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Chapter 2.

2" year

Differentiation

Average rate of change
Let

f be areal valued function the (dif ference quotient)
Fle)—f(x)
Xq1—X

Derivative:
let f(x)be a function, then its derivative is denoted
by f’(x)or% and defined as;
, _ fx+6x) = f(x)
S = %

e The process of finding f is called differentiation.
Notation for Derivative:

For the functiony = f(x)

2 y+8y=f(x+6x)=>8y=f(x+6x)—f(x)
Where 8y is the increment of y(change in the valve of
y corresponding to 6x (increment of x)dividing (i)by
dx on both sides, we get

8y _ [x+6x)—f(x)
6x 5x
Taking limit on both sides as 6x — 0 we get

is called average rate of cahnge.

f(x+8x)— f(x)
2 lim 2 = |jm (80T ® ii
dx—0 596 &x—0 &x = (i)
lim & is denoted bv ™. so (idis writt dy _
Jim = is denoted by —, so (ii)is written as = f'(x)

dy . I .
Note: the symbol d—z is used for the derivative of y with
replace to x and here it is not a quotient of dy and dx is

also denoted by y’

*Different mathematician used symbols given below.
Leibniz % or% Newton f'(x)

Lagrange f'(x) Cauchy D(fx)

Finding f'(x) from definition of derivative:

Given a function

f, f(x)if it exist can be found by the following four
Steps.

Stepl. Find f(x + 6x)

Step2.Simplify f(x + 6x — f(x)

Step3. Divide f(x + 6x) — f(x)by &x to get FGx+6x)—f(x)

6x
And simplify it.
Step4. Find 11 Wthe method of finding
5x—o0

derivatives by this process is called differentiation by
definition or by from first principle.
Derivation of X whenn € Z
a) Lety =x™ whennis + ve integer.
2 y=x"->({),y+ 8y =(x+ 6x)" - (ii)
by(ii)—())=y+dy—y=(x+x)" —x"
2 0y =(x+dx)" —x"
Using binomial theorem, we have

(n—1)
2!
Dividing both side by dx

= 6x [nx"‘1 + x™2(6x) + -+ (6x)" — x"]

2 8y = [ n 4 a1, gy 4 MO D®2) 402 (82 4+ 4 (Sx) 1]

2!

= x"+nx"1l6x + mlz—)(nz)x"‘z. (6x)% +

e (8X)™L

5y ox (n—-1)
(n-1) . >N 7. n-2 n-1
5 6x[ + T (6x) + -+ (6x)
applying both sides by §x = 0
% _ im &y =D s n-
i = dim S [T A T TR e ()
dy N et n—-1
il +Tx )+ -+ (0)
)
dx
b)

Let y = x™ wheren is — ve integer.
let n = —m(m is + ve integer).then

1
y=x‘m=>y=x——>(i)

4 y+8y (x+6x)m (U)

by (i)—({)=>y+dy—y=

1 1
(x + 6x)m xm

5 = (x+ o)™ pinomial th
= = usin momia eorem
y x™M(x + 6x)™ 9
m— (x™+ mx™ 1. 6x + m—(ﬂé,_ 1) x™2,(6x)% + - + (6x)?
B x™(x + 6x)™
mxm—l
™ —x™ —mx™ L 6x — 51 x™ 2, (6x)% — - — (6x)?
B x™(x + 6x)™
—6x o mm-1) -

5_’}/ = m(mx 1 2 X2 (6}() + o+ (5}{) 1>
Dividing both sides by dx
Sy _ —6x 1 e m(m —1) . e
FrarT e (a) (mx B AT 2. (6x) + -+ (6x) 1)

Applying limitas x = 0

8y
lim — = lim

-1
8x—08x  6x—0 [xm(x + &)™ 2!

(mx'"_l + mn ~ 1) "2 (6x)

dy 1 m(m—1)
s <mx’"‘l + o xm72.(0) + -+ (0)™!

dy —mx™1

- = — _ m—-1-2m _— __ -m-1

m o mx mx

d d
= _dy = —-mx™1 or —dy =nx"1
x x

d _
So for we have proved thatd—i =nx™"1 nez

Note that % (x™) = nx" i s called power rule and
holdsifneQ—-Z
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Exercise 2.1 sy i1 %(% ~ 1) 8x
iyl T
Question # 1.
Find the definition, the derivatives w.r.t ' ' x of the d 1{1 1 (l — 1) (0)
following functions defined as: 2= lim e 22 2
_ glu : dx  8x-0 2X 21 x?
(i). 2x% +1
Solution. dy _ L3 (i)
Let y =2x2+1 - (i) dx 2x
y+ 8y =2(x + 6x)% + 1 - (ii) ﬂ:_lx%—l
by (id) — (i) 2,
Sy =2(x+6x) +1—y d_Z:_%X_E
_ 2 —9x2 _
dy = 2(x2+ 6x) ) +1-2x 12 by — —il Which is the required.
8y = 2(x? + 6x?% + 2x6x) — 2x dx 2x2
8y = 2x% + 26x? + 4x6x — 2x? (iii). —
2 Vx
0y = 26x° + 4x6x Solution
6y = 0x(26x + 4x) '1 1
Dividing both sides by &x lety=7=x2-()
sy 1
e = (26x + 4x) y + 8y = (x + 6x) 72 - (ii)
Taking limit when §x — 0 eq(ii) — eq(i)
oy 1
cslalcrlloa = (gcrilo(ZSx + 4x) 6y = (x + 8x) i -y )
d = 2—x 2
—y:2(0)+4x dy=(x+6x)2—x2
dx 1 1
dy dy=(x+0d0x)2z2—x"2
et A 1
dx - N N B!
Which is the required. Sy =x2 (1 + 7) —Xx 2
.2 1/ 1
(ii) 2_ Vx 1 1 6x —7(—5—1) 5x\ 2
Solution. Sy =x2 1——.—+—<—) + o | =x
2 x 2! X
Lety = 2 —/x - (i) L
o R A YA 1 5
y+.8.y— 2 .\/x+8x—> (i) §y:x_%+x_% _1ox, 2( 2 )(5_") o | = x2
eq(ii) —eq(i) x 2! x
Sy=2—-Vx+8x—y L 1 —1(—1—1)5
8y=2—VX+8X—2+\/§ 0y = x 26x _2_+%_§+
X ! X
8y = Vx — Vx + 8x
1 ) - .
Sy = X7 — (x + 6%)7 Dividing both sides by16x , ;ve have
S KPS AP (R
11/ 8w? %y _ .3 _1+M5_"+..
Oy = x2 — x2 (1 + ;) Sx 2x 2! x?
11 1 &x %(% - 1) 8x\2 Taking limit when §x — 0
0y = x2 —x2 1+—.—+—(—) + - 1/ 1
yxoooa 5y af 1 2=
lim —= lim x 2| ——+——F"—"—+
1/1 5x-08x  8x-0 2x 2! x?
1 1 11 8x 7(7 1)5x
Oy = X2 — X2 —x2 E'_+ T (—) + 1
SIS ay_ af 1,-3(2-)©
1 dx 2x 2! x?
_ o2 (1 3G 1)a
0y = —x20x| — + o0 X_Z d_y _ x_% (_i)
dx 2x
Dividing both sides by&x , we have dy 1 1
1/1 ax 2%
sy 11 g(z-1)sx dy 1 3
—_—=-x2| —4—=— 4 ... A
5x 2X 21 x2 dx 2%
Taking limit when 6x — 0 Q - _i
dx 3
2x2
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Which is the required.
1
(iv) =
Solution.
Lety = x—13= x73 - (D)
y+8y = (x+6x)73 - (ii)
eq(it) — eq(i)
Sy= (x+6x)3 -y
Sy = (x+6x)3—x73

o)
Sy = x3(1+ %)_3 —x73

Sy = x73((1 + i—x)_3 -1

S0 2-3(1 36x+—3(—3— 1) (6x)2 N .
y=x( X 2! X )
36x —3(—3—1) /6x\*
5 — -3 _ (_)
y=x < X + 2! X + >
3 —3(-3-1)6x
= x 38y =242 > T
oy = x 6x< X + o0 2 + >

Dividing both sides by 6x , we have

oy of 3 —3(-3-1)bx
o~ (‘}*Tx—ﬁ“'
Taking limit when §x — 0

3<_§+M5_x+“.>

lim 4 = lim x~

§x-00x  6x-0 X 2! x2
dy 3 3 =3(-3-1)(0)
ax = * (‘}*Tx—ﬁ'“
dy 3
dx | x1+3
dy 3
dx ~ x*
Which is the required.
1
(v). —
Solution.
lety = —=(x —a)~ > (i)

xX—a -
y+68y= (x+6x—a) ! - (i)
eq(it) —eq(d)
y= (x+6x—a)3-y
dy=(x—a+éx)1—-(x—a)?

Sdy= (x—a) 11+ o Yy l—(x—a)?t

X —Qa
Sy = (x=a)y (L + -1 - 1)

X —Qa X
ox +—1(—1—1)( ox )

oy = (x_a)_l(l_x—a 2! x—a T D
L b6x  —1(-1-1)/ bx \*
oy=(~a) <_x—a+ 2! (x—a) +)
B 1 -1(-1-1) 6x
5y = (x—a) 16x<—x_a+ T (x—a)2+m>

Dividing both sides by 6x , we have

6y_ 1 1 -1(-1-1) o6x

sx x-a) <_x—a+ 2! (x—a)2+m>
Taking limit when 6x — 0

1) 1 -1(-1-1 ox
gaicrlloéz g;icrllo(x_a)_l <_x—a ( 2! )(x—a)2+m)
dy B 1 -1(-1-1) (0)
EZ("_“) 1<_x—a+ 2! (x—a)2+m>
dy 1
dx (x — )+t
dy 1
dx  (x —a)?

Which is the required.
(vi). x(x = 3)
Solution.

lety = x(x —3) = x? — 3x

y+ 8y = (x + 6x)% — 3(x + 6x)

8y = (x+6x)2 —3x—36x—y

8y = x% + 6x? + 2x6x — 3x — 36x — x? + 3x
8y = 6x? + 2x6x — 36x

8y = 6x(6x + 2x — 3)

Dividing both sides by dx , we have

8y

i (6x + 2x —3)

Taking limit when éx — 0

. Oy .
Ao = (O + 20 = 3)

Y 04223
2~ (O +2x—3)

—~ =2x-3
dx x

Which is the required.
o 2

(vii) o

Solution:

Lety = % =2x"* - (D)

y+ 8y = 2(x + 6x)™* - (ii)

e(ii) —e(i)

Sy = 2(x+6x)"*—y

8y = 2(x + 6x)~* —2x~*

ox
5y = x"*(1+ 7)‘4 —2x*

ox
Sy = 2x~*((1 + 7)‘4 -1

_ 46x —4(—4—1) /6x\*
Sy = 2x7*(1— . + (_) 4= 1)

2! X
46x —4(—4—1) /6x\*
— -4 _ -
0y =2x ( x + 2! (x) + )
4 —4(—4-1)6x
— -4
oy = 2x 6x<_;+TF+ )

Dividing both sides by 6x , we have

Sy 4 —4(—4-1)6x
=2 -4 _ _ -
Sx x ( * 2! w2t
Taking limit when §x — 0

lim Q= lim 2x~ 4| ——+ .
6x—00X 85x—0 X 2! x2

D _ i <_f+—4<—4—1>@+...>

4 —4(—4—1)6_x+ )

dx X 2! x2
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dy 8

az_m
dy 8
dx x5

Which is the required.
1
(viil). (x +4)3
Solution.
1
Lety = (x +4)3 = (i)
1
y+6y = (x+5x+4)3 - (ii)
eq(ii) — eq(i)
1
dy=(x+ox+4)3—-y
1 1
y=(x+4+6x)3—(x+4)3
1

5 1 5x \3 1
= 3 R — 3
y=(x+4) (1+x+4) (x+4)

Sy = 4% 1 1 ox %(%_1) 5x \* 1

y=G+4 HER T T (x+4) S
o1 e 3G1) ey

Sy=(@x+4)3(1+-. + ( ) +ee—1

3 x+4 2! x+4
1/1
8y = (x + 435 & +§(§_1) %
y=W 3 %x+4 21 (x + 4)2

Dividing both sides by 6x , we have

1,1
8y if1 1 §(§—1) 5x
—_ = 31 —.

