) =2
e dt £.F) Tt
df . . df _ JdE o df
ar+ra—0 T =Ty
o df _
21".5—0
Sdf _
r.a—O
. . . d df ) _
Again differentiate w.r. t t d—( dt)— (0)
o @2 dP df _ _dP dp _ (dP)?
et aa 0 aa= (@)
~ d?f df
wt (q) =0 (i)
Adding (i) & (ii)
~ ~ o d%f df
Ir.T + F (a) =140
o (o d2f df \2_
r. (r.? )+ (E) =1 Hence proved.
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da_ 1 —, _da

dt |§’|25l dt

Q#19: If 2 is a unit vector in the direction of a’. Then prove that 2 x

Solution: If 2 is a unit vector in the direction of a’. Then

~_ 7
= = e |
a=i5 (i)
. . . da_ 1 da
Differentiate (i) w. r .t t. T (i)
Taking cross product of (i) & (ii)
3 Xﬁ— Z xL da’
axX G- | ~ @l dt
Ay da_ 1 - o da
AX 1 e @ X g Hence proved.
e : — (= d2F ar\%_
Q#20: If r'(t) is a vector of magnitude 2. then show that r.(r X7 )+ (E) =1
Solution: If T (t) is a vector of magnitude 2 . {Ir]=2}
. Then r.r=|r?
T =4 - (i) P2 =4
- - - d —_ —> — _d_
Differentiate (i) w. r .t t p” (r.7) % (4)
df = | — dF Ldr o o db
ar+r.a =0 c T =T
= dT _
2r.a =0
 dF _
I".E =0
. . . d(-dry_ d
Again differentiate Wi/ 1"t E( 'E) =% (0)
_ d*F | dF dF _ _dr dF _ (dr)?
gt arar -V caaw= (@)
P oy (E)Z—O ------- (i)
I'3e at /] ~

Adding (i) & (ii)

t2 dt
- (= _ 42T dr\?_
r.( X5 ) (dt) =4 Hence proved.
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Q#21: If f, g & h~ are vector function of scalar variable t. then show that

(i) S @ xh)=F.(Exh)+F. (g xh)+f.(Fxh")
(ii) [f x (@xh])=f'x(gxh)+fx(g' xh)+f x(gxh")

—

. d — s — —>’ s —_— — —_— — . —)I
O[f. (@ xh])=F . (gxh)+f.(g' xh)+f.(gxh")

Solution: Let

l
L

%[F. (@ xh])=f.(gxh)+f.(g" xh)+f.(gx h ") Hence proved.

(ii) %[f) x (@ xh])=F'x(gxh)+f x(g'xh)+f x(gxh")
Solution: Let

d 2 — o d2 > g d> o P W 5 7
a[fx(gxh)]:afx(gxh)+fx(agxh)+f><(g>< h)

Q-lg_

alfx @ XM= x(gx W)+ T x (g B (g% h'") Hence proved.

Q#22: If f g & h™ are vector functions of scalar variable t and if

—

f’=hxf & g'= h x g Thenshow that i (fxg8)=hx(fxg)

Solution: Taking L.H.S

— r —

(f )=—><g+f><—-f’><g+?><§”

Using given values

—

f’:HXF & E),: ng)
d < \ N N 3 e —
a(fxfjr):(hxf)><g+f><(h><g)
=(0.8)f - (F.8)h+ (F.g)h - (F.h)g
= (fx8) =(hg)f - (f.h)g -—mrmmmmmmr (M)
Now taking R.H.S

h x(gxf)=(hg)f - (fh)g-—m—mmm (ii)
From (i) & (ii) Hence proved that

— (fxg)=hx(fxg)
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e . " [ d20 da \2_
Q#23: If G(t) is a unit vector then show that . (u X—z ) + (E) =1.

Solution: If Gi(t) is a unit vector. Then

a.a= o
Gli=1 - (i) G| =1
. o d oy _d
Differentiate (i) w. r .t t o (4.0 =% (@Y
da . | . dd_ cda o do
4 +ta—=0 “ar U S eNGE
. di _
ZU.E—O
. di _
U.E—O
- . d(,da)_ d
Again differentiate w.r. t t o (U'E) ol (0)
~ d?Q , da da _ _dd dd _ (da)?
GGt aa Y “aa=(a)
.40, (d—ﬁ)z—o ------------- (ii)
Ue dt )
Adding (i) & (ii)
“‘+“@+(@)2—1+0
u.u u o) ac =
~ [~ d21 dan\ 2
0.(0- )+ (&) =1
Hence proved.
Q#24(i) Showthat < [Fxg' —F'x gl=F xg" -f"x g
Solution: Let
d 7 — < —> d —7 12 —
a[fxg —fxg]—a |- [f'x g]
s it Ly [A(F x5 Fr « 9B
—[thg +fxdt( )] [dt(f )% g +f th]

Hence proved
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Q#24 (ii)If f(t) is a unit vector in the direction of vector g'(t) . Then showthat fxf ' = gxg’

Solution: If f(t) is a unit vector in the direction of vector g'(t). Then

f=% gl=¢g
gf=¢
g=gf- 0)
Differentiate w.r.t t g = gf '+ g’ Fommmmmeeeens (ii)
Taking cross product of equation (i) & (ii)
gxg'=gf [gf "+ g'T]
gxg’ =g (ftx t')+gg'(f xf)
gxg'=(g.g)fx ')+ gg'(0) tgi=F.g &fxf=0
gxg =(gg)Ex ')+ 0
gxg'=(g.g)(fx ")
BE =ix
Hence proved
Pxfr= EE
ge

Written & Composed by: Hameed Ullah, M.Sc. Math (umermth2016@gmail.com) GC Nauhera Page 31



Vector Analysis: Chap # 3. Vector Calculus B.Sc & BS Mathematics

Q#25: If T ()= 2t1+t% +3 t3k then show that
T 2¢ N i 22 32 =
(i) %x%:2t2“_4ti+4k(ii) [% % %]:B(iii)F_% :r% here |F|=r.

