Chapter No. 7

Important Definitions:

Kinematics: The branch of mechanics concerned with the motion of objects without
reference to the forces which cause the motion.

Dynamics: The branch of mechanics concerned with the motion of objects with
reference to the forces which cause the motion.
Displacement: Shortest distance between two points is called displacement, and it is

a vector quantity.

Velocity: Time derivative of displacement is called velocity or time rate of change of
displacement.

Acceleration: Time derivative of velocity or time rate of change of velocity.

Example: A particle is moving in such a way that its position at any time ¢t is
specified by

7= (t3+t2)i+ (cost + sin?t)j + (et + logt)k
Find its velocity and acceleration.

Solution:

dr 1
== (3t? + 2t)i + (2sint cost — sint)j + (et +;) k

1
7 = (3t% + 2t)i + (sin 2t —sint)j + (et + ?)k

1
a= o= (6t+2)i+(2c052t—cost)j+(et—t—2>k

Cartesian Components of VVelocity and Acceleration:

In plane cartesian coordinates displacement of any point can be written as
T=xi+yj (1)

Where i & j are the unit vectors along x and y axis.
dr dx dy

_ d .. .
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Ineq(2) % and % are the cartesian component of velocity along x-axis and y-axis

respectively.

The magnitude of the velocity is given by
2
dy
) + (@)

dﬁ_d(dx dy)_d2 +d2y )
dt  dt\dt = dt J 3)

2

= dt2 dt?

In eq(3) ﬁ and are the cartesian component of acceleration along x-axis and y-

axis respectlvely.

Example: At any time, the position of a particle in a plane, can be specified by
(acoswt,asinwt), where a & w are constants. Find components of velocity and
acceleration.

Solution:
Along x-axis component of 7 is
X = acos wt

Component of velocity along x-axis

dx _
E = —aw SIn wt
Component of acceleration along x-axis
d?x
dt?
Similarly component of velocity and acceleration along y-axis are
awcoswt and — aw?sinwt respectively.

= —aw? cos wt

Radial and Transverse Components:

In polar coordinates the position of a particle is specifed by radius vector + and polar
angle 6. The direction of the radius vector is known as the radial direction and that
perpendicular to it in the direction of increassing 6 is called the transverse direction.
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Let 7, $ be the unit vector in the radial and transverse direction respectively as shown
in fig.

In polar coordinates the relation between x,y ,r and 6 is as

X =71 cos6

y =rsinf
We know in cartesian coordinates

r=xi+yj

7T =rcosOi+rsinbj
=cosfOi+sinfj

= 7 =cosOi+sinfj (1)

Similarly for transverse components

§=Cos(g+9)i+sin(g+9)j

= §=—sinfi+cosfj (2)
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ar _9d9_+ 9d0__ ing i+ 9_d0
i sin dtl cos dt] = (—sinf i+ cosfj) Ir
By using (2)

as _ 9d9_ _ edG,_ 0i + si 9,d9
gp = —cosO—i—sinf—j = (cos i + sinf j) I
By using (1)

Components of Velocity

by using (3)

So radial component of velocity v, = 7, transverse component is vy = r6
Components of acceleration

__dv _d | iy
a—E—a(rr+r 3)

A

A

L.oar . . dS
=rr+ra+r95+r95+r6

dt
=P + 1708 + 1705 + 105 — ro67
a=(i-r(6)")7+ (276 +18)s
So,a, =+ — r(é)z and ag = 270 + b
Theorem:

The velocity of a particle at any point is along the tangent at that point.
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Proof: Consider the motion of a particle along path AB. Suppose at times t and
t + &, the particle travels the distance s and s 4+ &, from the fixed point A to the point
P and Q whose position vectors are 7 and 7 + &, respectively.

If ¥ is the velocity of the particle at time t.
Then
dr

U=E

. . ar
Direction of <
ds

Since

dr 1\ -
— = lim (—) O,

ds 6,~0\8s
ar

— Is a vector along the tangent to the path at point P.

. dr
Magnitude of -

s—0
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ar . .
Hence d—: is unit vector along tangent.

d N
So we can sayd—: ={

Eq (1) becomes
v = vt
Above equation show that velocity of a particle at point P is along the tangent at P.

Tangential and normal components of velocity and acceleration:

Consider the motion of a particle along path AB. Suppose at times ¢t and t + 6;
the particle travels the distance s and s + &, from the fixed point A to the point P and

Q whose position vectors are 7 and 7 + &, respectively. Clearly PQ = 6+

If v is the velocity of the particle at time t.

Then
ar

Uza
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. . ar
Direction of ==:
ds

Since,

ar

— Is a vector along the tangent to the path at point P.

. ar
Magnitude of -

lim (3) | = 1

ar . .
Hence d—: is unit vector along tangent.

d A
So we can sayd—: ={

Eq (1) becomes
v =t (2)

Above equation show that velocity of a particle at point P is along the tangent at P, by
above equation we can see that velocity have no component along the normal.

Components of Acceleration:

If @ is the acceleration of the particle at time, then
dv

=T % by (2)

(3)

) ) di
Direction of —:
dt

Since £ is a unit vector so

~

t-t=1

Lt =0
dt B
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tJ_df
dt

dt . . :
Hence —Is along the normal. Thus if 71 is a unit vector along the normal then

dt  |dE| A
dc ac|” S

: di
Magnitude of e

Suppose at times t and &, + t the unit tangents at P and Q are £ and £ + &; be
represented by EF and EG with angle §,,.