R CRR) e St

Taking limit when 6x — 0

by 11
lim — = (}LTo(x+4)3 <§x

5x-0 5x +4 21 (x + 4)2 %
1/1
dy 11 3G3-1) o
—_— = 4 31 —. .
dx (x+4) 3x+4+ 2! (x+4)2+
dy 1 1
- = 4)3, ——— —
dx (x+4) 3(x+4)
dy 1
=
X 30x+4)'73
dy 1
=
aX  3(x+4)3
Which is the required.
3
(ix).xz
Solution.

Lety = xg - (i)
3
y+ 6y = (x + 6x)2 - (ii)
eq(ii) — eq(i)
3
by=(x+6x)2—y

|w

3
0y = (x +6x)2 — x2

x
373
Sy =x2| 142 8x+§(7_1)(6x)2 2
y=x 2" x 21 \x *
3/3
sy =i et (22 20 oy
YEXETIN 2 2l \x *
373
3 3(z-1)ex
8y =x28x| —+ TR
Dividing both sides by 6x , we have
3/3
Y +7(§‘1)5x+
ox T\ 2x 2 x?
Taking limit when éx — 0
3/3
po 8y 33 2(z-1)ex
imodx a0\ Xt 21 et
3
av_ 33 3G-10
dx 2x 2! x?2
dy %(3)
dx_x 2x
dy 3 %_1
dx_Zx
dy 3 %
dx 2
Which is the required.
5
(x).x2
Solution.
5
Lety = x2 = (i)
5
v+ 0y = (x + 6x)2 — (ii)
5
dy=(x+6x)z2—y
5 5
6y = (x + 6x)2 — x2
5
5 6x\z2 5
6y=x2<1+7) — x2
5
SO P00 1 k) T
y=x 2" x 21 \x *
5/(5
Sy = x3 +x2| > 6x+7(§_1)(6x)2
yEXTTXN 2% 21 \x *
5/(5
PN S +§(§‘1)5x
Y= X0 0% 21 x?

Dividing both sides by dx , we have
5
o _ 3

5/5
_ 5[5 +7(§‘1)6x+
Sx_x 2x 2! x2
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Taking limit when 6x — 0

lim _y_ lim x

§x—00x 5x—0 2x 2 2! x_2
5

av_ 55 3G-)©

dx 2x 2! x2

dy ;(5)

dx_x 2x

dy 5 5,

—Z =Zx2

dx 2x

dy 5 %

dx 2%

Which is the required.
(xi).x™ ,meN

Solution.

Lety = x™ = (i)

y+38y = (x4 5x)™ - (ii)
eq(ii) — eq()

dy= (x+x)" —y

oy = (x+x)™ —x™

ox
Sy = x"(1+ ?)m -

ox
oy = x™((1 + 7)7" -1

ox N m(m—1) (5_x)2

Sy = x™m(1+ =
Y= 21 \x
2
_om méx m(m—1) (8_x)
oy = x < = + o0 o +
m(m —1) 6x
oy = xm6x<x —r 2 )

Dividing both sides by §x , we have

oy m m(m-—1)8x

ax - <x H TR
Taking limit when 6x — 0

y y I m m(m-—1)6x
Xm0 0% Sicrllox PR TR

d_y:xm<E+M@+...>

dx x 2! x2
dy m-1
a = mx

Which is the required.

(xii). xim ,meN

Solution.

Lety =x™ - (i)

y+6y = (x+x) ™™ - (ii)
eq(ii) — eq(i)

dy= (x+6x)™" —y
dy=(x+x) ™™ —x"m

ox
Sy=x""TA1+—)M—-x"
X -m

6y = x‘m(<1 + i—x) -1)

_|_..._1)

+>

_ —méx —m(—m—1) /6x\*
Sy =x""(1+ + (_> 4+ —1)
2! x
P— —méx N —m(—m—1) ((Sx)Z N
y=x x 2! x
Sv = x-Mg —m+—m( m—1)6x+
y=2 S 2! x?

Dividing both sides by éx , we have

6y _m[—m  —m(-m—1)dx
ox " <7 2 e
Taking limit when éx — 0

) - -m(—m—1)6
lim Y lim x m<_m+—m( m )_x+ >

5x->00x  6x-0 X 2! x2
dy x_m<j+—m( m-1© . )

dx X 2! x2

dy m

dx - xltm

dy m

dx  xmtl

Which is the required.

(xiii).x*0

Solution.

Lety = x%° > (i)

y+68y = (x + 6x)*° - (ii)
eq(ii) —eq()

Sy = (x+6x)*0 —y

Sy = (x + 6x)*0 — x40

5
5}/ — x40(1 + %)40 _ x40
5
6y = x*((1+=)% — 1)
406x . 40(40 — 1) (5x)2
X

— .40 -
dy = x*°(1+ o0 . + 1)
4086x  40(40 — 1) /6x\?

— .40 -

Oy = x ( X + 2! (x) + >
40 40(40 — 1) 6x

— 40 Z ..

6y = x 6x<x o0 = + - )

Dividing both sides by dx , we have

5y 40 40(40 —1)6x

S5x x* <x 2! x2 e >
Taking limit when éx — 0

(40 . 40(40 — 1) x .. )

lim 4 = lim x

5x—=00X 5x—0 X 2! x2
d 40 40(40—-1)(0
4y _ a0 (40 40G0-D©
dx x 2! x2
dy
= — 4Qx40-1
dx x
dy
— = 40x3°
dx x
Which is the required.
(xiv).x~100
Solution.

Lety = x 100 5 (i)
y+ 6y = (x+8x)710 > (iD)
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8y = (x+ 6x)7100 —y
8y = (x + 6x)7100 — x~100
Sx

;

+>

Sv = x—100(1 4 —)=100 _ ,,~100
y=x 1+ x) x
Sy ~100
Sy = x—1°°((1 + 7) —1
—1006x —100(—100—1) /6x
Sv = x—100(1 (_
V=X 1+ + 2 X
4= 1)
2
Sy = x~100 —1006x —100(—100—-1) (6_x)
X 2! X
B —100 —100(—100-—1) é6x
5y= x 100536( + 5 x_2+>

Dividing both sides by 6x , we have
o —100 —-100(—100—1) 6x
Sy _ x( L 2100 >F+...>

ox x 2!
Taking limit when §x — 0

1) —100
lim Y lim x‘1°°< +
§x-00X  6x-0 X

—100(—100 — 1) 6x
2! x2
—100 —100(—100 — 1) &x )
+ _+ ces
2! x2

8y = x1006x (

Dividing both sides bydx , we have

8y 100 {100 —100(—100 — 1) 6x
ox " x T 2! z
Taking limit when 6x — 0

1) —-100 —-100(—100—1)éx
lim oY = Jim x~100 + ( ) ox
§x—-0O0x §x—0 X 2! x2
dy 100 (100 —100(—100 — 1) (0)
ax x 21 o
dy 100
dx | xiti00
dy 100
dx %101

Which is the required.
Q2. Find % froom first principal if

(i) Vx + 2

Solution.

lety = (x + 2)z - (i)
y+oy= (x+5x+2)%—>(ii)
oy = (x+6x+2)%—y

oy = (x+2+6x)%—(x+2)%

1 Ox % 1
5y=(x+2)§(1+m) —(X-I‘Z)E

1 ox %
6y=(x+2)2((1+x+2 ~1)

Sy = 211 1 6x %(%_1) ox
y=b+ 2t ooyt T ( )+
1 /1
1 1 77—1) 5x
G+ 2
Dividing both sides by dx , we have

1
8y = (x + 2)26x(

+>

+)

oy =(x+ 2)%(1

5x v 2 (x+2)2+")
Taking limit when éx — 0
by 11 %(%_1) 8x
g}crgoa_ g}clllo(x+2)2(i(x+2)+ 21 (x + 2)2 +)
1/1
dy 111 571
o I TR oo Rl
dy 11 1
— = (x+2)2=
PG Y oy
dy 1
X o(x +2)12
dy 1
s E——
ax 5 x+2)2
Which is the required.
o 1
(ii). x+a
Solution.
Lety=(x+a)_%—>(i)
1
y+ 38y = (x+6x +a) 2 - (ii)
1
dy=((x+6x+2)2—-y
1 1
dy=x+a+6x)2—(x+a)2
5 _1 1 ox _% 1
= 2 _ — 2
y=((x+a) ( +x+a) (x+a)
1 X\
= 2 1 _1
_ 1 1 6x _7(_7_1) 5x \?
Sy=x+a) 2(1_E(x+a)+ 5 <x+a) +om1)
1/ 1
_ a1 1 —7(0371) e
sy =(x+a) 26x(—5(x+a)+ 5 (x+a)2+m)
Dividing both sides by §x , we have
Sy 1 1 30371 &
a—(x+a) (_2(x+a) 5 i o )
Taking limit when 6x —» 0
. by 211 —%(—%—1) 5x
égcrllog_ékrllo(x_l—a) Z(_E(x+al)+ 2! (x+a)? )
1/ 1
d—y:(x+a)_i(—1 ! _E(_E_l) © )
dx 2(x+a) 2! (x + a)?
dy 1 1
E_(’”’a) (_E(x+a)>
dy_ 1
a__z 1+
(x+a)z
y___ 1
dx 2(x+a)%

Which is the required.
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Differentiation of expression of the types.

1
n —
(ax + b)" and Zerrsll 1,2,3

Exercise 2.2

Question # 1
Find from first principles, the derivatives of the following
expansions w.r.t. their respective independent variables:
(i) (ax + b)3
Solution.
Lety = (ax + b)3 - (i)
y + 8y = (a(x + 6x) + b)3 - (ii)
eq(ii) —eq(i)
8y = (ax + adx + b)3 —y

8y = ((ax + b) + adx)3® — (ax + b)3
3

adx ) — (ax + b)3

6y=(ax+b)3(1+m

3

adx
6)/ = (CI.X + b)3(<1 + m) - 1)

3 adx +3(3—1)( adx >2+ 1
(ax +b) 2! ax+b )
3a 33—1) a%6x

8y = (ax +b)3(1 +

— 3
8y = (ax +b) 6x((ax +b) + 2! (ax + b)? )
Dividing both sides by 6x
Sy ,, 3a 33—1) a%bx
E_(““b) ((ax+b)+ 2! (ax+b)2+ )

Taking limit when §x — 0
3a 33—1) a?6x
((ax+b) + 2! (ax + b)? )
3a 33-1) a?(
FECRE IR O RS
(ax + b) 2! (ax + b)?

by 3
Jim 3 = Jim,(ax + b)

_ (ax + b)3(
X

ay _ 2
dx—3a(ax+b)

Which is the required.
(ii) (2x + 3)°

Solution.