Solution: Given vector function r= 2t1+t?% + % t3k

T = 20 +2t] +2 3%k =21 +2t] + %k

Then =
d?r _ . n ~ asr_ . n ~
F—01+2]+2tk & @—01+0]+2k
. DU U N
dt _ a2t 2t 2] L2 €3], ~ 12 2t
—_ a— 21 = —_
0 & > 3@ (2) Zzt 1702 2 7 o 2t+k|0 2

11202y — @] =220 = ()] + k[(2)(2) ~ (0)21)]

=1[4t2 — 2t2] —j[4t — 0 ] + k[4 — 0] =2t% 1 — 44 + 4k

2 2t t?
.. dr d?¢ d3F dr d?r d3r .
i) [ & wl=a G@xw =0 2 2  Expanding by R3
0 0 2

=0+0+2[0 Z|=2[(2) @ 40D = 2(4-0) =24

i d* d3f] _
% Iz ﬁ]—S Hence proved.

(iii) Given T = 2t1+t% +3 £k

& 2t +t% w0021 +2t] +2R) =20(2) + t2(2t) + G t3) (t?)

Now I‘.a
5 df _ My L5 .
r.dt—4t+2t ot 0]
= 2 232 4 (1 43)’2 2114146
Then [FIE202 + (12)2+ (5 £8) = [42+ 4+ 2t

Taking square on both sides
=4ttt ot

Differentiate w.r.t t 2r % =8t + 4t3 + % (6t%)= 8t+4t3 + % t°

Dividing by r= At 28+ 5 -(ii)
i . 5 df _ dr
From (i) & (ii) hence proved .4 Sry
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T (T F)-FCFE)
(F.f)3/2

Q#26: If T (t)is a vector function then show that % <|fT_,|> =

Solution: Let f =f;1 +f,] + f;k
Taking product with itself
TF = (60465 +6R). (61 + 6] +6E) =62+ 62 + 6,2
=BT+ 6] +6k).(1+6] +6k) =%+ 6%+ % - (i)

Taking magnitude of given vector.

|?| = ’f]_z + fzz + f32

1/2

HEIGE e (iiy-using equ. (i)
If T'=fT+6]+6'k
Then  f.f'=[f||f"] D)
Now taking
LHS= % <%> = % = By applyiong quotient rule

0 | 8 e ~Multiplying and dividing by | |

(H)

FI[FI T T[] [ o
:| || |[(ﬁﬁ)1/|2]3|| | ,-,From(ll) |f|=(ff)
f.f

() - (FEY

(Fi )2

1/2

« From(iii) T. 7" = [F] "]

AN L - (f.f — 2

=R.H.S

Hence proved That L.H.S=R.H.S
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Q#27: Show that

(i) Necessary and sufficient condition for a vector f of scalar variable t to be a constant is % =0

Proof: By given condition. That f beconstantvector. Then f = constant

df _ d df _

Differentiate w .r .t t praiad ( constant) = 5= 0
Conversely, suppose that %i =0 = df =0dt
On integrating both sides [ df = [0dt

f =0.t + constant = f = constant

Hence prove that

The Necessary and sufficient condition for a vector f of scalar variable t'to be a constant is %z 0.

(ii)Necessary and sufficient condition for a vector f of scalar variable t to have a constant magnitude is f. %: 0.

Proof: By given condition. That vector f have a constanfmagritude. Then |f| = constant
Taking square on both sides |F| 2= (constant)2.= constant
We know that f.f =|f|2 \=\then  f.f =constant
. . d —_ — d
Differentiate w.r.t t p” (f.f)= o (*constant )
daf =, % df = df _ df 2
7 - ERg =0 wfm= g f
= df = df
= df = df df
Conversely , suppose that f'E =0 f.a = fa
ff =0 = fdf=0dt
dt
on integrating both sides [fdf= [0dt
|F|2 7l 2
= ~— =0.t + constant = |f| = 2( constant)

2

Taking square-root on both sides  |f| =,/2(constant) = |f| = constant
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Hence prove that Necessary and sufficient condition for a vector f of scalar variable t to have a constant

—

magnitude is f. %= 0

| =%

(iii)Necessary and sufficient condition for a vector f of scalar variable t to have a constant direction is f x S=0

(=9

t

Proof: Let £ be unit vector in the direction of vector f . By given condition, that direction is constant .
o dr .
f = constant Then 5 - 0 ---mmmmmmm e (1
As we know that iy =f; = f =P (ii) |F] f
df

. . _d oo
Differentiate w.r.t t % " & (ft)

df _df . df
_ = r +
dt dt dt

Takin cross product of equation (ii) & (iii)

ij—i: e x (58 +15)
ij—i: FE(EXD) + 2 (Fx S
?xj—f: fj—i(0)+fz(fx§) txt=0
in—i: 0+ (Fx )
Fxdl— 2 (px 2yl (V)
fx‘i—f: £2'(pix'0) ~From(i) =0
f ‘;—fzo
Conversely , suppose,that
Fxd_
Then equation (iv) will become
2 (Fx$)=0 = xT=0
Here ¥ # 0 but j—i =0 Therefore f = constant

Hence prove that Necessary and sufficient condition for a vector f of scalar variable t to have a constant

—

L . - df
direction is fxazo.
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Q#28: A particle that move along a curve . x = 2t?,y = t? — 4t,z = 3t — 5. Where tis time Find component

of velocity and acceleration at t =1 in the direction of i+ 3] + 3 k.

