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Binomial Theorem when n is negative or fraction:
When n is negative or fraction and ‘ x‘ <1 then

nn—1) JE n(n—13)'(n— 2) P
Where the general term of binomial expansion is
T o nn—1)(n— 2)...(n— (r—l))

r+l T

I+x)"=1+nx+

xr
r!

Question # 1
Expand the following upto 4 times, taking the values of x such that the expansion in
each case is valid.

(i) (1-x)2

1 1

(i) (1+2x)™ (i) (1+x) ? (iv) (4—3x)2
(v) (8=2x)" (vi) (2-3x)" (vii) (l—x); (viii) M
(1+x) (1-x)
) (4+2x); ) 1 . ) 1
(x) ——— x) A+x—-2x7)2 (xi) 1-2x+3x7)?
(2-x)
Solution
O O
(1) (1—X)2:1+5(—X)+T(— )+ 3l (=x)" +
(4, 5
114_2224_22 2(3)+
2 3.2
1 1, 1 ;4
=]l-=x—=x"——x
2 8 16
(ii) Do yourself as above
(iii) Do yourself as above
- O VO L1 PR TN o NN o
(iv) (4-3x) —{4(1 4)} =(4) (1 4) —2(1 4)
i 1(1 1(1 1 ]
1( 3x} 2(2_1)( 3)6)2 2(2—1)(2—ZJ( 3)6)3
=2/ 14+=| — |+ ———| — | + —— | +
2\ 4 2! 4 3! 4
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. 138x+;(3(9x2}+;(;)(;j(ﬂf}rm

:2_ _3x 9x* 27x
8 128 1024
_2_2_9_)c2_27)c3
T4 64 512
o122 L ix)
(V) 8—-2x)2=(8)" (1 8) —8(1 4) Now do yourself
(vi) Do yourself
o (1=x)"
(vil) 110 =(1-x)"'A+x)"
(1+( D (—x L& 1)( 1- 1)( e (—1)(—1—31')(—1—2)(_)6)3+mj
X(H( 2+ 22D e (—2><—2—;><—2—2>(x)3+m)
El DD ), 1)(—2>(—3>(_x3)+_._j
3.2
X(l (2)( 3 oy 4 DDA (s, )
3.2
(1+x+x e ST ) (1—2x+3x —4x‘+...)
=1+ (x=2x)+ (X =2x" +3x°) + (X’ = 2x° +3x" —4x7) +...
=1—x+2x>=2x"+...
(viii) Do yourself as above
(4 +2x)°

(ix)

— (442 (2-x)" = (4)° (1 T Ejz )" (1 _ gj

2V (oY ol 2V 2 P xY
=@ (”2) ) (l 2) 2(1 2) 2(1 2) (”2) (1 2)

www.mathcity.org



FSc-I/ Ex83-3

) 1m+Mmz+;C‘lj(;‘z)@l”

21 |2 31 2

2
X(H<_D(_gj+_<—1><;—l>(_gj Jpcineay o, )

l 1 3
= 1+ + 2 2/ x— +2 2 x +
4 8
X[Hx (D= 2)[ ] EDEDE 3)( x3j+ j
2 4
:(1 f—x— j (1+ +—+—+ j
4 32 128
:1+(£+xj _x_z X_2 x_z + X_3_.X'_3 X_ x_3 +
4 2 328412864168

3x 11x* 23x°
+ + +
4 32 128

(x) (1+x—2x2); =(1+ (x—2x2));

=1+%(x—2x2)+2 (x—2x%)2 +2

s L2

=1+%(x—2x2)+ (x"—4x +4x")+
(27 +3(0) (=22 +3(x)(-2x°)’ = 2x°) ) +

=1+%(x—2x2)—%(x2 —4x° +4x4)+%(x3 —6x" +12x° —8x°) +

(x1) Do yourself as above
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(iv) /65
(viii) 1
3252