Lety = (2x + 3)° - (i)

y + 8y = (2(x + 6x) + 3)° - (ii)

eq(ii) — eq(i)

Sy =(0R2x+28x+3)°—y

8y = ((2x 4+ 3) + 26x)° — (2x + 3)°

26x \°

6)1 = (2x+ 3)5 <1 +m) - (ZX + 3)5

5 26x \°
6y=(2x+3) ((1+m) —1)

52)6x 5(5B-1)/ 26x \2

(2x + 3) 2! <2x+3) =D
5(2) 5(5—1) 2%6x 4

2x + 3) 21 (2x+3)?

Dividing both sides by 6x

5y =Qx+3)°(1+

8y = (2x + 3)56x((

Sy . 52 5(5-1) 226x
o~ I Gt
Taking limit when éx — 0

5(2) 5(5-1) 225
Sereey 20 (x+32

T

1)
lim 2 lim (2x + 3)°
5x—-0

5x—-0 Ox

dy 512) 5(5-1) 22%0)

dx (2x+3)5((2x+3) TR TN
dy 5(2)

ax - 3)5((2x T3

dy _

= 10(2x + 3)571

dy _ 10(2x + 3)*

dx
Which is the required.

(iii)  (3t+2)72
Solution.
Lety = (3t +2)72 > (i)
y+ 8y = (3(t+ 6t) +2)72 — (iD)
eq(ii) —eq()
5y =@Bt+36t+2)%—y
5y =((Bt+2)+36t) 2 —(3t+2)2
36t \ 2

(3t + 2)) —Gr+2)7

85y = (3t +2)7? (1 +

-2
85y = (3t + 2)—2(<1 + 30t ) -1)

(Bt+2)

\, ~ —2(3)86t —2(=2-1)7 36t \2

8y = Bt+ 2070+ 75 2! (3t+2) toem D
_ 23) -2(-2-1) 36t

— 2 _
Oy = B+ DGy 2 Gir2e '
Dividing both sides by &t
Sy L, 2B3) | -2(-2-1) 36t
PR A G Yoty s S TR C TN ) AL
Taking limit when 6t — 0
&y L, 2B3) | —2(-2-1) 36t
dm e = Am G+ DTGy 2 Geeze )
dy L, 23 -2(-2-1) 3(0)
a = GG 2 Grr )
dy 2(3)
— =@t+2)72(-
dt (Bt +2)7( (3t+2))
dy 6
dt  (3t+2)1+2
dy 6

dt  (3t+2)3
Which is the required.
(iv) (ax + b)~5
Solution.
Lety = (ax + b)™° - (i)
y + 8y = (a(x + 6x) + b)™> - (ii)
eq(ii) — eq(i)
5y =(ax +adx +b) > —y

5y = ((ax + b) + adx)™> — (ax + b)~°
-5

B adx _
5y=(ax+b) 5<1+m> —(ax+b) 5
B adx \7°

5}/ = (ax + b) 5((1 + m) - 1)
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5 adx —5(—5—1)( adx )2

5y=(ax+b)_5(1_(ax+b)+ 2! ax+b =D
P )58 S5a —-5(-5—-1) a?6x
y = (ax +b) x(_(ax+b)+ 2! (ax+b)2+m)
Dividing both sides by 6x
5y b5 5a —5(=5—-1) a?%6x
5_(ax+ ) (_(ax+b)+ 2! (ax+b)2+m)
Taking limit when §x — 0
.6y . B S5a —5(-5—1) a?8x
(sli’l‘oa - grllo(ax +H7(= (ax + b) * 2! (ax + b)? o)
dy . 5a —-5(=5—1) a?(0)
E_(ax”) (_(ax+b)+ 2! (ax + b)? )
— (ax+b)"" 5a
dx ax ( (ax + b))
dy 5a
dx  (ax + b)1*5
dy 5a
dx  (ax+ b)®
Which is the required.
_r
(v) (az-b)7
Solution.
Lety = (az — b)™7 - (i)
y + 68y = (a(z + 8z) — b)~7 - (ii)
eq(ii) —eq(i)
8y =(az+abz—b)""—y
8y = ((az — b) + adz)™7 — (az — b)~’
-7
_ adz ) 7
= — 14——3) = _
6y = (az —b) ( + (@x —b) (az — b)
6y = (az—b)7((1+ adz )_7 1
y=laz ( (az — b) )
B B 7 adz —7(=7=1) 7 abdz \*
8y = (az—=b) 7(1_((12 b)+ 2! (az—b) oD

7a -7(=7—-1) a?6z

8y = (az — b)776z(— @z )+ 50 (az—b)2+m)
D|V|d|ng both sides by 52
-7 7a -7(=7-1) a?6z
5, = (@2 =" Cant T 2 @one?

Taking limit when 6z — 0

Sy 7a -7(=7-1) a?sz
A vy s I TR oy S
+ )
dy . 7a =7(=7-1) d*(0)
dz - (aZ b) ( (az _ b) + 21 (az _ b)Z
dy _7 7a
= (az—b)~"(— m)
dy B 7a
dz  (az — b)*7
dy 7a

dz (az — b)8
Which is the required.

Theorems on Differentiation:
We have, so far proved the following two formulas;

d
LE(C) =0

i.e derivative of constant function is zero.

2. & (x™) = nx™1
dx
power rule when constant function is zero.
3. Derivative of y = ¢f (x) i. eZ—i} = cf'(x)
Proof:
y=cf(x) =@ y+8y=cf(x+bx) - (ii)
by (i) — ()= y+8y—y=cf(x+x)—cf(x)
=38y =c(f(x + 8x) — f)x)
Dividing by dx and take limit ox -0
&y
= lim (a) = 6111306—[c(f(x + 6x) — f(x)]

5x—0
dy '
o= of ()
Reciprocal Rule:

If f(x) is differentiable at x and g(x) # 0 then— ( )

1) A
[

d
isdif ferentiable at x and — ( —_
/7 @) = P

Exercise 2.3

Differentiate w.r.t "x
Question # 1. x* + 2x3 + x?
Solution.

Lety = x* + 2x3 + x2
Differentiate w.r.t x

dy d
%=a(x4+2x3+x2)

dy d , _d

-~ = 2 — 3 2
dx PR PR
dz—4x41+23x31+2x21
d

—y=4x3+6x2+2x
dx

Which is required.

3
Question#2.x 3 +2x7 2+ 3
Solution.
3
lety =x"3+2x"2+3
Differentiate w.r.t x

d d 3
% = a(x‘3 +2x 2+ 3)
dy_d__, ,d 3 d
a dx + Zd—x 2+ —(3)
d 3 _3
% =—3x371- Z.Ex_f_ +0
d 5
dic/ —3x™*—-3x"2
dy 1 1
ax- 3 (x— * _§>

X2

Which is required.

3
Question#3. x 3 +2x 2+ 3

Solution.
Lety = a+x

a—x
Differentiate w.r.t x
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dy d (a+x)

dx  dx\a—x

dy (a—x);—x(a+x)—(a+x)§—x(a—x)
dx (a — x)?

dy (a=x)1) - (a+x)(=1)

dx (a—x)2

dy a—x+a+x
dx (a—x)2
dy  2a

dx  (a-x)?
Which is required.

2x-3
ion#4.
Questio 1

Solution.

2x-3

2x+1
Differentiate w.r.t x
dy d (2x-3
dx dx(Zx—Fl)

Lety =

dy (2x + 1)C§l—x(2x—3)— (2x—3);—x(2x+1)

dx (2x + 1)?
dy (Qx+1)(2)—(2x-3)(2)
dx (2x + 1)2

dy 2(2x+1-2x+3)

dx (2x + 1)2

dy — 2(4)

dx ~ (2x + 1)?

dy 8

dx  (2x + 1)?

Which is required.
Question#5. (x — 5)(3 — x)
Solution.

Lety =(x—5)(3—x)
Differentiate w.r.t x

dy_d( 5\(3 )
Z"_ddx (x —5)@B—x)

Y 2

AR —x2 -1

gx ddx(3x x 5+ 5x)
Y 2

= (- -1

I dx( x“ + 8x 5)
YL ygl 4 s
dx dxx dxx dx( )
AN I 4 s
dx dxx dxx dx( )
dy

—=—-2x+8+0

Zx

y—_

dx 2x+ 8

Which is required.

112
Question#5. (\/E - ﬁ)
Solution.

17\2
ety = (V¥ - )
Differentiate w.r.t x

dy d (\/_ 1)2

dx  dx Vx

dy d 2 132 1
a—a((\/}) +(ﬁ) —Z(ﬁ)(ﬁ)>
dy_d( 1 2)

dx dx\* Tx

d d

%zd—(x+x_1—2)

dy d d _|

Z;- EZ;x:4-Z;_x —'Z;—(Z)
£=1—x‘2—0

dy 1

dx x?2

dy x*-1

dx  x2?

Which is required.

(1+\/§)(x—x%)

Question#7. Tx

Solution.

(1+V§)<x—x%)
lety = ———2

& 1
(1+=)x(1-x2)
y= 7
\ x(l—(\/})z)
¥ =
y = Vx(1—x)
y = Vx—xvJx
y =:x% —-x%

Differentiate w.r.t x
dy d 1 3

- =— (xZ2—x2
dx dx (¥2 = x2)
dy d % d %
dx dxx dxx
dy 1 _% 3 %
ax 27 "7 2%
dy 1 1
L =_(—-3
dy 11-3x
dx~ 2¢ NE )
Which is required.
(x2+1)2
Question#8. “—;
x4-1
Solution.
_ (x2+1)2
lety = TR

Differentiate w.r.t x
dy d (x*+1)°
dx  dx - x2-1

)

dy (=12 (@2 41D — (2 + 1) g (2 = 1)

dx (x2 —1)?

dy (7 = DO+ 1)) g (2 + 1) - (7 + 1D (20)

dx (x2 — 1)2
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dy (x*—1)(2x*+ 1DH(2x) — (x* + 1)?(2x)
dx (x2 — 1)2
dy 2x(x*+1)Q(x*-1)—-x%2-1)
dx (x2 —1)2
dy 2x(x*+1)(2x>-2-x*-1)
dx (x2 —1)2
dy 2x(x? 4+ 1))(x? - 3)
dx (x2 —1)2
Which is required.

+1

-3

Solution.
Lety = %
Differentiate w.r.t x
dy d x*+1
ax T3
dy _ (x2 - 3)(id_x(x2 +1)— (x2+ 1);—x(x2 -3)
dx (x2 —3)2
dy (x*—3)(2x) — (x* + 1)(2x)
dx (x2 — 3)2
dy 2x((x*-3)—(x*+1))
dx (x2 — 3)2
dy 2x(x*—-3-x*-1)
dx (x2 - 3)2
dy  2x(—4)
dx  (x2 - 3)2
dy  —8x
dx  (x2 —3)2
Which is required.
Question#10. g

Solution.