Solution: Let T (t) be a position vector. Then f=xi+yj +zk
Putting x=2t2,y=t?—4t,z=3t-5

F=2t%14+ (t2 —4t)] + (3t—=5) k

dr

Velocity: Differentiate w. r. t t. V= =4t (2t-4)) +3 k

At t=1: V=4i+[2(2) —4]] +3 k=41—2] +3k = V=4ix2)\#3k
Acceleration: Differentiatew.r.t t. a= % =0i+2] +0k

At t=1: a=4i+2) +0k = 3 =4i+2j

Let T=1+3] + 3k Then g =g _ i+3§ 43Kk _943f%3k  _i+3743K

Tl J2+E)2+(E)2 WIF9+9 V19

Now

-2

—

Component of v along u'=v". 0 = (4

—

L3R ) (i+3j+3R) :(4i—2j+3E ). (1+3j+3k) _4-6+9 _ 7

Vas NET T Vie V19

i+3j+3ﬁ) _(41+2)+0k ). (i+3j+3k) _4+6+0 _ 10

Component of @’ alongw=a. 1 = (41+2j + 0k )( 75 5 5 TS

Q#29: A particle moves , so that its position vector is given by I =cos wt1 + sin wtj . Where w is constant. Show
that (i) the velocity v’ of a particle is perpendicular to 1 (ii) The acceleration 2’ is directed toward the origin

and has magnitude proportional to the displacement r from the origin. (iii) ¥ xv =¢

(¢’ is constant vector)

Solution: Given position-vector I = cos wti + sin wtj ---- (i)
Velocity: Differentiate w. r. t t. V= d—rt = —wsin wt1 + wcos wt j----------- (i)
Acceleration: Differentiatew. r.t t . a'= ‘2—‘; = —w? cos wti —w? sin wtj------- (iii)

(i) wehavetoprove v'L r forthis v .r =0
V.T =(—wsinwti + wcos wtj).(cos wti + sin wt] = —w sin wt cos wt + w sin wt cos wt
v.r=0

Hence prove vir
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(ii) We have to prove a’ o< — T .

2

For this using (iii) a3 = —w? cos wti —w?

sinwt] = —w?[cos wt1 + sin wt] ]

2

—W°T ~From (i)

a
This shows thata” «« — T . Negative sign indicate the acceleration a is directed toward the origin .

(iii)We have to prove T X V' =¢C . (C is constant vector)

1 j k
r Xv =1 coswt sinwt 0f=
—wsinwt wcoswt 0

~ cos wt sin wt

—wsinwt  wcos wt “Expanding by C3

= Kk[(cos wt) (wcos wt) — (—w sin wt) (sin wt)] = k[w?cos?wt + w?sin®wt]
= k[w?(cos?wt + sinwt) |

rxv =w?k Hence proved rxv==«c Here €= w?k(C is constant vector)

Q#30: A particle moves along a curve whose parametric equation are x = e,y = 2 cos 3t ,z = 2sin 3t
where t is time

(a) Determine its velocity and acceleration at any time t (b) Find magnitudes of velocity and acceleration at t = 0.

Solution: Let ¥ (t) be a position vector.Then ¥ =xi+¥j +zk
Puttingg x=e ',y =2cos3t and z = 2sin3t

t=e %+ 2cos3tj + 2sin3tk

(a) Velocity: Differentiate w. r.t t. V=g = —e 01— 6sin3tj +6cos 3tk
Acceleration: Differentiatew, r't t. a= % =e % — 18 cos 3tj — 18sin 3tk

(b) Magnitude of Velocity: Yatt =0

¥ =%se °1—65sin3(0)] + 6cos3(0)k=—11—0j + 6k

[V]={/(=1)% + (0)2 + (6)2 =V1+ 0 + 36=37

Magnitude of Acceleration: att= 0

5”:%: e 97— 18cos 3(0)j—18 SiHB(O)E: 11— 18j + ok

|2|=/(1)% + (18)% + (0)2 = V1 + 324 + 0= 325
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Q#31: Find the velocity and acceleration of a particle moves along a curve whose parametric equation are

x = 2sin3t ,y = 2cos 3t and z = 8t at any time. Find the magnitude of velocity and acceleration.

Solution: Let ¥ (t) be a position vector.Then ¢ =xi+yj +zk
Putting x =2sin3t,y =2cos3t and z=8t Then I =2sin3ti+ 2 cos3t] + 8tk
Velocity: Differentiate w. r. t t. V= g = 6 cos 3ti— 6sin3tj + 8k

|V|:\/(6 cos 3t)2 + (—6sin 3t)2 + (8)2 = V36c0s23t + 36sin?3t + 64 :\/36[c0523t + sin?3t] + 64= 4100 = 10

Acceleration: Differentiate w. r. t t. a= i—v = —18sin3ti— 18 cos 3tj + Ok

Iﬁ’lz\/(—18 sin 3t)2 + (—18 cos 3t)2 + (0)2 = v/324sin23t + 324cos?3t + 0= \/324[sin23t “.Cos?3t] =v/324 =18

Q#32: A particle that move along a curve . x = 2t?,y = t? — 4t,z = 3t — 5. Where t is time Find component

of velocity and acceleration at t=1 in the direction of b=1- 3] +2k.

