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IMPORTANT FORMULAS
The Law of Cosine

o a’*=b"+c*-2bccosa * b*’=c*+a’—2cacosB * ¢’ =a’+b>—2abcosy

b*+c*-a cc+a’-b’ a’+b>—¢?
* cos@d=——— e cosf=——— * coOSy=——"-—"—
2bc 2ca 2ab
The Law Of Sme ......................................................................................................................
a b ¢
sin@  sinfS siny
The Law Of Tangent ...............................................................................................................
tan &~ an? =7 tan”—
a-b _ 7 b—c _ 2 c—a_
a+b tanOH-’B b+c ¢ B+y cta .7
2
Ha]f Angle . Formulas .............................................................................................................
. sinﬂ:\/(s‘b)(s‘@ . sinﬁ:J“‘@“‘“) . sinZ:\/(S_a)(S_b)
2 bc 2 ca 2 ab
. Cosgz‘/s(s—a) . cosﬁz s(s=b) e cosL= $($8=¢)
2 bc 2 ac 2 ab
e tan% = (s=b)(s—c) . tanﬁz (s—o@-a an? = (s—a)(s—b)
2 s(s—a) 2 s(s—Db) 2 s(s—rc)
a+b+c

where SZT = 2s=a+b+c

Area of the Triangle (=A )
1 1 1
e A=—bcsinx=—casin  =—absin
2 2 p 2 4

a’sin Bsiny _b*sinysina _ ¢’sinasin B

° A —
2sina 2sin 2siny
° A= \/s (s—a)(s—b)(s—0¢) (Hero’s Formula)
Clrcum Radlus ( - R) ............................................................................................................
° = a — b — ¢ e R— a_bc
2sina  2sinff 2siny 4A
In_Radms . ( - r ) .......................................................................................................................
A
[} y=—
S
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Question # 1
Show that

B .y 1 4

(1) r=4R sing sin— sin— (1) s = 4Rcosg COS“— COS—
2 2 2 2 2 2
Solution

(1) R.H.S =4R sing siné sinZ
2 2 2

=4R\/(s—b)(s—6)\/(s—a)(s—c)\/(s—a)(s_b)
bc ac ab

=4R (S_b)(s_c)(s—a)(s—c)(s_a)(s_b)
(be)(ac)(ab)

2 2 2
R J(S_a) G50
=4R(s—a)(s—b)(s—c)
abc
_4(abcj(s—a)(s—b)(s—c) - R:a_bc
4A

abc . 4A
_(s=a)(s-D)(s—¢c) _s(s—a)(s—=b)(s—0)
- A - sA

" A=ys(s—a)(s—b)(s—c)

AZ
A

=é =r =L.H.S

4

(i1) RHS = 41’€c:osg COS— COS-—
2 2 2

_4R\/s(s—a) s(s—b)\/s(s—c)
- bc ac ab

:4R\/S2-s(s—a)(s—b)(s—c) §2 A2

(bc)(ac)(ab) =4k a’b*c?

_4pSA _yfabe) A .. podbc
abc 4A ) abc 4A

=s = L.H.S

Question # 2
Show that:

B .y y . a B B v

. . a . . o .
r= asin— sin*- sec— = bsin-- sin— sec— = ¢sin— sin— sec
2 2 2 2 2 2 2 2
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Solution
We take

B . v « By 1

ClSiI’IE SII’IE SCCE =dasin— Ssi-—
COS—
2

Za\/(s—a)(s—c) \/(s—a)(s—b) 1
s(s—a)
\/ bc
Za\/(s—a)(s—c) \/(s—a)(s—b)\/ bc
ac ab s(s—a)

:a\/(s—a)(S—C)(S—a)(s—b)(bc)

(ac)(ab)s(s—a)
(s—a)(s—b)(s—c) :a\/s(s—a)(s—b)(s—c)

ClS

2 2
a s

Za\/s(s—a)(s—b)(s—c) A

= — =r
as s
= asinﬁ sinZ secg =3 S (1)
2 2 2
Similarly prove yourself
bsinZ sinz secﬁ =3 S (i1)
2 2 2
csing sinﬁ sec7—/ =3 S (i11)
2 2 2
From (1), (i1) and (iii)
r= asinﬁ sinZ secg = bsinZ sing secﬁ = csing sinﬁ secZ
2 2 2 2
Question # 3
Show that:

(1) r= 4Rsing cosﬁ cosZ (i) r, = 4Rc0sg sinﬁ cos7—/
2 2 2 2 2 2
g .7

(1i1) r, = 4Rc:osg COS— sin—
2 2 2
Solution

R.H.S=4R s1ng cosﬁ cosZ

—4R\/(S b)(s—c) \/s(s b) \/s(s c)