Lety =

Vi—x  A1-x

1-x

1
vitx _ [1+x _ (1+x)§

Differentiate w.r.t x

dy
dx
dy
dx
dy
dx

i

dy _

1
ddx ( (1 t i)z)

_1 1+ x _%d 1+x
_E(l—x) E 1—x)
1oz (=040 -1 +0E0-D)
1+x) (1 —x)2
1
1—-x\2/1—x+1+x
<1+x)( (1 —x)2 )
1
2
_<+ ((1—x)2)
1
(1-— x)2‘7(1 + %)z

dx

dy 1
dx

3 1
(1-2)2(1+x)2
Which is required.

2x-1

ion # 11.
Question N
Solution.

_ 2x—-1
lety = e
Differentiate w.r.t x
dy d 2x—1
dx dx %2 + 1)
gy (D) E@x-1-@x-DE T
dx (xT+ 1)

1
2+1)2) - (2x— 1) ——=(2

ay (FFD@ - Cx-Dmm 20
dx x?+1
dy (x*+1)(2) - Qx-1Dx)

1
dx (2 + 1)(x2 + 1)2

dy 2x*+2-2x"+x

= 1
dx (xz + 1)1+E
dy x+2
==
X (x4 1)2
Which is required.

. va—x
Question # 12, Jarx
Solution.

va—x a—Xx
Lety = = [—

a+x a+x
Differentiate w.r.t x
dy d a—x
dx  dx Na+x
dy 1(a—x)‘% d a—x
dx 2\a+x dx a+x)
d d
dy 1 (a+xnz(@+0)gz@—x-@-xg @+
a_z(a—x) (a + x)?
1

dy 1 (a + x)i (a+x)(-1)—(a—x)(1)

x 2\a—x (a + x)?

1

d _ 1 (a+x)§(—a—x—a+x>

dx 2 \a—x (a+ x)?

dy 1 —2a

o 5 1 1

dx 2 (a+x)*"2(a—x)2

dy —-a

dx

3 1
(a+x)2(a—x)2
Which is required.

. NEZES |
uestion # 13.
Q VxZ-1
Solution.

WRITTEN BY AMIR SHEHZAD (03434443214)



Vx2+1 _ [x2+1
Vxz—1
Differentiate w.r.t x

Lety =

dy _d x?+1
dx  dx x2 -1

1
dy 1(x*+1\2d (x*+1
dx  2\x2-1 dx\x%2 -1

2
dy 1 (x2-1\2 - D) -2+ D)L -1
d__i<x2+1> (xZ —1)?

dy 1 (x*-1\2((x*-1)(2x) - (x*+1)(2x)
_x_§<x2+1> < (x2—1)2 )
dy 1 (x*-1\2(2x(x*-1-x%>-1)
_x_§<x2+1>< (x2 — 1)2 )

dy 1 (x*-1 2 2x(=2)

dx 2 <x2 + 1) ((x2 - 1)2)

d_y _ x(—=2)

A\ (2 - 1)22(x2 + 1)2

dy —2x

dx 3
dx (x2 —1)2yx2 +1

Which is required.

. V1i+x—vV1-x
Questlon #14. m
Solution.

Let y = Vi+x—y1—-x
V1i+x+y1l—x

Vi+x—vV1i—x V1+x—-+V1—x

y_\/1+x+\/1—x'\/1+x—\/1—x
3 (\/1+x—\/1—x)2

(VT+x) - (VT=x)°
_(\/1+x)2+(\/1—x)2—2(\/1+x)(\/1—x)

(\/1+x)2—(\/1—x)2
_1+x+1—x—2v1—x2
Y= 14+x—1+x
_2—2\/1—)(2
= 2x
B 1—x2
= x
Differentiate w.r.t x
dy d 1- —x2
dx dx °  x
dy xa(l—\/l—xz)—(l—\/l—xz)éi—xx
dx x2
—2x ) —
—_ | — 1_ 1_ 2

d_y:x< i) ¢ *)
dx x2
dy x*>—v1-—x?+1—x?
dx x2V1 — x?

|

dy 1- \/1 x?2
dx \/1 x

Which is required
a+t+x

Question # 15. J_x

Solution.

xa+x _ atx

va—x =X a—x
Differentiate w.r.t x

Lety =

dy d a+x

dx  dx a—x)

dy a+xd a+x

dx xa() dx a—

dy a+x a+x zd a+x

dx a—x+x2(a—x> dx ‘a—x

dy

dx

_ a+x+x3€—xf(m—xxn—wa+@0ﬂv
a—x ~2\a+x (a —x)?

dy a+x l(a—x)%<a—x+a+x>

dx a—x “2\atx (a —x)?
dy a+x 1a—x% 2a
=
dx a—x 2\a+x/ \(a—x)
d a+x ax

dy _ .

dx a—x

(a—02((a+7)?
d_y_(a+x)(a—x)+ax

3 1
dx (a—x)2(a+x)2
dy a*-x*+ax
dx

3 1
(a—x)2(a+ x)2
Which is required.

Question # 16. If y = \/x — — , Show that 2x— +

y = 2/x.
Solution.
i — _ 1
Sincey = /x =
1 1

y = x2 —x 2
Differentiating w.r.t

o II

—_ = = 2 — 2
dx 2% 2 To¥
Multiplying by 2X both sides
2 dy =2 2 + ! ;
xdx x( x Zx )
dy 1 1
2x —=x2+x 2
dx
Adding u on both sides, we have
dy 1 1
2x—+y=x2+x2+
xdx y=x x y
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y 1 11 1
2xa+y=x2+x 2+x2—x 2
dy _ 1
2x§+y—2x2
y
2x— =2
Xty NE

Hence Proved.

Question #17. If y = x* + 2x% +

2 then prove that % =4x,/y — 1.
Solution.

Sincey = x* + 2x2% + 2

Dif ferentiate w.r.t.”x”

d
% = 4x3 + 4x
d

Y _ 4x(x* +1)

dx

d

% = 4x/ (x? + 1)?

d

A 4x/x* 4+ 2x%2 + 1
dx

d

dx

y=4x\/x4+2x2+2—1

d

d—i =4x,/y—1
Hence Proved. Which is require
The Chain Rule:

if y = (fog)(x)ory = f(g(x))let u = g(x)then
Cdy du

y = f(x)and u = g(x) sowe flnda anda then

@y _ 4y dU o called chain rul

Tx— dudx is called chain rule.

Derivative of a function given in the form of parametric

equation.

Differentiation of implicit Relations:

cy=xt+2x2+1

Exercise 2.4

Question # 1.
Find % by making the suitable substitution in the

following functions defined as:
Differentiate the following w.r.t “x”.
: I
(I) Y= 1+x
Solution.
1-x

Given y = Tox

1-x
Putu =—
14x

Soy =+vu

y = uz2
Differentiate “u” w.r.t. x

du_ d (1—x)
dx  dx\1+x

d d
d_u=(1 +x)ﬁ(1—x)—(1—x)a(1+x)
dx (1+x)?

du (1+x)(-1)—(1-x) (1)

dx (1+ x)?
du —-1-x—1+4x
dx (1+x)?
du -2
dx (14 x)?
Now differentiate y w.r.t. u
dy d %
du_duu
dy 1 _%
du 2
1
dy_l(l—x>_i
du 2\1+x
1
dy_1<1+x>i
du 2\1-x
Now by chain rule
dy dy du
dx  du dx
1
dy_1(1+x)5 -2
dx 2\1—-x/ "(1+x)2
dy -1

T 1 1
X )21+ 2)* 2
dy -1

dx 3
V1i—x(1+x)2
Which is required.

(ii) y=vx+x

Solution.
Given y =+x + Vx
Putu = x +/x
Soy =+u
1
y= uz
Dif ferentiate “u” w.r.t. x
du d
a = a(x + \/E)
du 14 1 —71
dx 2 X
du 14 1
dx 2\x
du 2Vx+1
dx  2vJx
Now differentiate y w.r.t. u
dy d %
du duu
dy 1 _%
du Zu
dy 1 1
A 2
du 2 (x + \/;)
dy 1
du 2 x +vx
Now by chain rule
dy dy du
dx dudx
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dy 1 2Vl dy  ax+(a+x)(a-x)
A ) = 1 1
dx 2 x+x 2Vx dx (a+x)2(a—x)(a—x)2
dy 2Vx +1 dy ax + a? — x?
= = T 1 3
dx  gx.Jx +Vx dx (a +x)2(a —x)2
Which is required. Which is required.
(iv) y =(3x* —2x + 7)6
(iii) y=x arx Solution.
a—x . _ 2 _ 6
Solution. Given y = 2(3x 2x+7)
Putu=3x“—-2x+7
Given y = x /g Soy =u®
a+x Differentiate “u” w.r.t . x
Putu =—
a-—x du d 2
Soy = xvu E=a(3x —2x+7)
1 du
y=x.u2 d—=3(2x)—2(1)+0
Dif ferentiate “u” w.r.t." x" X du
du d(a+x)du d—=6x—2
et - X
dx dx ad_ x/ dx d Now differentiate y w.r.t. u
_(a—x)a(a+x)—(a+x)a(a—x) d_y:iu6
B (a —x)? du du
du _(a=x)(1)—(@+x) (-1) Y _ s
dx (a—x)2 d du
du _a-x+a+x £=6(3x2—2x+7)5
- — )2
dx (a—x) Now by chain rule
du 2a
R — dy dy du
dx (a—x)? — =
) . dx du dx
Now differentiate y w.r.t. x dy
dy d/ 1 — =6(3x%—-2x+7)%.(6x —2)
DG —(xuf) dx
du du dy ) s
dy d /1 1d —=123x—-1)(3x* - 2x+7)
—:x—<u2)+u2—(x) dx
du d u Which is required.
dy 1 _% du 4 %(1) T,
— = x. - - a’?+x
du” C2t tax T (v) }’:1’@
dy - ‘% du + % Solution
du_ 2% T TH ) —
Now Using Above values Given y = |2
1 1 a?-x?
) 95 2 2
d_y:x.l<a+x) 2. 2a (a+x)z Putu=az—+x2
dx 2\a —x (a—x)2 a—x at-x
1 1 Soy =+u
dy ax (a—x)2 (a+x)2 1
a = 1 + 1 y = Uu2
(@a+x)2(a-x)* (a—x)2 Dif ferentiate “u” w.r.t. x
) du d (a®+x?
dy ax (a + x)2 dx  dx\a? —x2
dx - 1 1t 1 2 nd 2 2 2 4 2 2
dx (a? — x2)2
dy ax (a+ x)% du _ (a® = x?)(2x) — (a? + x?)(—2x)
e 1 3 T 1 dx (a? —x2)?
(a+x)2(a—x)2 (a—x)2 du 2x(a? —x?+ a? + x?)
1 —_—=
dy ax (a+x)2 dx (a? — x?)?
dx = 1 1 1 du _ 2a’x
(@+x2@-0'@-x2 (a—x7? il e
Now differentiate y w.r.t. u
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Now by chain rule
dy dy du
dx du’dx

1
dy 1(a*—-x*\2 2a°x
dx  2\a?+x2) "(a% —x?)2
dy a’x

Zr_ -

dx (a? + x2)2(a? — x2)*2

dy a’x

T 1 3
dx (a? + x2)2(a? — x2)2

Which is required.

Question # 2 Find % if :

(i) 3x+4y+7=0
Solution:
Given3x +4y+7=0
Differentiate w.r. t “x’

d
a(3x+4y+7) —E(O)

dy
344—=0
dx
ay _ _3
dx 4
Which is required.
(ii) xy+y*=2
Solution:
Given xy + y% = 2
Differentiate w.r.t.