Solution: Let ¥ (t) be a position vector.Then ¥ =xi +yj +zk

Putting x=2t?,y=t®>—4t,z=3t—5 Then ©=2t1% (t*—-4t)j + (3t—5) k

|Q—
Al

Velocity: Differentiate w. r. t t. V=—=4t14 2t—4)] +3 k

(=9

t

At t=1: V=4i+[2(2)— 4] +3 k=41—-2{\+3k = vV=41-2f +3k

Acceleration: Differentiatew.r.tt  @= ‘1—: =0i+2] +0k
At t=1 = ARk = 3 =40+ 2§
b _ i-3j +2k _i-3j+2k _i-3j+2k

Let b=1-3] +2k TWRINg =|F| T J2+(=3)2+(22  Vito+d | Via

Now

Component of Valongb=v".b = (41— 2f +3k ). (i_f’;%Zk) (#1-2]+3 k}ﬁ(i_gj”k)

_4+6+6 _ 16 _ 16V14 _ 1614 _8\14

Via ~ Vid JVia 12 14 7

1-3§ +2E) _(4i+27+0Kk ). (i-3j +2Kk)

Component of 2 alongb=a".b = (41+2] +0k )( Nt e

_4-6+0 _ —2J12 _—-214 _—14
T V12 J1a+12 14 7
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INTEGRATION OF A VECTOR FUNCTION :

Integration of a vector function is define as the inverse or reverse process of differentiation.

Let f(t) & g (t) are two vector function . such that % [E (O] =F(® Then ) f(H dt=g (t) +c

{ cis a constant of integration}. This is called indefinite integral of a vector function.

Definite integral is define on the interval [ a, b] as fab f(o) = g’ (t)lg =g (b) — g (a).

Theorem# 1:if f() = f, 1+ (O] + Ok Then prove that

@) dt=i[f; () dt+][f, (t) dt+K[f; (t) dt

Proof: Let O L — (i)
Then B O R O uu——— (ii)
Let F(©) = F; () 1+ F, ()] + F5(t) k(i)
Put in equation (i) S [F 1+ F;, (0] +Fa(0R)=E®)

SR @ 105 [F 0 17+ 5 [BOIK=f ©1+60O] + 60Ok
Equating coefficients of 1,§ & k
SIEOI=6® = [HEd=F®
SRO1=6© _ S)760d=FQ®

S 1= 605 = [0 d=F@®
Using values in equation (i)
F() = [[f; () dtli +[[f, (©) dt]j+ [[ £, (©) dt]k
Equation (ii) will become
@) dt=1[f (t) dt+§[f, (t) dt+K[f (t) dt

Hence proved.
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Example#0L: If (1) = (t—t>)i+2t3j—3k Find (i) [F(©) dt (i) [[F (O dt

Solution: Given  f(t) = (t— )i+ 2t37 -3k

OfF® dt = [[t—t)i+2t3)-3K]d=T[f(t—t?) dt] +j[2 [t3 dt]+ K[~ [ 3 dt]
=[5 -5l [2(9) ]+ ki3

fF(t) dt = f[%—?] +7 [;] —3k[t] +c {c is constant of integration}
(i) [T ae = r[5=5]T+i [£]] -3k T=r[(5-3) - (F- D) +1 [£ -5 =82
SIC e IO RECE

[ de=21+ %Si — 3k

Example# 02:Solve a’ x Y = Y=b . @ &b are constant vectors and ¥’ is a vector function of t.

H - . . N dZ—’ -
Solution: Given equation is a X d—t: =b
. . — d3v = .
On Integrating both sides f(a X TZ) dt = b=, dt --------- (i)
d (— 4%\ ‘da vV, _d¥ _ _, _ d% da _
Let a(a XE)—EXE-FH Xﬁ—a XE E-O

(5% )= (5 % )

On Integrating both side fd(a X E) = (a X F) dt
a X i—‘lzfg dt ~From (i)
R
a’ X = =Dbt+Commmmees (i)
Qi x 7y =8 & o o v L dd_
Let E(a XV)= X —+a X —=a X ng=0

d@ xv)= (ax—)dt

On Integrating both sides [d@ x V) f(a X d—v) dt
a x v=[(bt+7) dt

2

T xv=b % +CTt+d {Where © & d are constant of integration}
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2=

Example#03:Find the value of T satisfying the equation % =3a. Where 3 is a constant of vector , also it is

—

given that when t=0, ¥ = 0 and 3—rt =1

d2r

Solution: Given equation = a

On integrating both sides % =3 [1dt=3dt+A (i)
When t=0 & %zﬁ’ then u=a(0)+A = A=t

Using in equation (i) %=§t+ﬁ

On integrating both sides r= [@Et+ 1) dt=§§+ﬁ’t+B ———————— (i)
When t=0 & =0 then 0=5$+E(0)+B — B=0

St
—a—+ut
2

=

Using in equation ( ii)
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B.Sc & BS Mathematics

Q#01: Integrate the following w. r. t t.

(i) W+Di+ @ +t2+3)]+ @2 -tk (ii)cost 1+ (tsec’t +tant)j+ sintk

Solution: (i) Let f(t) = (t2+ Di+ (3 +t2+3)j+ 2 -0k

On integrating both sides
JE®dt =[]+ Di+E +t2+3)j+@2-0k ]dt
=T 2+ Ddt] +5[ [t +t2+3) dt] +k[[(2-1) dt]
[t dt =f[§+t] +3 [%+§+3t] +f<[2t—§]
(i) Let f(t) = cost i+ (tsec’t+ tant)j + sin tk
On integrating both sides
JE@®dt =f[cost i+ (tsec?t+ tant)] + sintR=\]dt

={[[ costdt] +j[ [(tsec’t+tant) dt]+ K[/ sint dt]
=T[sint] +§ [t tant —fantdt + [ tantdt] + k[— cost]

[f(t)dt=sint { + ttantj— cost k

~ 22 ~
Q#02: If T =5t%+tj—t>k .Provethat [ (F’ x %) dt=—521+ 400§ — 40 k

~ il ~ 23 ~
Solution: Given vector #,=/5 %1% tj—t°k Then S =10t1+1j—-3t°k & $3=10 1+0j—6tk