1

(xii) (1280)*

Question # 2
Use the Binomial theorem find the value of the following to three places of decimials.
1 1
(1)+/99 (i) (0.98)2 (iii) (1.03)?
1
v) {17 vi) /31 i) ——
(V) (vi) (vii) 7998
J7 . 1
(ix) — (x) (0.998) 3 (xi)
8 {486
Solution
1 1 1 1 %
() V99 =(99)2 =(100—1)2 = (100)2 (l_ﬁj
)
— —— 2
=10 1+l(— g2l Jp L
2\ 100 2! 100
1(1)
10| - 420 2 ( : )+
200 2 10000
=10 1—0.005—%(0.0001)+...j
=10(1-0.005-0.0000125+...)
~10(0.9949875) =9.949875
=~ 9.950
1 1
(ii) (0.98)2 =(1-0.02): Now do yourself
1 1
(iii) (1.03)3 =(1+0.03)3 Now do yourself
1 1 1 3
(iv) 65 = (65)3 =(64—1)3 =(64)3 (1 —éf Now do yourself

1

1
1 | 1
(16—1)+ =(16)* (1 —%T Now do yourself

(v) 71 :(17)31

(vi) 31 = (31); =(32- 1); =(32)} (1 — 3%]5 Now do yourself
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(vi) —(998) 3 =(1000-2) 3 = (1000) ;(1—

1 il 2 ja
Y998 (998)? 1000

_1(_4)
(o) o5 o)
10 1500 2 1250000

=| — || 1+(0.0006667) + 3(0.000004) +.. J

=| — |(14+0.0006667 + 0.00000089 +...)

~| — [(1.00066759) =0.100066759 =0.100 Answer

| =

( viii) = _(252) 5 =(24349)

1
1 1
- (243)‘s(1+ij 5
243
B 1\s
= (35 ) 5 (1 + —j Now do yourself as above

o G
8 8 \8 8

=1-0.0625-0.00195 +...
~(0.93555 =0.936 Answer
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1 1

(x) (0.998 = a- 0.002)_g Now do yourself as above
1 1 1 -
(x1) ! = ! -=(486) 6 =(729-243) ¢ =(729)_6(1—%j ’
/486 (486)° 729
N IPEAE
=(3 ) 6 1—5 Now do yourself
1 1 1 1 ”
- = 1 16 )¢ - 1 )4
ii 1280)* =(1296—-16)* =(1296)4| 1—-—— | =(6*)*|1—-—
(xii) (L280)" =( )y =(1296) ( 1296) (6") ( 81)
Now do yourself
Question # 3
Find the coefficient of x" in the expansion of
1+ X o (1+x) .. (+x)
(1) 5 (1) ( )2 (111) ( )2
(1+ x) (1-x) (1-x)
@v) (1+x)3 (V) (1—x+xZ—x3+...)2
(1-x)
Solution
1+ x° =)
(1) =(1+x*)(1+x
(1+)c)2 ( )( )
~(1+ xz)@ # (20 + CCEED (2 CEEE DD j

=(1+ xz)(l— 254 T2 2, DD +j
2 3-2

=(1+xz)(l—2x+3x2 —4x +)
=(1+2°)(1+ (-D2x+(-1)’3% + (-D)’4x’ +...)
Following in this way we can write

LI (1427 A+ (=D2x+ (=1)°32* + (= D*4x" + ...+ (=) (n— D" +
(1+x)

D" ()X + (=D (n+Dx" +...)
So taking only terms involving x" we get
(=D"(n+Dx" +(=D)"*(n-1x"
=(=D"(n+Dx" +(=D"(-1)*(n—-Dx"
=(=D"(n+Dx" +(-1)"(n—1)x" (=D =1
=(n+l+n-DD)"x"=2n)(-D)"x"
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Thus the coefficient of term involving x" is (2n)(-1)"
(ii)
Hint:
After solving you will get

2
8”;2 =(1+2x+27 ) (14 2x 4387 +4X° + ..+ (n=Dx" > + (2" + (n+Dx" +..)
—X

Do yourself as above

L (4% 34 a2
(ii1) (l_x)z—(1+x) (I-x)

=(1+x)’ (1 +(=2)(=x)

(=2)(=3)
2

PR L DD s, )
2! 3!

() + 52 (3‘32) S PRI J

=(143x+3x +27)(1+2x+3x" +4x° +...)