Ly tyt =22
dx(xy y)—dx()
d +d 2 _ 0
dx(xy) dx(y)—
dy

D+x 2,20
y. X.dx ydx_

o II

22 =
X ydx_y

dy Y
dx  (x+2y)
Which is required.
(i) x> —4xy—5y=0
Solution:
Given x2 —4xy —5y =0

o H

Differentiate w.r.t.
2 _4xy —5y) = d 0
) I (x dxy y) —ddx( )
2y _ 4 — 5 =

) 4= () =5 (1) =0

d d
2x—4<y.(1)+x.—y)—5—y—

dx dx
d d
2x — 4y — 4xd_ic/_5dz

—(4x + S)d_ic/ = —(2x — 4y)

dy 2x—4y
dx 4x+5

Which is required.

(iv) 4x* + 2hxy + by? + 2gx + 2fy + ¢ = 0.
Solution:
Given 4x%+ 2hxy + by?+2gx+2fy+c=0
D|fferent|ate w.r.t. “x”

d
%(4352+2hxy+by2+2gx+2fy+c)=a(0)
d d d d
—(4x?) + 2h— — (v2) + 29—
dx(x)+ hdx(xy)+bdx(y)+ gdx(x)

d d
+2fa(}’)+a(c) =0

42 )+2h( 1) + dy>+2b Yo ogy+2rY
x Y x'dx ydx 9 fdx
+0=0
gx+ 20y + 2he. P v 2by P w201 2, 2 0
* + 2hy + 2hx. o n+ 2by o+ 29 +2f 50 =

2(hx + by + f)a =—-2Mx+hy+9)

dy ~ 4x+hy+g
dx  (hx+by+/[)

Which is required.

(v) xJ1+y+yV1+x=0

Solution:

Given x\/1+y+yvlI+x=0

Differentiate w.r.t. “x”’

d d
a(x\/1+y+y\/1+x) =a(0)
L (e TF) + i@ﬁ) —0

\/T—(x)+x—(ﬁ)+y ~(Vi+x)
+\/ma(y)=0

1+ 1+1 1+ _%dy+ 11+ _%1
JTHY. D+ 531+ 72 2 +y5(1+072(1)

d
+V1+Xd—y:
1 x d
1+y+= _y+ + V1 +x

2 [1+ydx 2\/1+x

- + 1+)
2\/1+x Y
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<x+2,/1+y\/1+x>Q__<y+2,/1+y.\/1+x

2J1+y dx 2T+ x
dy \/m(y + Zm. \/1+—x)
dx _<M(x+szM)>
Which is required.
(vi) y(x*-1)=x/x2+4=0

Solution:
Given y(x? —1) = xVx2 + 4

Differentiate w.r.t. “x”’
d d
_ 2 _ - 2
dxy(x 1) P (xx? +4)
(zl)d()+d(21)
X dx Y ydx X

= x:—x(\/xz +4) +/x2 +4;—x(x)

d
x?2-1) % + y(2x)

= x% (x%2 + 4)_%(2x) +Vx2 +4(1)

2

dy
(x? —1)—+2xy = +/x2 + 4
dx Y Vx? 4+ 4
(xz—l)d—y: x +Vx2+4—2xy
dx /x2+4
5 dy x?+x%+4-2xyVx2+4
(x*—1)—=
dx x2+4

dy 2x*+4-2xyVx? +4
dx (x2—1)VxZ+4

Which is required.

Question # 3 Find % of the following parametric

functions:
(i) x=0+% andy=0+1
Solution.
Since x =0 +%
x=0+60"1
Dif ferentiate “x” w.r.t.0,We have

dx
—=1+4+(-1.07%

do

dx_1 1
do 62

dx_92—1
do 62
do 62
dx 62-1

Now y=60+1
Dif ferentiate “y” w.r.t .0, We have
@ _ 1+0
do
dy
— =1
de

Now by chain rule

)

dy dy do

dx  de dx
dy 62
dx  0%2-1
dy 62
dx  62-1
Which is required.
. 1-t2 2bt
(i1 - a(1+t2 : andy = 1+t2
Solution.
_ 42
since x =24 tz)
1+t

Dif ferentiate “x" w.r.t .t ,We have

dx _d <a(1 - t2)>

dt  de\ 1+ ¢?
ix A+ EA-)- - Lt
ar (1+t2)?
dx  (1+t)(=2t) - (1 -t*)(2t)
a ¢ (1+¢2)?
dx 1+t2+1—t2
T SR
dx _ —4at
dt (1 +t2)?
dt  —(1+t?)?
dx 4at
Now y = 12ftt2
Dif ferentiate “y" w.r.t .t,We have
dy d/ 2bt
dt E<1 + t2)
dy (1+t2)%(t)—(t)%(1+t2)
dat (1 +t2)?
dy _ (1+t)(1)—()(28)
dc (1 +t2)2
dy (1+t2% —2t?)
dt (1 +t2)?
dy (1-1t2)
dt = A+ )2

Now by chain rule

dy dy dt

dx dt dx
dy _ (1- t?) —(1+t?)?
dx 7 (14 t2)?’ 4at

dy  b(1- t2)
dx 2at
Which is required.
Question # 4. Prove that y% +x=0ifx=

1-¢2 and v = -2

1+12 Y= 1

Solution.

. 1-t2

Since x = ( )
1+t2
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Dif ferentiate “x” w.r.t .t,We have

dx d ((1-1t?)
dt — dt\ 1+¢t2

ix A+ Ea-) - Ea+e)

dt (1 + t2)?
dx (1+t3)(-2t)— (1 -t»)(21)
dt (1+t2)?
dx 1+t2+1—t?
AR CE P
dx 4t
dt (1 +t2)2
dt  — (1 +t?)?
dx 4t
2t
Now y = PpvE]
Dif ferentiate "y” w.r.t .t,We have
dy d g/ 2t
dt E(W)
dy  A+)EO-OFA+)
a =’ (1 + t2)2
dy _(1+t3)(1) - (®)(20)
dt (1 + t2)2
dy _(1+t*—2t?)
dt (1+ t2)?
dy _(1-1t%)

dt  “(1+1t2)2

Now by chain rule
dy dy dt
dx  dt dx
dy _(1-t*) —(1+t?)?
dx  “(1+t)?2 4t
dy (1-1t2)
ax 2t
_ a4y
L.H.S—ya:—x 2
2t (1—t)+(1—t)

L.HS= .=
1+ t2 2t 1+ t2
1 —t? 1—t?
L.H.S=—( ) (€ )
1+ t2 1+¢t2
LHS=0
LHS=RH.S

Hence Proved.
Question # 5. Differentiate

\ 1

(i) x% - S w.r.t. x*
Solution.

Suppose y = x?% — % and u = x*

n_n

Dif ferentiate “y" w.r.t. "x

d_y:i(xz_i)
dx dx x2
dy d ) )
E%; —-EZ;(X — X )
£:2x+2x_3

dy 2

E}'= 2X7+';§
dy 2(x*+1)
dx x3
Differentiate u w.r.t. x
du _ d 4
o)
du ag?
dx x
Now by chain rule
dy dy dx
du dx du
dy dy 1
du dx dx
du
dy 2(x*+1) 1
du x3 4x3
dy _ (x*+1)
du  2x6

Which is required.
(ii) (1+ xz)n w.r.t. x*
Solution.
Suppose ¥y = (1 +x2)" and u = x?
Dif ferentiate "y" w.r.t. "x"

dy d

—=—((1 2\n

gx . (@ +x™)

% =n(1+x?)"1(2x)

d

% = 2nx(1 +x?)"1

Differentiate u w.r.t. x

du _ d ( 2)

dx  dx X
du _
dx x

Now by chain rule
dy 1
=2 14 2 n—1___
du nx(1+x%) 2x
d
& n(l 4+ x%)"1
du
Which is required.
x2+1 x-1
(iii) F W t.—

Solution.

2

x“+1 x—1

— and u = —
x2-1 x+1

Dif ferentiate “y" w.r.t. "x
dy d (x*+1
dx dx\x%2 -1

dy (=D EC D - ()G D)

Suppose y =

dx (x2 —1)2
dy (x*-1)(2x)— (x?2+1)(2x)
dx (2 —1)?

dy 2x(x?—-1-x2-1)

dx (2 —1)?
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dy 2x(=2)
dx  (x2 —1)2
dy — —4x
dx  (x2-1)?
Dif ferentiateu w.r.t.x

du d (x—l)

dx  dx\x+1

d QD1 - - D+ D)
dx (x +1)2

du (x+1)— (x—1)

dx (x + 1)2

du_x+1—x+1
dx  (x+1)2

du 2
dx (x4 1)2
Now by chain rule
dy dy dx
du dx du
dy dy 1
du dx du
dx
dy = —4x 1
du (x2-12"_ 2
(x+1)2

dy —2x(x+1)?
du  (x2-1)2

dy — —2x(x+1)?
du  (x —1)2(x + 1)2
dy — —2x
du (x—1)2
Which is required.
( ) ax+b r ax®+b
W cx+d w.T. “ax%+d
Solution.
ax+b ax?+b
Suppose y = o andu = xPrd

Dif ferentiate “y" w.r.t. x
dy d (ax + b)

dx  dx\cx+d

dy (cx+d)dd—x(ax+b)— (ax+b);—x(cx+d)
dx (cx + d)?

dy (cx+d)(a) = (ax+b)(c)

dx (cx + d)?

dy acx+ad—acx—bc

dx (cx + d)?

dy ad—bc

dx  (cx + d)?

Differentiate u w.r.t. x
du d [ax*+b
dx E( ax? + d)
du

dx

d d
_ (ax? + d)a(ax2 +b) — (ax?+ b)a(ax2 +d)

(ax? + d)?

du (ax?+d)(2ax) — (ax® + b)(2ax)

dx (ax? + d)?
du 2ax(ax®+d— ax®—b)
dx (ax? + d)?

du 2ax(d —b)
dx  (ax? +d)?
Now by chain rule

dy dy dx
du dx du
dy dy 1
du dx’du
dx
dy ad—bc 1
du (cx +d)? 2ax(d — b)
(ax? + d)?

dy (ad —bc)(ax? +d)?

du  2ax(d — b)(cx + d)?