-~

A D K
4%t <t —t3| . |5 t2 —t3| ~ |5 t? t|
Now r X ~—="= 2 _+3|= — + k
ag Wt (t) t6t "lo —6tl " 110 -6t

10 O

=[— 6t% — 0] — [—-30t3 + 10t3] j + [0 — 10t]k = — 6t%1 — [-20t3] ] + [—10t] k
=y o

- _ 6123 35 _ 10tk
X 9z = 6t7i+20t°j— 10tk

On Integrating.

f(F’ X %)dtz[[— 621+ 203§ — 10tk | dt= f[—6 [ t2dt] +§[20 > dt]+k[-10 [t df]

J(F xS de=r[-6(5)] +7[20(5) |+ k=10 (L)1 =[-26] +5 [ 5 t* ] + K[-5¢2]
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Now applying limits

23 ~ ~
NGRS f[t3]i +55] t* ]i - Sk[tz]i =—27[3% — 13] +5][3* — 1] — 5k[3% — 1?]

=—-21[27—-1] +5j[81—1] = 5k[9 — 1]=—21[26] + 5] [80] — 5k[8]

3o _ AP . _ . . -
J; (r X F) dt=-521+4007—40k Hence proved.

Q#03:Determine a vector function which has 2 cos 2t + 2 sin 2t j + 4 k as its derivative

andi+j+ k asitsvalueatt = 0.

Solution: Let F(t) be a required vector which has derivative
f/(t)=2cos2ti+ 2sin2t j+ 4k
On integrating both sides

f(t) = f[[2cos2ti + 2sin 2t ]+ 4 k] dt= T[2 [ cos 2t dt] +4 [2[sin2t dt] + k[ 4 dt]

o[ () o[22 i

F(0) =sin2t T — cos2t] + 4tk + A -----mmmezeic (i)

Given initial values t=0 & f(O)=1+j+ k
i+j4+ k =sin2(0)1 — cos 2(0) "+ 4(0)k + A
i+j+k =0r—1] +0R+ A = A=i+2j+k
Using in equation (i)

F(t)=sin2tf—c052ti +4tk+i+ 2]+ k

f(O = (1 +sin20) 4+ (2 —cos20)j] + (4t+ 1)k
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22 —
Q#04: Solve % =a where d is a constant of vector, given that ' = 0 and C;—rt = 0 at t=0.

Solution: Given equation i a

On integrating both sides i—i =3 [1dt=3t+A (i)
When t=0 & gzo then 0=3a(0)+A = A=0

Using in equation (i) %zﬁt

On integrating both sides r= [@Et) dt= 5§+ B-------- (ii)

When t=0 & =0 then 0=3% 1B — B=0

Using in equation ( ii) in%

Q#05: If F”(t) =41 and F(t) = 0whent =0 and F’(t) = 4jwhen t=0 show that the tip of position vector

£ (©) describes a parabola.

Solution: Given F”(t) =41

On integrating both sides () = 1[4dt > (O R T e — 0]
Giveninitial valuesat t=0 & f'()=4] .S\ 4j=4(0)i+A = A=4

Using A = 4§ in Equation (i) FU(E) = 4t1 + 4§

On integrating both sides f) =f[4t1 + 4§]dt=1[4[tdt] + ] [4dt=7 [4 (g)] +j[4t] +B

(O =221 + 4t] +B - (ii)
Given initial values at 5%=0,"& f()=0 = 0=2(0)27+4(0)] +B

= B=0
Using B=01n Equation (ii) F(t) = 2t2 1 + 4t j--mmmmmmmmeee- (iii)
Comparing equation (iii) with F(t) =xi+yj
x=2t> ———(a) & y=4t = t=1
. y. . y 2 y2 yz
Using t = in equation (a) X :2(1) = X2, = = X= =

= y?=28x

This is an equation of parabola. Hence proved that the tip of position vector F(t) describes a parabola.
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2—)
QH#06: Solve the equation % +

d_) fnd - . -
=2 d—: + 4v =0 . Where v is a vector function of t.

P =
dv+2dv

ae E-l_ 4v =0

Solution: Given equation
This is higher order differential equation we can solve it by the following method.

d%v N av’ o .
“=D¥% & = DV ingiven equation

Put =D &

D?V+2Dv+ 4V =0 = [D*+2D+ 4]v =0

Characteristic equation:

D2+2D+ 4=0 {This is a quadratic equation in D }
By using quadratic formula D = == 2244 _ 228VA716 2412 —242V81 I 1 3

2(1) 2 2 2

Characteristic Solution:

V(©=eY TcosV3 t+ bsinV3 ¢

. dzv N . . .
#07 : Solve the equation ~— =+ w2V Where v is a vector function oft & w is a constant.
dt?
- - - dza — dz_) — —_—
Solution: Given equation d—t‘; =+w? ¥ = d—t‘; Fwlv =0

This is Higher order differential equation we can solve it by the following method.

A% _ oo
Put — =D"v

D? Fwi=
D? = +w?
D? = w? & D? = —w?
D=1t w & D=xtiw ~Taking square-root
Characteristic Solution:
V()= 23 e+ be ot & V() =Ccoswt+ d sinwt
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Q#08:1f v (t) is a vector function , Solve the equation % =at+b where @ and b’ are constants
and both v’ (t) & Vv’ '(t) both vanishes at t= 0.
Solution: Given Equation is % =3t+b Oor VvV"()=aTt+b
On integrating both sides v/ = [(@t+Db)dt
vi(h)=a LISy (i)

2 —_—
Using in Equation (i) vt = 5’%+ bt
. . . - Ltz = “ o e T
On integrating both sides vio=[|a 5+b t]d =1[4ftdt] + j{[4dt==a - +b —+B
— 3 Pt =
V(t)zaz+b;+B ------- (Il)
A _ - _ (03 @ = =
Giveninitial valuesat t=0 & v(t)=0 = 0=a T"’b T"'B = B=0
Sy _ B PP
\% (t) =a " +b )
. . 4% d% av . .
Q#09: Solve the equation 2 o 2 T 0 . Where V is a vector function of t. Such that
7=0: %_ 4 _ _
V=0;5=0&—==0at t=0.
Solution: Given equation
av e e o
de2 T, dt? dt

This is higher order.differential equation we can solve it by using the following method.