=(1+x)3(1+2x+

Following in this way we can write
(1+x)’

q )2=(1+3x+3x2+x3)(l+2x+3x2+4x3+...+(n—2)x"_3+(n—l)x"_2
—X

+(M)xX" +(n+Dx"+..)
So taking only terms involving x" we have term
(n+Dx"+3(n)x"+3(n-DHx"+(n-2)x"
=((n+D+3(n)+3(n-)+(n-2))x"
=(n+1+3n+3n-3+n-2)x"
=(8n—4)x"

Thus the coefficient of term involving x" is (8n—4).

. (1+X)2_ P (1=x)
(iv) (1—x)3_(1 x) (1-x)

=(1+x)’ [1 +(=3)(=x) + %(ﬂc)2 ) _;) (55-2) (—x)’ + j
=(1+x)’ (1 +(=3)(—x)+ Lz(_éb(—x)2 + (_3)(3_.42)(_5) (—x)° + j
=(1+2x+ xz)[1+3x+L2(4)(x2) + (4)2(5) (x) +j

=(1+2x+ xz)(l + (2)2(3) X+ (3)2(4) X+ (4)2(5) X+ J

www.mathcity.org
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Following in this way we can write

U+x) :(1+2x+x2)(1+ @3 @) ., D) s,
(1-x) 2 2 2

2 2 2
So taking only terms involving x" we have term
D0 o OOED o D)

n

:((n+1)(n+2)+2(n)(n+1)+(n_1)(n))’C7

=D)L D L (4 D(42) +J

n

:(n2+n+2n+2+2n2+2n+n2—n)x—

n n

4n +4n+2)% =2(2n° +2n+1)%

(2n +2n+ 1)
Thus the coefficient of term involving x" is (2n2 +2n+ 1).

(V) Since we know that
I+x)"'=1-x+x"=—x"+...
Therefore
(1— X+ X —x + )2 = ((1+ x)_l)2 =(1+x)"
:1+(—2)(x)+—( 27D ey 2)(_2_3?(_2_2) (x)’ +...
g CDED o DDA
2 3-2
=1-2x+3x"—4x" +...
=1+(=D2x+(=D’3x°(=1)’4x’ + ...
Following in this way we can write
=14+ (=D2x+ (D3B3 D4+ 4+ (=D (n+ DX + ...
So the term involving x" = (=1)"(n+1)x"
And hence coefficient of term involving x" is (—1)"(n+1)
Question # 4
If x so small that its square and higher powers can be neglected, then show that
(i) = —=1-2 (i) Y2 g0y
i+ x 2 J1-x 2
i OFTD (6430 117 Virx )25
4+5x 4 384 (1-x)’ 4
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1 1 1
W) (1+x) (4- 3x)4 1_5_x i) (1-x)2(9—-4x)* g_ﬂ
6 : 2 48
(8+5x) (8+3x)3
1
\/4 X +(8 x)? 2—ix
Solution
(1)
LHS= =% _ 1=x —(l—x)(1+x)_;
o \ 1+x (1 + .X')%
=(1- x)(l + (—%)(x) + squares and higher power of x).
=1-x —lx + squares and higher power of x
3
zl—;x =R.H.S Proved
1 1
(i) Since HE2Y (14 2x)2 (1= x) 2
V1
—X
1
Now (1+2x)2=1+ (;)(2)0 + squares and higher power of x.
=1+x
1
Now (1-x)2=1 +( ;j( x)+ squares and higher power of x.
=] +%x
11+ = z(1+x)(l+ xj
—X
=l+x+ Ex ignoring term involving x”.

=

(9+7x) — (164 3x)

iii
(111 4+5x

_ ((9 +7x)° — (164 3x)° )(4+ 5x)"

1
1 1 2
Now (9+7x) = 95(1+%xj

= (32)% (1 + (%)(%j + squres and higher of x.}

www.mathcity.org
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=2 )i (1 + (ij(i—gj + square and higher power of xj

z(2)(1+3—xj =2+2(3_x] =2+2

64 64 32
1 -1 5 -
(4+5x) =4 1+Zx

= i(l + (—1)(—xj + squares and higher power of x}
1( 5 ) I 5

~—ll-—x| =———x
4 4 4 16

1
4

I_
5o OF+70°-(16+30) “(3+Ej_(2+3_xj (l_ix)
4+5x 6 32)\4 16
Tx 3x|(1 5 103 Y1 5
=13+ —-2-Zll———x| =|l+—x | ———x
i) s G
1
4