Which is required.
x%+1

3
(v) S W tx
Solution.
| x%41 .3
Suppose y = ) and u = x

Dif ferentiate “y” w.r.t. x
dy d (x*+1
dx  dx\x%2 -1

dy (- DEC D - ()G D)

dx (x2 —1)2
dy (x*—=1)(2x)— (x*+1)(2x)
dx (x2 —1)?

dy x2—1-—x?-1
— = 2x
dx (x2—1)2

dy -2
A B S—
dx (x2 —1)?
dy — —4x
dx  (x2 —1)2
Differentiate u w.r.t. x
du d
 — (43
dx dx(x )
du _ 3,2
dx X
Now by chain rule
dy dy dx
du dx du
dy dy 1
du dx du
dx
dy — —4x 1
du  (x2 —1)2 3x2
dy —4

du 3x(x%2 —1)2
Which is re
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Derivative of Trigonometric function:

1. o (sinx) =

. o (sinx) = cosx

Proof: let y = sinx — (i)

= y+ 6y = sin(x + 6x) — (ii)

by (ii) — (i) ® y + 8y — y = sin(x + 6x) — sinx

) ) A+B A-B
(*r sinA — sinB = 2cos 5 sin—

= 8y = 2cos (x+62x+x) sin (x+62x—x)

= Jdy = 2cos ( x+6x) sin ((Sz—x)
dividing by dx and take limit 6x — 0

(x +6_x)_(51“ (2)

2 ox

. o6y
lim =— = lim |2 cos
6x-00x  6x-0

in(5
=2 2 =2im [cos (x +6—x).w]
5x—0 2

dx 2X—
2
dy sin@
= —= = coSx lim =1
dx § ( )9—>0 2

Thus isinx = cosx
dx 4
2. = (cosx) = —sinx
Proof: let y = cosx — (i)
= y+ 8y = cos(x + éx) — (ii)
by (ii) — (i) > y + 8y —y = cos(x + 8x) — cosx

= J§y = cos(x + 6x) — cosx
A+ B A—B

(** cosA — cosB = —2sin > sin 5
= §y = —2sin (x+62x+x) sin (x+62x_x)

= 6y = —2sin (szsx) sin (az—x)

dividing by dx and take limit 6x — 0

o ()

2 ox

8y .
lim — = lim —Zsm<x+
8x=00x  6x-0

= 2= _2]im [—2 (x+@)ﬂ:7:))]

5x—-0

2
d . . sin@
2 2= _sinx ¢ )lim—=1
dx -0 2
d .
Thus — cosx = —sinx
dx

da D 2
3. ™ (Tanx) = sec

x
Proof: let y = Tanx — (i)
= y 48y = Tan(x + 5x) — (ii)
by (ii) — (i) = y + 8y — y = Tan(x + 6x) — Tanx
o 5}/ _ sin(x+6x) _sinx

cos(x+8x) cosx
sin(x+86x—x)cosx—cos(x+6x).sinx

=

cos(x+6x).cosx
( sinacosf — cosasinf = sin(a — )

> Sy = sin(x+ds-x) sindx

Y= cos(x+8x).cosx - cos(x+8x).cosx

dividing by 8x and take limit §x = 0

oy ) ) sindx
lim — = lim . lim ( )
5x-08x 6x—>0 cos(x + 6x) cosx 6x—0 \ Ox
> X (1) = =sec®x

dx COSX.COSX

d
2 2= gec?x
dx

d
= Thus —Tanx = sec? x

d
4. — (secx) = secxtanx

Proof:
let y = secx = (i)
y + 6x = sec(x + dx) — (ii)
by (ii) — (i) =y + 8y —y =secx(x + 6x) — secx
1 1 cosx — cos(x + 6x)

= 0y = — =
Y cos(x +6x) cosx  cos(x + 6x).cosx

A+ B A—B
( cosA—cosB=—251n( > )sin( > ))

_2sin (x + x2+ 6x) sin (x — x2— 8x)
cos(x + 6x).6x

S
"~ cos(x + 6x) . cosx sm{rTsm 2

= costraeos sin (x +5) sin (3]

> sin(—6) — siné
Dividing by dx and take limit 5x — 0

Sx
.5 . o
lim =¥ = lim ————— | lim sin (x+ ) lim sm( )
5x—0 6x Sx—0 cos(x+6x).cosx | §x—0 5x—0 2><—
d sinx
> X (sinx.1) =
dx COSX.COSX COSX CosXx
d
= % = secxtanx hencea (secx) = secxtanx
d
5. = (cosecx) — cosecxcotx
Proof:

let y = cosecx — (i)
y + 8x = cosec(x + 6x) — (ii)
by (ii) — (i) =y + 6y —y = cosecx(x + 8x) — cosecx
1 1 sinx — sin(x + 6x)
sin(x + 6x) sinx  sin(x + 6x).sinx

A+ B A—-B
( sinA—sinB=2cos< > )sin( > ))

) 2 cos (x + x2+ 6x) sin(x —xZ— 5x)

sin(x + 6x) .sinx
= srrso 2o+ 5 (-5
~ sin(x + 6x). sinx cos{¥ 2 st 2

1 ox
- cos(x+6x).cosx [COS (x t 7) sin (_ 7)]
> sin(—6) — siné
Dividing by dx and take limit 5x — 0

lim 2 = jim ——2
5x—0 6x 5x—0 sin(x+68x).sinx

= dy=

[ lim 2 cosx (x + %)

)

x—0 x—0 2><7
d —1 cosx
2 2= _ (cosx.1) =
d sinx.sinx smx sinx
d
= 2 = _cosecxcotx
dx
d
= hencea(cosecx) = —cosecxcotx

2

d
E(cotx) = cosec“x

Proof: let y = cotx — (i)
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= y+ 6y = cot(x + 6x) — (ii)
by (ii) — (i) = y + 8y — y = cot(x + 6x) — cotx

cos(x+8x) cosx

= =
5)1 sin(x+6x)  sinx
= cos(x+8x—x)sinx—sin(x+6x).cosx
sin(x+6x).sinx
(~ sinacosf — cosasinf = sin(a — )
= __ sin(x—68s-x) __ sin(—6x)

- sin(x+6x).sinx - sin(x+6x).sinx
dividing by 8x and take limit §x = 0
5)’ . -1 _ sinéx

lim = lim — —. lim ( )
5x-08x  6x-0 sin(x + 8x) sinx &x-0 \ Ox
dy 2
2 — = —
dx  sinx. smx( ) sm2 cosecx
d
2> 2= _cosec?x
dx

d
= Thus ——cotx = cosec®x

Derivative of inverse trigonometric function:

doree 1.7 _
1. dx[sm x] =

\/% xeE(-1,1)or—-1<x<1
—x
Proof: let y = sin™!x

L d . _d
= siny =x = — (siny) = = (x)

d d 1
= cosy.d—i/:l:d—i:@
= Z—i/ = \/ﬁ  c0s%0 =1 — sin?6
= cosf =V1 —sin?0
= Z—i’:\/% wsiny =x
Hence % (sin 1) = 1ix2
2. %(cox‘lx) = _\/1i7 x€(-1,1)

Proof: let y = cos™1x

- 4 -4
= cosy =X = (cosy) = = (x)

. d d -1
= —smy.ﬁ= 1=>d—351=@
= 2—3: = \/ﬁ%zy v sin?0 = 1 — cos?0
= sinf = V1 — cos?20
= Z—i’:\/% " COSy = x
d _ -1
Hence — (cos 1):m
3. %(tan‘lx) = 1+1x2 JXER

Proof:lety = Tan™x

d d
Tany =x = P (tany) = T (x)

= sec? dy_l:dy_ !
SeC Y ux T dx secy

o W _ 1t 1+ tan?8 = sec?0
dx 1+tan?y

= % = 1+1x2 tany = x

= Hencei(tan‘lx) = 1+1x2

4. —(cotlx) = €[-1,1],

[-1,1] = (=0, -1) U (1, + )
Proof:lety = cot™'x

ty = :d( t)—d
coty = x In coty —dx(x)

= 2, D _ 1= ay __ 1
coOSeC Y x T dx  cosecly

5 ¥t v cosec?8 = 1 + cot?
dx  1+cot?y

= Hence—(cot Ix) = 1+i2

5. E(sec x) =x\/% ,x € [-1,1]

Proof:let y = sec™'x = secy = x

4 (secy) = L) tany. 2 = 1
= — = — = — =
dx Secy dx X secy any dx

a1 L

1+ tan?d = sec?0
dx  secytany secy\/seczy ~ s

= tan?0 = sec®? -1

= tanf = +/sec?8 — 1

dy 1
—=—_4¢ L v secy =x
dx  xvVx2 -1
2 (sec™lx) =2
hence = (sec™'x) = o
L “1,) = _—1
6. dx(cosec x)—xm ,XER

Proof:let y = cosec™1x = cosecy = x

= % (cosecy) = :—x(x) = cosecycoty.% =1
dy -1 1
dax cosecycoty cosecym
1+ cot?8 = cosec?6
= cot?6 = cosec® — 1

= cotf = +/cosec?0 —

dy -1
—_—=  cosecy = x
dx  xV/x2 -1 Y

d -1
hence — (cosec™x) = ———

dx xVx2 -1

Exercise 2.5

QUESTION NO.1:
Differentiate the following trigonometric functions from
the first principals.

i) sin2x

i) Tan3x

iiii) sin2x + cos2x
iv) cosx?

v) tan’x

vi) Vtanx

vii) cosvx

Solution:

(i)
Let y =sin2x - (1)
y + 8y = sin2(x + 6x) - (2)
Eq2—eql
y — 8y —y = sin2(x + §x) — sin2x
Sy = sin(2x + 26x) — sin2x

o , P+Q\ . (P—-Q
usmgsmP—st=2cos< > )sm( > )
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2x + 26x + 2x\ | [2x+ 26x — 2x = {2cos2x — 2sin2x}.1
&y = 2cos — )/ — dy
B (4x + 26x) . (26x) Ix = 2c0s2x — 2sin2
- ccos 2 S\ (iv) cosx?
6y = 2cos(2x + dx)sindx Solution:
Dividing both side by §x lety = cos
Sy _ 2cos(2x + 6x)sindx Let y = cosx? - (1)
5 6x 6x Sindi y + 8y = cos(x + 6x)? - (2)
lim 2 = 2 1im cos(2x + 6x). lim Eq(2) —eq(1)
8x~0 8x 4 8x-0 8x=0  6x y + 8y —y = cos(x + 6x)% — cosx?
@ _ 2cos(2x + 0).1 8y = —2sin (xz + 6x% + 2x6x + x2> “in (xz + 6x% + 2x6x — x2>
dx ) =- 5 ) >
dy
Ix 2cos2x —2sin(2x? + 2x6x + 6x2).sin (M)
(ii) let y=tan3x - (1) 8y = ox
y + 8y = tan3(x + 6x) - (2) &y ) , 5 sin(dx(dx + Zx)) ox + 2x
Eq2-eql Sx = —2sin(2x* + 2x6x + 6x°). o At 2
y + 8y —y = tan(3x + 36x) — tan3x o2
. . . 5_y o 5 5 sm(@x(dx + Zx)) ox + 2x
sin(3x +36x) sin3x lim — = lim — 2sin(2x? + 2x6x + 6x2). T
y= cos(3x + 36x) " cos3x e o= 2 - ’
2
_ sin(3x + 36x). cos3x — cos(3x + 30x). sin3x ﬂ ——2sin <2i> 1.2_x
- cos(3x + 36x).cos3x dx 2 2
using sinacof — cOsasinf = sin(a — f3) ﬂ = —2xsinx?
_ sin(3x + 36x — 3x) dx
"~ cos(3x + 36x). cos3x l(vt)  ran? .
dividing both sides by 6x X X7 anx:((s)_t 2(x + 6%) - (2
5y 1 sin3dx yroy= e(cl;; —xeql x) =)
6x  cos(3x +36x).cos3x” bx y+ 8y —y = tan®(x + 6x) — tanx
im -2 = lim 3 im sin38x 6y = {tan(x + 6x) — tanx}. {tan(x + 6x) + tanx}
sx-08x  8x-0cos(3x + 38x).cos3x 8x-0 Ox S = 5 sin(x + 6x)  sinx
d_y _ 3 . y = {tan(x + 6x) — tanx}. cos(x £ 0x%)  cosx
dx cos(3x + 0)cos3x’ Sy
_ ; = [tan(x + 6x)
"~ cos3x.cos3x _ tanx] sin(x + &x).cosx — cos(x + &x).sinx
_ ' cos(x + 6x). cosx
- 23 1 + 6x —
y €0S" % 8y = [tan(x + 6x) — tanx].[ sin(x + 0x — %)
Z2 — 35ec?3x cos(x + &x).cosx
dx [tan(x + 6x) — tanx] |
(iii) Let y = sin2x + cos2x = (1) 8y = cos(x + 6x). cosx -sindx
y + 6y = sin2(x + 8x) + cos2(x + 6x) — (2) dividing both sides by 6x
Eq2 —eql 5y [tan(x + 6x) — tanx] sindx
y+ 6y —y =sin(2x + 26x) + cos(2x + 26x) — sin2x 8x  cos(x + 8x).cosx ~ Sx
— CcoS2x I sy [tan(x + 6x) — tanx] . sindx
8y = [sin(2x + 26x) — sin2x] 5x505x  6x%0  COS(X + 6%). cosx x
6x-0
+ [cos(2x + 26x) — cos2x] dy tanx + tanx L
2x + 26x + 2x  (2x + 28x — 2x dx  cosx.cosx
= 2cos< > ).sm > ) dy 2tanx
o [2x+286x+2x\ | (2x+ 26x — 2x dx  cos?x
~ 2sin ( 2 ) st ( 2 ) 2 _ Jtanxsec?
4x + 26x\ | o (Ax 4+ 28x\ . ] dx
= 2cos (—) .sinéx — 2sin (—) .sinéx (vi)
8y = [2cos(2x + 26x) — 2sin(2x + 28x)]. sindx let y=vtanx — = ——— - 1
dividing both sides by 6x y+ 8y =4tan(x +6x) - — — — — 2
1 sinéc eq2 —eql
& [2cos(2x + 26x) — 2sin(2x + 26x)]. i 1
ox ox oy = Jtan(x + 6x) — Vtanx
lim 2 = lim[2cos(2x + 26x) — 2sin(2x + 260)] Jim S
6}151—1;10 5% = 11mj|Zcos\zx g;_}o Sin{Zx X 69161130 5x
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Jtan(x + 6x) + Vtanx
Sy = /tan(x + 6x) —Vtanx X ( )
Jtan(x + 8x) + +tanx