BV _ 3. a2V _ oo av’
Put o= D7V - DV & P

= DV ingiven equation
D3V — D*V-2DV =0
[D3— D2-2D]¥ =0

Characteristic equation:

D3— D?-2D=0

D[D?-D-2]=0
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Either D=0 or D2—-D-2=0 {This is a quadratic equation in D }
- - el U L - - - - - -
By using quadratic formula D = ZEDHEDPHAMED) _ 1VIHE _ 149 143
2(1) 2 2 2
D=1=-2-2 or D=2=2= Hence D= -1,0,2
2 2 2 2

Characteristic Solution :

V() =c,et+c, e c5e?t

V() =c e t+c, +c3 et -mmmes (A)
Att=0 & V() =1 = c; e @4, +c;e2@=1 = ¢; +Cp+ 03 =1 et 0]
V() =—c et +0+2c; et
Att=0 & V' (t) =] = —c; e+ 2¢; 2@ =7 = —cf + 2¢c3's Jo e (i)

V() =c, e 4cz e?t

Att=0 & V') =k = c; 6" O+ 4¢; 200 =k =" ¢ +4cz = ke (iii)
Adding (i) & (iii) 6c; = +h = & =10+H
Using c; in equation (iii) c, +4 (% [j+f<]) =k = ¢ +§ [1+k] =k
= o =k-2[j+k=k-2j- 2k = a=-:j+3k
Using values of ¢c; & c5 in equation (i) - % 7+ %f( +c, +%[j+f<] =1

= o=1-2j+1k¥aIt k=14 (20) 5+ (B) k=1+ D)5+ () &

== C2=i_

N =

j+

N [
)

Using values Ofwc, oy & c3 inequation (i)

vO=(- 2% 1k)et+ (1= 37+ 2 K)+ (5 j+3k)e

TM=i+ (= 2et_1 12t)A(l—t112t)
v () 1+( ;e t et )i+ g e+t ce
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() [2.f(Ddt=a. [f(t)dt (i) 2 x f(Hdt=a x [f(D)dt

Q#10: Prove that

(i) [a.f()dt=a . [ f(Ddt
= [fode+a. & [[Todd]

Proof: Let % [@.ff®dt ]| = i—i
= (0). [f(dt+a. < [[F©d] ~ =0
d r— — ., =
pn [@.[f(dt | = @. (v
d(@.[f(tdt) =7’ f(r) dt
On integrating both sides
[d@.[fdt) =7 .F(t)dt
7. [f®dt= [7.F(Ddt
Hence proved that [a f(odt :E.ff(t)dt
(i) f[a xf(H)dt =2 x [ (t)dt
Proof: Let % [@ x [f(Hdt ] = %x FE(Ddt + 73 x % [ F(t)dt]
=(0) x [f(Ddt+T x % [[f(t)dt] % =0
Slax[f@a ] = Tx @

d@xYfMd) =7 x (D) dt

On integrating both sides
Jd(@ x [f®dt) =[a xf(®)dt

a x [f(dt= [T xF(Ddt

Hence proved that [T xf(Odt=7 x [f(Ddt

Page 48
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Q#11: Evaluate [7T.& “dtif T()=2-j+2k &F(3)=41- 2j+3k

Solution: We know that r—=r— Then

Let I—f3_’dr fr dt=Crdr =

> =211 =213 - r* @)

1=2[IF3)I? = [F(2)I2] --ermemen (i)
Given that
r2)=2i—-j+2k & r(3)=4i— 2j+3k
Then  [F@P=@?*+CD*+@?% & [FRIP=®?+(-2)7+@3)?
=44+1+4 =16+ 4 +9
[F(2)12 =9 & IF@)I?=29

Using values in equation (i)

1=2[IF3) 2 = IF(2) 2] = 5[29 - 9]=5[20] 5,10

Hence ffF’.% dt4=\10
Q#12: Find f(t) when f'(=e T +2tj—sint k and F(0) =21 + 3§+ 4k.
Solution: Given F’(t) =elf 4 2t]—sint k

On integrating both sides

F(t) = f[et T + 2tj—simt k ]dt= T[[et dt] +§[2 [t dt]+ K[~ [sint dt]

= Pt § [2 (;) ] + k[=(=cost)]

Giventhat f(0) =21+ 3]+ 4k
214+ 3]+ 4k =e®7 + (0)3 +cos(0) k+ A

+4k-1-k = A=1+37+3k

|

2i14+3j)+4k =17 +0] +1k+ A = A=271+3

\-.)