+@ 2 =l—1—7x Proved

X X
384 16 4 384

@iv) Do yourself

[S1E
[\S](38)

(1+x)?(4-3x)
(8+5x)°

\S](o8)

= (1+x)? (4-3x)2 (8 +5x)

Now (1+ x)% 1+ (%) (x) + square and higher power of x

www.mathcity.org
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1
(23) ’ (1 + —éj (ng + square and higher power of xj

:::(2)_1 1_ix :l 1_ix
24 2 24
1 3
1+x)%(4-3x)?
so LRI (L (1-20)20-24)
(8+5x)§ 2 8 )2 24
_8 1+lx l—gx—ix
2 8 24
1 4 1
=4(1+—xj (1——x) =4(1+5x——x) =4(1——xj Proved
(vi) Do yourself as above
(vii) Same as Question #4 (iii)
Question # 5

If x is so small that its cube and higher power can be neglected, then show that

(1) \ll—x—2x2=1—%x—§x2 (ii) 1+—x=1+x+%x2
—x

Solution

(i) VI-x-2x" =(1-(x+2x"))

[S1E

zl—lx—l(Z 2)—lx2 =1—lx—xz——x2
2 2 8 2
=1—lx——x Proved
2
(i1)
1
2 1 _1
1+x =(1+x)1 (140 (1) 2
1—-x (1 x)z

Now

www.mathcity.org
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N
(1-x) 2 =1+(—§j (—x)+ 2 2 (=x)* + cube & higher power of x.

2!
_1)(_3
z1+lx+L(2)x2 =1+lx+§x2
2 8
So
‘/H—_x: 1+lx—lx2 1+lx+§x2
1-x 2 8 2 8
=1+lx—lx2+lx+lxz+§x2 =1+x+lx2 Proved
2 8 2 4 8 2
Question # 6

If x is very nearly equal 1,then prove that px” —gx? =(p—q)x""*
Solution
Since x is nearly equal to 1 so suppose x=1+#,
where 4 is so small that its square and higher powers be neglected
L.H.S = px” —gx*
=p(+h)’ —q(1+h)?
= p(1+ ph+ square & higher power of x)
—q(1+ gh+ square & higher power of h)
= p(I+ ph)—q(1+qh)
=p+ph—q—q°h ................. (1)
Now RH.S = (p—qg)x""

=(p—q)(1+n)""™

=(p—- q)(l +(p+ q)h+ square & higher power of h)
~(p—q)(1+(p+qh) =(p—q)(1+ ph+qh)
=p+p*h+ pgh—q— pgh—q’h
=p+ph—q—qh.............. (ii)

From (i) and (ii)
LHS = RH.S Proved

Question # 7
If p—gq is small when compared with p or g,show that
|

Qn+)p+Q2n-g [ p+q)"
(2n—1)p+(2n+1)q_( 2q j '
Solution Since p — g is small when compare

Thereforelet p—g=h = p=q+h

_ @n+Dp+(@2n-1)g  (2n+D(g+h)+2n—-1)q
C Qn-Dp+Qn+lg  Q2n-1)(g+h)+Q2n+1)q

L.H.S

www.mathcity.org
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_2ng+q+2nh+h+2ng—q  4ng+2nh+h
_2nq—q+2nh—h+2nq+q _4nq+2nh—h
4ng+2nh+h _4nq+2nh+h(1+ 2nh—h}1

4nq(1 + 2nh - hj nd n
4ng
_4ng+2nh+h (1 + (—1)( 2nh = hj + square & higher power of le
4ng 4nq

_4nq+2nh+h[1_2nh—h] _4nq+2nh+h(4nq—2nh+h]

4ng 4ng 4ng 4ng

_ 16n°q” +8n’hqg + 4nhq — 8n*hq + 4nhg

ignoring squares of A

16n°q>
_l6n’q> +8nhq _16n’q>  8nhq
16n°q’ 16n’q* 16n°q>
=1+ L ................. (1)
2nq
1 1
Now RHS=| L4 | _[4th+tq
2q 2q
1
_2‘1+h:ﬁ+£_1+i
2q 29 24 2q
LY\ A :
=1+|— || — |+ square & higher power of h.
n)\ 2q
=1+ e (ii)
2ng

Form (i) and (i7)
L.HS = RH.S Proved

Question # 8

1
n EN 8n _n+N
2(n+ N) 9n—-N 4n

Solution  Since n and N are nearly equal therefore consider N=n+h,
where 4 is so small that its squares and higher power be neglected.