5 (,/tan(x + 6x))2 - (\/ tanx)2
Y= Jtan(x + 6x) + Vtanx

tan(x + 6x) — tanx

oy =
tan(x + 6x) + Vtanx
5 1 sin(x + 8x) sinx
y= -
tan(x + 6x) + tanx cos(x +8x) cosx
8y
_ 1 [sin(x + 6x)cosx — cos(x + 8x).sins
B Jtan(x + 6x) + Vtanx cos(x + 8x)cosx
5 sin(x + 6x — x)
y= :
Jtan(x + 6x) + +tanx. cos(x + 6x)cosx
1
Sy .Sindx

B Jtan(x + 6x) + Vtanx.cos(x + 8x)cosx

dividing both sides by 8x and take limit on both sides

I Sy
S50 6%
1
= lim . lim sindx
6x-0 Jtan(x + 8x) + Vtanx.cos(x + 8x)cosx %0
dy 1 1
dx tan(x) + Vtanx.cos(x) cosx
dy 1
dx  2+/tanxcos?x
dy  sec’x
dx 2+/tanx
(vii)
cosvx
Solution:

Let y = coxv/x - (i)
=y + 8y = cosVx + 6x = (ii)
by (ii) — (i) = y + 6y — y = cosVx + 8x — cos\/x
= 8y = cosVx + 6x — cos\x

A+ B A—B
 c0SA —cosB = -2 sin( )sin( )

2 2
(Vx4 6x+x\ | [Vx+6x—+x
=—251n< > >sm< > >

dividing by 8x
5y —Zsin"x+62x+\/§sin x+c‘)‘2x—\/E
:E_ ox
 (Vx + 8x +Vx)(Vx + 6x —Vx) = 6x
—25in—x+52x+\/; Sin—x+62x_\/§
=== X
ox (Vx + 6x + Vx) Zx\/x+6x—\/§
2

Take limit 6x - 0

8y

5y _Sm\/x+82x+\/§
= lim —

= lim
5x—0 X 6x—0 (w/x + ox + \/E)
g VX +0x = Vx
X lim 2

x>0 \/x + 8x —+/x
2

Vx+Vx
dy —sin 5 %
5>—=——=°
dx  Vx++x
_(2Vx
— Sin <T>
= —Z\E
dy —sinx
= — =
dx 2vx
Question # 2.
Differentiate the following w.r.t the variable involved.
(i) x®sec4x
Solution.

Lety = x%secdx
Differentiate w.r.t x
dy

T dx (x%sec4x)

dy , d d

— = (x*) —(sec4x) + (secdx) — (x*)

gx dx dx

% = (x?)(sec4x tandx (4x)) + (secdx)(2x)
dy )

i 4x° (sec4xTan4dx) + 2xsecdx

Which is required.

(i) y = tan30.sec? 0
Solution.

Lety = tan® 0 .sec? 6
Differentiate w.r.t 6
% = ;—9 (tan® 6.sec? 9)

dy _ 2@ 3 3y 4 2
2—9 = (sec 9)§(tan 0) + (tan H)E(sec 6)
% = (sec? 8)(3tan?4(sec? 9))

+ (tan30)(2sec 6 (sech tanh))

Y _ (3sec* Btan?0) + (2tan*O sec? 0)

de

d

% = sec? @ tan?6(3 sec? O tan?0 + 2tan?6 sec? 6)
(ii) y = (sin26 — cos30)?

Solution.

Let y = (sin26 — cos36)?
Differentiate w.r.t 0

D _ 4 in20 — cos30)2

70— g8 S cos

dy . AP

9= 2(sin20 — cos30) (@) (sin26 — cos36)

D _ 5 (sin26 39)[ 0L 20) n30-L (30
70" sin cos cos 70 (=sin d9( )

Z—z = 2(sin26 — cos36) (20526 + 3sin36)
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Which is required.
(iv) y = cosvx + /sinx
Solution.
Lety = cosvx + Vsinx
Differentiate w.r.t x
d d
% =7 (cosvx + Vsinx)
dy —sinvx N 1
dx 2Vx 2+/sinx
dy 1 <—sin X COSX >
dx 2\ x fsinx
Which is required.
Question # 3. Find dy if:
dx

(i) Yy = X coSy
Solution.
Since y = x cosy
Differentiate w.r.t x

(cosx)

dy d
y _— — —
= (cosy) = (@) + (x) Z (cosy)
Yy _ i NAY
g—x = cosy(1) + x( Zmy) Ix
& cosy — x siny ld
gllx p dx
d + x siny 2= cosy
dx dx
Z—i’ (1 + x siny) = cosy
dy  cosy

dx 1+ xsiny
Which is required.

(ii) X =ysiny
Solution.
Since x = y siny
Differentiate w.r.t x

dx d )

T dx (y siny)

1 = i) () + )% (simy)
= (siny) (v V) (siny

1 = (siny) (3—9 + (¥)(cosy) (Z_;C)

dx .
1= Tx (siny + y cosy)
dy 1
dx N\ siny +y cosy
Question # 4. Find derivative w.r.t x

1+x
1+2x

(i) y = cos

Solution.

, 1+x
Lety = cos Toox

Differentiate w.r.t x

dy d 1+x

dx  dx cos 1+ 2x

dy o 1+x \d 1+x
—=| —sin —

dx 14+ 2x |dx 1+ 2x

1
dy | 1+x 1(1+x>_id<1+x)
dx \ M1y 2x [2\0v2x) ax\1+2x
ay [ [1vx \1asant(@+2050+0-A+0e0+20
ax T T ox E(1+x) 1 +20)?
dy C14+x (1 1+2x% Q+20)Q) -1 +x)(2)
ax |\ 7 T E(1+x> (1 + 2x)2

1
dy o 1+x 1(1+2x)7<1+2x—2—2x)
dx \ M 11 2x [2 UTrx (1+ 2x)?

1
dy o 14x 1( 1 )2 -1
— = —sin = T
d /1+2x 2\1+2) \ (14 2073

. 1+x
dy [ STF 2%
dx 3
2(1+2x)2vV1 + x
Which is required.

1+2x
1+x

(i)y = sin
Solution.

1+2x
1+x

Lety = sin

Differentiate w.r.t x

dy d |1+ 2x

dx  dx s 1+x

dy 1+2x \d 1+ 2x

dx cos 1+x Jdx 1+x
1

dy 1+ 2x 1<1+2x>‘2 d (1+2x)

dx cos 1+x J2\1+x dx\1+x
1

dy 1+2x \1 (1+2x>7

dx cos 1+x |2 \14+x

(1+x)%(1 +2x)—(1+2x)%(1+x)
(1 + x)2

dy
dx

3 1+2x \1 /1+x 2 1 +x)(2)—(1+2x)(1)
P 1Hx E(1+2x>< 1+ x)? >
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1
dy 1+ 2x 1(1+x>§<2+2x—1—2x
dx \““(1+x 20+ 2x (1+ 2x)?

1
dy 1+2x \1 1 \2 1
ax |\ |1+« E(1+2x) 1
(1+x)*2

1+ 2x
dy T+x

dx 3
2(1 +x)2v1 + 2x

Which is required.
Question # 5 Differentiate
(i) sinxw.r.t.cotx
Solution.
Let y = sinxand u = cotx

cos

., d
we find 2
du
Now y = sinx
Differentiate w.r.t x

dy d
Tx — dx (sinx)
dy _

T coSXx

Now u = cotx
Differentiate w.r.t x

du ——c 5

oy = —Cosecx

dx 1

du  Cose2x
dx Sin?
Iy = Sin®x

Now using chain rule
dy dy dx
du dx du
Y (Cosx)(—=Sin®x) = —Sin’x Cosx.

du

(ii). Sin?x w.r.t Cos*x
Solution.

lety = Sin?x andu = Cos*x
. dy
we find -
Now y = Sin’x
Differentiate w.r.t x
dy d
— = — (Sin?
I (Sin“x)

add = 2Sinx cosx
dx

Now u = Cos*x
Differentiate w.r.t x

du

= 4Cos3x(—Sinx) = —4SinxCos3x
dx 1
du  4SinxCos3x

Now using chain rule

)

dy dy dx

du  dx du
Y _ (si )( ! )
du X cosx 4SinxCos3x
dy 1
gu ~ 2Cos?x
y 1_,
Y 2Sec X
Question.6.

If tany (1 + tanx) = 1 — tanx ,show thatZ—i/ =-1

Solution.
Since
tany (1 + tanx) = 1 — tanx
1 — tanx
1+ tanx
T
tanZ — tanx

tany =

tany = —F———

tanz + tanx

tany = tan (3 ~x)

any = tan{——x
Y 4

T

Differentiate w.r.t “x”’, we have

—=0-1
“
Yy
— =1
dx
Hence proved.

Question.7.