Using in equation (i) f(O=e' T +t% +cost k+1+37+3k

fO=(1+e)T+ B+t + B+cost) k
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Q#13: (@) If F(©) =Bt —t) T+ (2-6v)j—4tk . Find () [F(v) de(i) [ (D) dt

(b) f(;T/z[B sint £ + 2cost j] dt

(@ If F(O=GBt*—t)7 +(2-6vj—4tk . Find(i) [f(®) dti) [, () dt
Solution: Given  f(t) = (3t2 —t) T + (2 — 6t)] — 4tk
() [f® dt = [[B2—t)T+(2—6t))—4tk]dt

= T[fBt2—1t) dt] +7[f(2—6t) dt] +k[—4 [t dt]

6t2 ~ —4t2

e R e R

[f@®) dt =7 [t3 - %] +7[2t — 3t2] — 2Kk[t?] + ¢ {c is constant of integration}

" 42 PN 3_54 N _ 24_"24‘
(i) [, £ dt —1[t 2]2+1[2t 3t]2 21<[t]2

o[- 9)- (-2l Rl - ) - -

f[64—8—4+2]+][8— 48— 4 +12] >2k[16 — 4]

[ E® dt =547 — 32§ — 24k

(b) J2[3sint T +2cost j] dt

T

Solution: Let 1= fOE[3 sint I’ +2cest j] dt

f[BfOESint dt] + [Zfozcostdt]

T ) T
SRR+ )
T T
I =_73 f[cost]z +7 [sint]2
0 0

| =_—3f[cosE— cosO] +J [sinE—sinO]
2 2 2

|=‘73f[0—1]+j[1—0]

N|w

r+]
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Q#15: Evaluate [, T *d‘" “dtif T(0)=51-3j+2k &F(7) =i+8+9k

dr’ dr

Solution: We know that F’.d— r 4 Then
I—f7_’ il; dt =f07r% dt= f07r dr = r2_2 g=%[r2](7)= %[r2(7)—r2(0)]
1=~ [[F()? = [F(0)[2] ----mmn (i)
Given that r(0)=51-37+2k & r(7)=1+87j+9k
Then IF(O)I* = (5)* + (—=3)* + (2)* & [T = (1)?+(8)* + (9)?
IF(0)]2=25+9+4 & |P(7M)|*=1+64+81
IT'(0)|? = 38 & |T(D|? =146

Using values in equation (i)

1=2[IF(3) 12— [F(2) 2] = ;[ 146 — 38]=2[108] = 54
3, dr B
Hence [, 7.5 dt = 54

Q#16: Example#05:1f ¥ =521 +tj—t*k . Provethat [/ (¥ x E) dt=—141+75] - 15k

Solution: Givenvector T =5t%1+tj—t3k Then§= 10ti+17j-3t?k & —-10 i+0j—6tk
22 1 j\ R 043 2 _+3 ~ 2

Now 7 x 9 =lsz ¢ _l=& -5 P8 |+ |5t t|
dt 10 0 0" —6t 10 -6t 10 O

= [— 682 -40]T 5 [-30t3 + 10t3]j + [0 — 10t]k = — 621 — [-20t3]j + [—10t] k

Fox O - 62142063 — 10tk
dez ]

On Integrating f(F’ X %)dt =[[- 6t21+ 203§ — 10tk | dt= T[—6 [ t2dt] +§[20 [ t* dt] +k[—10 [ t dt]

S x g )ae=t[-o(5)] +3[20(5) ] + K10 (T =120 47 [5 ¢ + K-S

2 eore2i2_
SK[t?]%=

1 21723 —13] +57[2% — 1*] — 5k[22 — 1?]

Now [/ (F x —)dt——21[t3] +55[ t4]

dt?

=-27[8—1] +5j[16 — 1] — 5k[4 — 1]= =2 1[7] + 5] [15] — 5Kk[3]

27 ~
ff (F’ X %) dt=—-141+75]—15k Hence proved.
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QHIT:If = T —3j+2tk ;g =ti—-2J+2k & h =31+tj— k.Provethat [[f.(g x h)dt=1

~ ~ —_ ~

Solution: Givenvectors f =1 —-3j+2tk :g=td—-2j+2k & h =3i+tj—k

:t|_tz —21|_(_3) |§ —21|+2t |§ t|

=1 (=2)(=D - O] +3[OD = R)@)] + 2t[(D(®) — 3)(=2)]

=1[2—-2t] +3[-t—6] +2t[t2 + 6] =2 — 2t — 3t — 18 + 2t3 + 12t

f.(@ xh) =283+7t-17

Now | -f f.(g x h)dt = [2t3+7t— 17]dt = [ (:)+7(§)—17t]i = [—+7—t2—17t]i
| = [t4+7tz—34t] i _ [24+7(2)22—34 2 14+7(1)22—34 (1) :[16+228—68 [ 1+72—34]
=[S et

Hence proved that

[T.@xdt =1

Q# 18: Evaluate |, —’d—r dt  if F(1)=51—-3j+2k & TF7)=1+8j+9k

i d
—=r < Then

Solution: We know that r.—
dt dt

7 - dr 7 d 7
= 7.5 dt = r = dt={f r"dr =

o7 =22 =22 ) - )

1= [IF(7)1? = [F(0)]%), =% (i)
Given that r(1)=51-3j+2k & r(7)=1+87+9k
Then IF(DI? = (5)? + (—3)* + (2)? & PP = @)%+ (®)*+(9)?
IT(1)|?=25+9+4 & |Ir(NDI*=1+64+81
IT'(1)|? = 38 & [F(7)|? =146

Using values in equation (i)

I=2[[F(7) |> - [F(1) [*] = 5[ 146 — 38]=3[ 108] = 54

a
=)

dt = 54

Hence Pr.

2

o
-
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Q# 19: (i) Example#04: Integrate the equation Tr = —n®T.

Solution : Given equation is

Multiplying both sides of equation by (i—i ):

(d? ) d3t _ _nz F (d?)
dt /dez ~ dt

On integrating both sides f(dF )1 (d—ZF) dt=-n? ¥ (g) dt

dt dt?