2(n+ N) 2(n+n+h)

_ n 2:(m2n+hfj§=(4n+2h)§=(4+gﬁji
2(2n+ h) n n n

www.mathcity.org
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_% %‘;_ 2_% i_;
=(4) (1+4nj =(29) (1+2nj

=2)" (1 + (—%jzi + square & higher power of h}
n

T @)

2 4n 2 8n
Now RHS= o0 __n+N

On—-N 4n

B 8n _n+(n+h) B 8n  n+n+h
On—(n+h) 4n On—-n—-h 4n

_ 8n 2n+h _ 81 2n+h _(1_£j_1_2n+h
8n—h  4n Sn(l—i) 4n 8n 4n

8n

(1 +(= 1)(_8£j + square & higher power of hj (Zn +ij
n

4n 4n
h 1 A h 1 h
= 1l+—|-|=+— | =l+——=——
8n 2 4n 8n 2 4n
1 h

— e (i1)
2 8n

From (i) and (i1)
L.H.S=R.H.S Proved

Question #9
Identify the following series as binomial expansion and find the sum in each case.

(i)l—l[l] 13[1] _135(1]+
28 4) 21-4\4) 3!1-8\4

B 1(1) 1-3(1Y 1-3-5(1Y
Gi) 1——| = |[+—2| = | -2 = | +
202) 24\2) 2462

3 3. 5 3-5-7
+

() 1+—+
4 48 4-8-12
2
v 1- 1), 13(1 _135( N
2\3) 2-4\3 2.4.6\3
Solution

. 1(1) 13(1) 135 1y
(1) l——| = |[+—— — | +
2\4) 214\a) 31814

Suppose the given series be identical with

(1+x)" =14+nmx+—= mn =) X+
21
D 1(1 :
This implies nx=—5 Z ......................... 1)

www.mathcity.org
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2
nn=l) o LS LY (i)
2! 2!-4\ 4
) 1 1
From (1) NX=—— => X=—— .rrrrnnn... (111)
8 8n

Putting value of x in (i1)

n<n—1>(_ijz_ﬁ(1jz
2! 8n) 21-4\4
n(n—l)( 1 ) 3 ( 1 )
= — _
2 64n° 2-4\16

(}’l—l)zi — (n—]):ilzgl’l = n—1=3n
128

128n 128
= n-3n=1 = -2n=1 = n:—%
Putting value of » in equation (ii1)
P
iy L

So

oo ) 5 -
4 4 5 5

(11) Do yourself as above

3 35 357
+>+=—+ +
4 4.8 4-8-12

Suppose the given series be identical with
n(n—1)

(iii)

(1+x)" =1+nx+ X+

This implies nx =

From (1) nx = Z =2 (111)

Putting value of x in (i1)

n(n—l)(iT:L N n(n—l)[ 9 ]_g

21 \4n) 4.8 2 l16n? ) 32
_ =D _15
32n 32

= 9(n—1)=;—;-32n = 9n-9=15n

www.mathcity.org
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= 9n-15n=9 = -6n=9 = n=—% = nz—%
Putting value of 7 in equation (ii1)
3 = |y 1
xX=- =——
_3 2
4(-3)
_3 _3 3
2 3
So (1+x)" =(1—%) ’ =(%j ’ =(2)2 :(\/5) =242 Answer
(iv) Do yourself as above
Question # 10
Use binomial theorem to show that 1+l+ I3 + I35 +..=2
4 4.8 4-8-12
Solution 1+l+1'3+ I35 +
4 4.8 4-8-12
Suppose the given series be identical with
(1+x)" =1+nx+ n(nz'_l)x2 +..
This implies
1 :
X == i, 1
2 (1)
rn=h . 13 (ii)
2! -8
From (i) nx = l = Xx= i (i11)
1 Dy
Putting value of x in (i1)
n(n-1( 1Y _13 n(n-1( 1 )_3
2! 4n -8 2 16n*) 32
=D _3 o h==321 = n-1=3n
32n 32 32
= n-3n=1 = -2n=1 = nz—%
Putting value of n in equation (iii)
1 1
X = 1 = | X= —E
_f
1
So  (I+x)" —(1——) (Ej _ =2
Hence 1+ l I35 =2 Proved