_ —b)(s—c)s(s—=b)s(s—c) _ém\/sz(s—b)z(s—c)2
(bc)(ac)(ab) a’b*c’
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_4Rs(s—b)(s—c) _4abcs(s—b)(s—c).(s—a) _ abc
abc 4A abc (s—a) 4A
_s(s—a)(s=Db)(s—0)
A(s—a)
2
= A = A =1 =R.H.S
A(s—a) (s—a)
(11) & (i11) Do yourself
Question # 4
Show that:
GQ) r =stan% (i) 1, =stan§ (iii) 7, = stan%
Solution
R.H.S = stang
2

=SJ<S—’?><S—6> =S\/(S—b)(S—C)_S(S—a)

s(s—a) s(s—a) s(s—a)

_S\/s(s—a)(s—b)(s—c)

s*(s—a)’
2
=S 2A > =S = __4 =1, = LH.S
s“(s—a) s(s—a) (s—a)
(i1) & (iii) Do yourself
Question # 5
Prove that:
D) rntnntrn=s (i) rpnn=A°
(i) r+rn+r—r=4R (iv) rnpr=rs’
Solution

(1) LHS=rn+nn+np

ol Gl )

A? A? A?

T —6-b)  G-DG-0)  G-0G-a)

A2 1 N 1 s 1
(s—a)(s—=b) (s—=D)(s—c) (s—c)(s—a)

_ A s—c+s—a+s—b _ A2 3s—(a+b+c)
(s—a)(s—Db)(s—c¢) (s—a)(s—Db)(s—c¢)

_ A 3s—2s - S:a+b+c
(s—a)(s—=b)(s—c) ' 2




S S

(s—a)(s—b)(s—c) ;j

2

|
|

s
s(s—a)(s—=b)(s—c)
A

B

- s(s—a)(s—b)(s—c) :E

i) L.H.S
A
s—b

A

(i) LHS=r+n+n-r

j:

2
A{%} —s> =RHS

=A*> =R.H.S
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A A A A ( 1 1 1 lj
= + + -— =A + + ——
s—a s—-b s—c s s—a s—-b s—c s
_A (S—b)+(s—a)++s—(s—c)j :A[ 2s—b—a S_S+Cj
(s—a)(s—Db) s(s—c) (s—a)(s—b) s(s—c)
=A atbtc-b-a ¢ j v 2s=a+b+c
(s—a)(s—b) s(s—c)
Al — ¢ ]ZCA( L, 1 ]
(s—a)(s—b) s(s—c) (s—a)(s—b) s(s—c)

s(s—c)—(s—a)(s—b)
s(s—a)(s—b)(s—c)

CA(

_C(Zsz—s(a+b+c)+ab

|

abc

E

—4.

s*—sc+s>—as—bs+ab

A(

2s5* —s(28)+ab
A

AZ

|

A

e
e

25> —2s5* +ab
iv) L.H.S-= ( A
s—c

sS—da

[ )

A3

abc _4r —RHS
4A

sA3

T G- 5-b)(s—0) s(s—a)(s—b)(s—c)

=sA =s2é
s

2

sA®

AZ

2

=rs° =R.H.S

|

Question # 6

Find R,r,5,r, and r,, if measures of the sides of triangle ABC are

1) a=13 , b=14 ,
Solution
i a=13 , b=14 ,

c=15

c=15

(i) a=34, b=20, ,

c=42
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S_a+b+c _13+14+15

2 2
s—a=21-13=8
s—b=21-14="7
s—c=21-15=6

So A=ys(s—a)(s—b)(s—c)

= 218)(7)(6) =+/7056 =84

21

Now
_ abc _ (13)(14)(15) _3125
4A 4(84)
s 21
= a =% =10.5
s—a 8
s—=b 7
s—c 6
(i1) Do yourself
Question # 7
Prove that in an equilateral triangle,
(1) r:R:rn=1:2:3 (1) r:R:r:r:r=1:2:3:3:3
Solution
(1) Do yourself

(i1) In equilateral triangle all the sides are equal so a=b=c
atb+c _a+a+a _ 3a

2 2 2
3o =31 =3
s—a=—-a =|——ljla =—a
2 2 2
Now
A=[s(s—a)(s—b)(s—c)
3
=s(s—a)(s—a)(s—a) =m _ %Gaj
— 3_Cla_3 i 3614 _\/§a2
W2ls) Nie 4
3
Now r:é — % Z\/gaz l _\/ga

s 3 4 3a 6
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abc a-a-a a_a\/_ \/_a