- 1+1

i . (d—r) F 1+l
{Power rule of integration} —dts = n2 —+A
1+1 1+1
dr \2 _
(E) - _n2 ﬁ_i_ A
2 2
i : dr\? 2 =2
Multiplying both sides by 2 (E) =—-n“r1 “+ 24
dr 2 2 %2
(E)=—n r\“+°c ~2A=c
o a2r_ L ar\2_ o, :
Q# 19: (ii)If Froiaial then show that (E) =—p r “+ c where cis constant.
- . - - - dz? —_— -
Solution : Given equation is Froiui Y

Multiplying both sides of equatiopsby. (%i: ):

=>\1 /422 -
On integrating-both,sides f(‘;—rt) (%) dt=—p [T (i—rt) dt
141
i i (d—r) T 1+1
{Power rule of integration} 1di1 =M A
dF
(@) _ I
;M tA
)
Multiplying both sides by 2 (‘Z—rt) =—uT %+ 2A
72 -
Hence proved (E) =—uTr?+c ~2A=c
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7= ~
Q#20: If %z 6t —24t2j+4sint k. Find ¥(t) ,when t=0, ¥ = 2i+jand —

232 ~
Solution: Given equation % = 6t1—24t%j+ 4sint k
On integrating both sides g = [[6t1—24t%j+ 4sint k] dt

=76 tdt] +7[—24 [t dt] + k[4 [ sint dt]

|6 (g)] +7 |- 24 (g) | + k[4(= cos ] +A

[3t2] +[-8 t3] + k[—4 cos t]+A’

T =321 — 813 —4costk+ Ao (i)

Whent=0& == —i-3K then 3(0)27 —8(0)% —4cos(k+A & —i33k

07 +0f —4k+A' = -1-3k = A=-1-3k+% MMk = A=-1+k
Using in equation (i) %z 3t2 7 —8t% —4costk =i+ k

9 = (3t2 — 1) 1 — 8% +u(1 — 4 cos &
On integrating both sides
P = [[BASDT —8t3%+ (1 —4costk] dt

=il[ @Bt?—1)dt] +7[-8[t3 dt] +Kk[[(1 —4cost) di]

=T[3(5) —t|+3 [- 8(5) ] + kit — 4sin 0] +5°

When t=0 & R=21+ j then [(0)3 — (0)]T — 2 (0)*4 + [(0) — 4sin(0)]kK + B=21+ |
=07 +0j+0k+B=21+j =B=2i+]
Using in equation ( ii)

Pt} —t) T -2t + [t—4sint]k+ 21+ )

F=[t3—t+2]T(1—-2tY ]+ [t—4sint]
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Q#2L: If a=tf —3j+2tk :b =1-2)+2k & T=31+tj— k.Find [[f x @ x h)dt

Solution: Given vectors
a=tr—3j+2tk :b=1-2j+2k & T=31+tj—k
ax(bxc)=@.)b - (a.b)c
=[(tt —=35+2tk ).(31+tj— k)]b— [(tf =37+ 2tk).(i-27+2k)[
={3t—3t—2t}b- {t+ 6+ 4t}c
= (=20)(—-27+2k )—(6+5t) (3T +tj—k)
= (—20)f +(4t)] + (—4)k- 3(6 + 5t) i — t(6 + 5t) j + (6 + 5)k
= (=2t — 18 — 15t )i +(4t — 6t — 5t2)j + (—4t+ 6 + 5t) k
= (=17t —18)i +(=5t> = 20)j + (t+ 6) k
ax (b xT)=—(17t+ 18)i —(5t2 + 20§ + (7t + 6)k
Now

1=f73 x (b x T)dt = [ [~(17t+ 18152+ 20) + (7t + 6)k] dt

= [~ 7t+18) dt] - [ [(5t% +28) dt] +K[[(7t+6) dt] ]
~t[17(5) + 18 -1 [5(9)+2(5) |1 + R (5) + o0 ]
-1 [(17(5) + 1@ (5) + 18 -5 [5(5) + 2 (5} - 5 (5) + 2 O
[{(5) +s@}< 1) + sl
=D paRSe— T 18] - [P 43— 1]+ k|24 125 ]
= -1 [sz=F] -1 [F-3-3]+ [s -
=[] - [ R
=-r[F] - [F]+ 3R

~ 44, 154
r——J+ + 2k
3 2

N|°\°1
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Q#22: The acceleration of a particle at any time tis given by 3 = 12cos2t i — 8sin2t j + 6tk. If velocity v

=

& Displacement T arezeroatt=0.thenfind v &7 atany time.

Solution: Given that 3=i—:= 12 cos2t 1 — 8sin2t § + 6tk

On integrating both sides v=[[12cos2t i — 8sin2t j + 6tk] dt

(12 [ cos2tdt] +§[— 8 [sin2t dt] +k[6 [ t dt]

12 () o - (522 s ()7

2 2
V= 6sin 2t £ + 4 cos 2t] + 3t2R+A oo (i)
Whent=0& v =0 then
6sin2(0) © + 4 cos2(0)] + 3(0)2k+A = 0
0T +4+0k+A =0 = NA= —4
Using in equation (i) V = 6sin 2t T + 4 cos 2t] + 3t2k 4]

v =< =6sin2t 1 + (4cos2t —4)j + 3t%k

On integrating both sides t= [[6sin2t [ +(4'cos2t — 4)] + 3t?k] dt

=1[6 [ sin2tdt] +7 [ (4cos2t—4) dt]+Kk[3 [t? dt]

o[ o1 [0(52) -] k(] 5

Fi= %3 cos 2tT + [2sin 2t — 4t]] + t3R+B -----mmmmen (ii)
When t=0 & =0 then —3cos2(0) 1 + [2sin 2(0) — 4(0)]] + (0)3k+B'=0
—37+0j+0k+B=0 = B=31
Using in equation ( ii)
F=—3cos2t{ + [2sin2t — 4t]] + t3k+31

t=3(1 — cos 2t)f + 2(sin 2t — 2t)j + t3k

[ The end of chapter #3 ]
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