Now
EF +FG = EG
FG =EG — EF
FG = 6;
di 5t

ar| = am 57

~

. ot . o) .
Here lim |—| =1, lim [ =k, lim |=2| =
5,0 [0u 5,0 165 5¢—0 16t

So
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Example:

A particle is moving along the parabola x? = 4ay with constant speed.
Determine the tangential and normal components of its acceleration when it reaches

the point whose abscissa is V5a.
Solution:
x2=4ay (1

Putx =+v5a in(l) wegety = %a, thus the point will be p (\/ga%a),

_  dva zp.
Weknowa =2t +2L 7
dat p

d .
=22=0  visconstant.

Qe =3 =

For p
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2 2

v 4v
Soa,=—=—
p 27a

Example:

A particle moves in a plane in such a way that at any time ¢ its distance from a fixed point o, is r = at + bt?

3
and the line connecting o and p makes an angle is 8 = ctz with a fixed line. Find radial and transverse
components of velocity and acceleration at t=1.

Solution:
Here

r = at + bt?

r=a+b, r=a+2b, ¥=2b

Radial and transverse Components of velocity:
v.=7T=a+2b
.3
vg =10 = Ec(a+b)
Radial and transverse Components of acceleration:

a, =7 —1r0?

2

= 2b—(a+b)<%c)
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9
a, =2b —Zcz(a+ b)
ag =16 + 210
3 3
=(a+b).—c+2(a+2b).-c
4 2
3
ag = Zc(Sa + 9b)

Exercise

Q#1 A particle starts from 0 at t = 0. Find its velocity and acceleration.
i. 7= (3+20)i+ (5t2 -7)j

o= (3t +2)i + 10

_—dv—6t'+10'
a=—_-=6t J]

at?i + 4atj
=acosti+ bsintj
a(t — cost )i + a(l + sint)j

T
T

r

Q#2 The position of a particle moving along an ellipse is given by ¥ = acost i + bsint j a>b.
Find the position of the particle where its velocity has a maximum or minimum magnitude.

Solution:
r=acost i+ bsintj

7 ar inti+b tj
V=——=—asInti COoS
dt J

v = /(—asint)? + (bcost)?

v =+Ja?sin?t + b2 cos? t

v = a?(1 — cos?t) + b2 cos? t

v =./a? — (a? — b?) cos? t
Now v is minimum if cos’t =1 or cost=4+1 = t=0,1
Thus for min v

¥ =acos0i+bsin0j = ai

f=acosmi+bsinmwj=—ai

3w

Now v is maximum if cos2t =0 ort = %,7

Thus for maximum v

= n._l_b'n'—b'
r=acos; i sin j = bj
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_ 3m . 3. .
r=acos— l+bsm7]=—b]

Q#3 A particle moving with uniform speed v along the curve x2y = a (x2 + ) Show that its

aZ
NS

] . 10v2
acceleration has maximum value "
Solution:

—  dva, 2
We know thata = £ + L7
dt p
dv .

Here i 0, because v is constant.

Let

Taking derivative

We know

3
B <5x6 + 4a6>E V5x*

5x6 6a3

3

_ (5x° +4a°)2

~ 30a3x5
v230a3x°

3
(5x6 + 4a®)2
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For maximum acceleration check (Hint: Second Derivative Rule FSc. Part Il Ex. 2.9)

Differentiation w.r.t.x

3 1
da ((5x6 + 4a%)2.5x% — xS%(st + 4a6)730x5)
aa _ 56,3.,2

dx 30a”v (5x% + 4ab)3

1((5x%+ 4a®) 5x*— 45x1°
_ 3.,2(C,6 6\7
30a3v%(5x° + 4a )2( (526 1+ 4a5)? >

4 6 6
da _ ogdy? | L =X

5
dx (5x6 + 4a®)2

d’a [4x3(a® — x®) N x*(—6x°) N x*(a® —x°) (— %) (30x°)

5 5 7
(5x6 + 4a®)z2  (5x° + 4a®)2 (5x6 + 4a®)2

x*(ab — x°)
2 _
600a3v BN B
(5x6 + 4a)2

x*(a®—x%) =0

(a®> —x®)(a*+x*+a’x?) =0
a* +x*+a*x? =0

Let a® — x? = 0, other due to imaginary

d?2 6a°
—_— = 600a3v:|—— | <0
xX=a

2 5
Ax) - (5x6 + 4ab)2

So acceleration will be maximum at x=a
v230a3x®
a=———"—3
(5x6 + 4a%)2
3 30v2%q8 3 30v2a® 1002

a= 3
(9a®)2

" 3a®)3  9a
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Find the tangential and normal components of acceleration of a point describing the ellipse

o#4

2 2
= + 2> = 1 with uniform speed V when the particle is at (0,b)

Solution:

Since

Taking derivative

Q#5  Find the radial and transverse components of velocity of a particle moving at curve
ax?+by?=1 (D

At any time t. if polar angle is 8 = ct?.
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Solution:
We know x =rcosf, y=rsinf putin (1)
ar?cos?6 + br?sin?6 = 1

2 1
r2 =
acos20 + bsinZ 0

1
r = (acos?@ + bsin?0)" 2

Also 8 =ct?=> 6 =2ct

ct(a — b)sin26

3
(acos? 6 + bsin? 6)2

ct(a — b)sin260

v =7 = 3
(acos? 0 + bsin? 9)2

2ct

Vg = Té = 1
(a cos? 6 + bsin? 0)2

O#6  Find the radial and transverse components of acceleration along x2 + y2 = a? with constant angular
velocity.

Solution:
x%+y?=a? €))

We know x =rcosf, y=rsinf putin (1)

=>7=0,#=0 6=
— 12
a. =17 —rf°=—ac

ag=ar+r6=0

Note: These notes are written for the Chapter no. 7 of the book Mechanics by
Q.K. Ghori.
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