R —
he] T TR
_ _f% _\3a 2 _Ba
rl_s—a B 1y 4 Z )
2
oA _ A _\Ba
> s—b s—a 2
A A J3a
3: = =
s—c s—a 2
Now
Ba a 3a N3a \Ba
rR:r:r,iry, = : : : :
6 3 2 2 2
1 1 1 1 1
= — - = = = +inb\/§a
6 3 2 2 2 &>y
= 1 2:3: 3 :3 Xing by 6
Question # 8
Prove that:
(i) A =r cotg cotﬁ cotZ (1) r=stang tanﬁ tanZ
2 2 2 2

gy

(i11) A = 4Rr cosz COS— COS—
2 2 2
Solution

(i) RHS =/ cotg cotﬁ cotZ
2 2 2
, 1 1 1

=r . .
tang tanﬁ

_ 2 1 . 1 . 1
(s=b)(s—¢c) |(s—a)(s—¢c) [(s—a)(s—D)
\/ s(s—a) \/ s(s—b) \/ s(s—c)
=r2\/ s(s—a) \/ s(s—>b) \/ s(s—c)
(s=b)(s—c) V\s—a)(s—c) V(s—a)(s—D)

_p [Pe-a6-be-0 _ s
(s-a)(s=b)’(s =)’ (s—a)(s=b)(s=0)
3

tan 7—/

s S e st
—a)(s—=b)(s—c) s s(s—a)(s—b)(s—c)

:]"2
J<s
/ 2 s 2 A
- : — N S r=—
A s A Ky



FSc-1-12.8 -8

2 2
A 5 _A = LHS
s° A
(ii) Do yourself
(i11) R.H.S = 4Rr c:osg cosﬁ cos7—/
2 2 2
:4Rr\/s(s—a). S(S—b)'\/S(S—C)
bc ca ab
4Ry s(s—a) - s(s—=b)-s(s—c)
(be) (ac)(ab)
s2-s(s—a)(s—b)(s—c¢) s7-A?
=4Rr\/ pErEye =4Rr pETEN
_4pr S8 _{wj{gj& ~A = LHS
abc 4N )\ s Jabc
Question #9
Showthat
() i+i+i (11) _:l l+l
2rR ab bc ca ro L on L
Solution
1
i LHS =
@ 2rR
4sA 2s a+b+c
= = w2s=a+b+c
( j(abcj " 2Aabe abc abc
zabc abc abc
T e L e 1
bc ac ab ab bc ca
(i1) R.H.S =l+i+l
h L L
1 N 1 N 1 _s—a_l_s—b_l_s—c
A A A A A A

s—a s-b s-c
_s—a+s—b+s—c 3s—(a+b+c)
A A

- 2s=a+b+c

_3s—2s
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Question # 10
a sinﬁ sinz B y 1
We take 7 2 —gsinLsint ——
CcOS— COS—
Solution Now see Question # 2
Question # 11

Prove that: abc(sina +sin 8 +sin y) =4As

Solution

L.H.S =abc(sina+sin S +siny)

Since A= labsin y= lbcsina' = lcasin,b’

2 2 2
) 2A : 2A : 2A
. siny=— , sina=— , sinff=—
ab bc ca

Thus L.H.S = abCLZA + 24 + 2A)
bc ac ab
_ abc( 28a+ 22]’ * Zch —2Aa+2Ab +2Ac
abc

=2A(a+b+c) =2A(2s) v 2s=a+b+c
=4As = R.H.S
Question # 12
Y /4

(1) (r + i’z)tang =c

Solution

(ii) (r, — r)cota =c

(i) LH.S =(r1+r2)tan%

A

A

S—da

|

s )\/<s—a><s—b>
s—b s(s—c)

A(s—b)+A(s —a)

=(

]\/(s—a)(s—b) . s(s—rc)

(s—a)(s—Db) s(s—c) s(s—rc)
s—b+s—a | |s(s—a)(s—b)(s—c)
=A
(s—a)(s—Db) s*(s—c)?
2s—a—b A’
=A
(s—a)(s—b)J s’ (s—c)’
=A a+b+c—a—bj A v 2s=a+b+c
(s—a)(s—b) )s(s—c)
2 2
- A _A¢ . —RHS
s(s—a)(s—b)(s—c) A
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Gi) LH.S =(r- r)cot%

( A Aj 1 ( 1 lj 1
= _= —A _Z
s—c S tan% s—c S \/(s—a)(s—b)

s(s—c)

_A s—(s—c) s(s—c) _A C s(s—c) .s(s—c)
s(s—c) (s—a)(s—Db) s(s—c) )N(s—a)(s—b) s(s—c)

_A c s’ (s—c)’ _A c s (s—c)?

- s(s—c) J\s(s—a)(s—=b)(s—c) - s(s—c) A’

Al —€ JS(S_C) —¢ =RHS

s(s—c) A
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