4 48 4812

www.mathcity.org
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3 2! 31 3

FSc-I/ Ex83-17

2 3
If y=l+E(§) +1.3'5(1) +..., then prove that y*+2y—-2=0.

. 1 1:3(1) 1:3.5(1Y
Solution  y=—+—|—| + ~ |+
3 213 31 \3

Adding 1 on both sides

1 1-3(1) 1.3-5(1Y
I+y=1l+—+—|—| + —| +
3 213 31 (3

Let the given series be identical with

(1+x)" =1+ nx+ rn=D oy
This implies
1 .
X = ittt 1
3 (1)
2
nn—d) e LY (i)
2! 21\ 3
: 1 1
From (1) AX=— = X=— .iiieeeerrnnnn. (111)
3 3n

Putting value of x in (i1)

e =56
21 \3n) 2113

2
N n(n—1) 12 zgl
2 On 29

n-1_1
18n 6
= n—1=3n = n-3n=1
1

= -2n=1 = |n=——
2

Putting value of 7 in equation (ii1)

= l ==
3(-3) 2) :
1
2 1) 2
So (I+x)"= — —
o+ ( J )
Thisimphes
1+y=\/§

On squaring both sides

www.mathcity.org
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2
(1+y)" =(3)

= 1+2y+y°=3 = 1+2y+y°-3=0
= ¥y +2y-2=0 Proved.

Question # 12
1 1.3 1 135 1
If 2y—? BN 24+T — +..., then prove that 4y* +4y-1=0.
. 1 1-3 1 1-3-5 1
Solution 2y—? AT §+

Adding 1 on both sides

1 13 1 135 1
1+2y=1+—+— —F+—— —+
22 21 2 31 2
Let the given series be identical with

(1+x)”=1+nx+n(n_1)x2+

This implies

TR
From (i) n=— = Xx=—

4 4n
Putting value of x in (i1)

nn=0( 1Y _1:3 1
21 \4n !

2! 2
N n(n—1) E i
2 16n° 2 16

n—1
= —
n

=3 = n-1=3n

= n-3n=1 = -2n=1 = |n=——

Putting value of n in equation (iii)

1 1
X=——- = |X=——=

)7

So
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FScl/ Ex83-19
This implies
1+2y=+2
On squaring both sides
2
(1+2y)2 =(\/§)
= 1+4y+4y> =4 = 1+4y+4y°-2=0
= 4y’ +4y-1=0 Proved
Question # 13

2 3
If y=z+£(z) +1'3.5(2J +..., then prove that y* +2y—4=0.

5 2'\5 31 \5
. 2 1-3(2Y 1:3-5(2Y
Solution y=—+—|—| + Z 4+
5 2'\5 31 \5

Adding 1 on both sides

2 1.3(2Y 1-3-5(2Y
1+y=1+§+—— + —| +

21\5 315
Let the given series be identical with

A+x) =14mes 207D 2y

This implies

2 .
e 1
5 (1)
2
ooy 132 .
2! 21\ 5
From (i) nx=z = x=l ............... (111)
5 S5n
Putting value of x in (i1)
nn= 2 ) _1-3(2Y
2! S5n 21\ 5
nin-1)( 4 _Ei
2 25n* ) 2\ 25
n—1
= —=3 = n—-1=3n = n-3n=1
n
1
= -2n=1 = |n=——
2
Putting value of 7 in equation (ii1)
xX= 2 = |x= 4
=TI =——
5(-3) :
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FSc-I/ Ex 8.3 - 20
1 _1
oo arar (12 (1)
5 5

This implies

1+y=\/§

On squaring both sides
(1) =(5)
= 1+2y+y’=5 = 1+2y+y°-5=0
= y’+2y—-4=0 Proved.
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