Ify = \/tanx +tanx + Vtanx +

,Prove that (2y — 1) Z—z = Sec’x

Solution.
Since

y = \/tanx +\/tanx ++tanx + «--00 — — — (i)

Squarring on both sides, we have

y? = tanx + Jtanx + Vtanx + --- o0

y? = tanx+\/tanx+\/tanx+\/tanx+---oo

y? =tanx +y
Differentiate w.r.t “x”’, we have

y y
2y — = Sec®x + —
ygx dec x+dx

y y
2 s 2
ydx (le Sec*x
2y — 1)d_ic/ = Sec®x

Hence Proved.
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Question.8
If x = aCos30 ,y = b Sin30 , Show that a% +
btanx =0
Solution
x = aCos30 ,y = b Sin30
Diff. "x"" wr.t."8", we have

dx_d(C 39)
do _ do "M%
dx _ 3C 2 CosO
79 = @-3Cos E( 0s0)
dx _ 3Cos?(—Sind)
de—a. oS m
dx _ 3aSin6Cos?
d9_ asin oS
de -1

dx _ 3aSinfCos?
Diff. "y" wr.t."8",we have

dy d

— = —(bSin®0

a6~ ag LSm0)
D _ b 3sin2-L (sing)
25 = b in 20 in
dy -
0= b.3Sin“Cos0

dy .
0" 3bSin“Cos6

Now by chain rule
dy dy do
dx df dx

Y _ 3psin?Cosh.—
dx tnLos "3aSinfCos?

d
y__2 tanf
a

a% = —b tanb

dy
a—+ b tanf =0
dx
Hence proved.
Question.10. Differentiate "'x’', we have
. -1X
(i) Cos a
Solution.
lety =C os‘lg

Diff.w.r.t "x"’, we have
d d x
Y _ (Cos‘1 —)

dx  dx a
dy_ 1 d (X)
dx 2 dx\a

1-(3)
dy 1 (1)
dx X2 a
-
dy 1 (1)
dx aZ — x2 \a
aZ
dy 1 (1)
dx az—xz- a
a

dy a 1
dx az_xZ'(E)
dy 1
dx  JiZ —x2

Which is required.
. -1
(ii) Cot -
Solution.
lety = Cot‘lg

Diff.w.r.t "x"",we have

dx dx a
dy 1 i({)
dx 14+ (% 2'dx\a

dy ((11) 1

dx x2'(5>

o2
dy 1 1)
dx a?+x* \a
22
dy a? (1)
dx a2+ x%2'\a
dy a
dx  a?+x?%

Which is required.
l . _12
(iii) aSm .
Solution.
=lgin12
Lety = aSm o

Diff.w.r.t"x"", we have

dx a a2 \x?
1=
dy_l 1 (—a)
dx a’ [z _ g2z \x2
X2
dy 1 1 —-a
dx _a xz_az'(?)
X

dy x (—1)
dx - VXZ —azl X'Z

dy -1
X xx?—a?
Which is required.
(iv) Sin~ W1 — x2
Solution.

lety = Sin™ V1 —x2
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Diff.w.r.t"x"’, we have

2 sy

dx  dx
d 1 d
& —( 1—x2)
dx 2 dx
\/1—(\/1—x2)
d 1 1 d
Y ( —(1—x2)>
dx  [1—(1-x2) \2v1—xZdx
dy 1 ( 1 (-2 ))
— = . —4X
dx  V1-1+x2 \2v1—x2
dy 1 ( —X )
dx Va2 \V1-x2
dy_l( —X )
dx  x "\J1 — x2
dy -1
dx  \1—x2

Which is required.
2_
(v) Sec™t (X 1)

x2+1
Solution.
_ -1 X2+1)
Lety = Sec (—x2—1

Diff.w.r.t "x",we have
dy d INESRS!
ax a(s“ (xz = 1))
dy 1 d (x*+1
N 5 "dx \x2 -1
<x2+1> <x2+1> _1
x2—1 x2—1
1

dy_

dx  x2 41\ /G2 +1)? - (2 —1)%
(x2—1> x*2—-1)

(P~ D) (24 1) - (2 + D) (x? — 1)

2 - 1)?
dy _ 1 ((x2 —1D(2x) — (x? + 1)(2x) )
Vadx21 (x2 —1)2
G2+ D e g
dy _ 1 5 5
dx D B oot = 1)
dy 1
dx  (x2 + 1)'(_2)
dy -2
dx  x2+1

Which is required.

(vi) COt-l( 2x )

1-x2

Solution.
Lety = Cot™! ( 2x )

1—x2
Diff.w.r.t"x"’, we have

dy d i 2x
a—a@’t (1—x2>>

dy 1 d 2x
R R e
1+(1—x2)
2y d d 2
dy 1 2(1—x)a(x)—xa(1—x)
a__1+47x2' . (1—=x?)?
1 = x2)2
dy 1 (1—x2).1—x(—2x)
dx (1 —x2)2+4x2"\" (1 —x2?)?
(1 —x?)?
dy 1 ) )
a__1+x4—2x2+4x2'(2(1_x +2x%)
9 _ ! 2(1 +x2))
dx 1+ x*+2x2 (1+x9
Y L 21 +x?))
dx (1 4+ x2)2°
dy -2
dx 1+ x2

Which is required.
.2
(vij  Cos~! (1 ")

1+x2

Solution.

A -1 1—x2)
Lety = Cos (1+x2
Diff.w.r.t''x", we have

dy d (1= x?
a:a<“s 1(1+xz>>

dy x? -1 d (1—x?
x?—1 1_(1+x2>

dy
dx
oy d 2 PN 2
B x2—1 (1+x)a(1—x)—(1—x)a(1+x)
T ~ (x? +1)?
x2—1|1- %
dy
dx
B x% -1 <(x2 + 1)(=2x) — (1 — x?)(2x) )
- : 2 2
o A2 —a2y (**+1)
(1+x2)?
_ x?—1 2x(x?—1—-x%2-1)
(xz—1)\/x4+2x2+1—(x4+1—2x)' (x2 —1)?
-1
B (x%2 —1)2 2x(=2)
T (2 +1)V2ZaZ  2x2 (k2 - 1)2
—4x _ —4x _ —2x
(2 F1)Vaxz (2-1).2x (x2+1)

dy 2
Tax x2+1)
Which is required.
Question.11.

d , _
Show that 2 =2 ifY = tan 12
dx x x y
Solution.
Since
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X
Y tan1Z
X y
x
y=xtan"1—
y
Diff. w.r.t"x"’,we have
d d x x d
% = xatan‘1 " + tan~! Jdx (x)
d 1 d (x
%:_Xﬁa<5)+tan_l— 1
1+(§)
a._
dy _ 1 Yax* " *dx +y
dx X 2 y? x
1+%
y
dy
dx y? + x? y?2 x
Ty
dx y? + x? YT ax) T x
dy x ( dy)_l_y
dx x2+y? YT ax) Tx
dy  xy x> dy 'y

a=x2+y2 Cx2+y2dx  x
d x? d x

dy  x* dy_ xy .y
dx x?2+y?dx x*>+y? «x

x? d 2
x?2+y?2)dx x \x%?+y?

x? d 2
A - OO
x?+y?)dx «x x% 4+ y?

dy _y
dx x
Hence Proved.
Question.12.
If y=tan(ptan~'x) ,Show that (1 + x?)y; —
p(1+y?)
Solution.
Since

y =tan(ptan~lx)
tan"ly = ptan~x
Differentiate with respect to "x"’, we have
1 dy 1

1+yzdx=pl+x2

. dy
Since — =
ax 1

1 1
T2 Py
(IT+x)y =p(1+y?)
(1+x)y —p(1+y*) =0

Hence Proved.
Derivative of exponential Functions:
if f(x) = a* where a > 0 then f(x)is called general
expontial function. here the base a is constant and

exponent x is variable.

=

if f(x)=e*where
= 2.71 then f(x)is called natural
expontial function here base e is constant and
expontent x is variable.
d
1. a(ex) =e*
Proof:
Lety =e* - (i)
=y + 8y = e*+% - (ii)
by (i) — (i) =2y + 8y —y = e*T0% — ¥
= 8y = e*. e —e* = e¥(e% - 1)
Dividing by éx and take limit x = 0

lim & = lim [ex (esx_l)]

8x—00x  §x—-0 ox

dy x ed*—1

— = e*,

dx Sx—0 Ox
dy . oa*—-1
— =e*.lne + lim = lna
dx 5x-0 X
dy X ef -1
—=e and lim =lne=1
dx §x-0 X

a4 . oxN_ _x
dx(e )=e¢e

2. %(a"‘) = a*lna
Proof:
Lety = a* - (i)

=y + 8y = a*+%% > (ii)

by (ii) — (i) = y + §y — y = a*+%%* — g*

= 8y = a*.a% —a* = a*(a* — 1)

Divivding by 6x and take limit §x — 0
Sy a®™ -1

im = dim, |

dy ooa*—-1

— =a* lim
dx 5x-0 Ox

= a*lna

X

Hencej—x(ax) = a*lna (- sl;icr—r>lo x_ = [na)
Note: as a* = a* = Ina* = Ina*
= Ina* = xlna
= xlna.lne  * Ina® = blna
= xlna vilne=1
In* = lnexlna

Derivative of the logarithmic function:

logarithmic function:if a>0a # 1and x = a”
the the functioon defined by y = log,x. (x > 0)

is called the logarthmic of x to the base a.

The logarithmic functions log,x and log,,x are called

natural and common logarthmic resp.y = log.x

iswrittenasy = Inx
d 1
a (lnx) = ;

Proof:
Lety = Inx — (i)
=y + 8y = In(x + éx) — (ii)
=>{)—-({)=>y+6y—y=In(x+ 6x) — Inx
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v =1 (x + 6x) vl I =1 X
y =In o (- Inx ny—ny)

x O0x ox
6y = ln<—+—) = ln(l +—)
X x X
Dividing by éx and take limit §x — o

Oy ) 1 6x
lim — = lim |[—In (1 + —)]
§x—00x  6x—0|O0x b

X
dy 1 5x\8x ) 1\"
—:—hmln<1+—) + lim (1+—) =e
dx  x8x-0 X 5x—0 x

dy_ll 1
il
H d l 1
encea(nx)—;
d 11
. E[logax]—;m

Proof:
Let u =log, x — (i)
=y + 8y = log,(x + 6x) — (ii)
= (ii)) — (i) >y + 6y —y =logy(x + 6x) —log, x
(x + 6x) x
6y =log,——— (r log, x — Iny = log, ;)
x O0x Ox
6y =log, (; + 7) = log, (1 + ?>
Dividing by éx and take limit §x — o
.oy ) 1 ox
Jim, 5 = Jim, 7108 (1+ )]
X

dy 1 _ 85x\8x _ 1\"
— =—lim loga(l +—) « lim (1 +—> =e
dx  x6x-0 x 8x-0 x

dy 1 1 1 11

“x'logea x'Ina

Y d(l - 1
encedx 08qa X _xlna

Logarithmic differentiation:
Derivative of hyperbolic function:

1. % (sinhx) = coshx
Proof:

X_g=X

we know thta sinhx = 2 5

d('h)—d e*—e™*
so——(sinhx) = ——

1d feX—e™\ 1(d d _,
m(—z >—z{a(e>‘a<e )}

1 “x d _1 X “x
5(3 —e )a (—x)—z(e —e™*(-1)

1 e*+e™*
> (e*+e™) = — = coshx
x —-X
L3 (sinhx) = coshx = coshx == e
dx 2

2. % (coshx) = sinhx
Proof:
eX+e ¥
2

d( hx) = d [e*+e™
Sodx coshx =

we know thta coshx =

2

1d [(e*+e™ _1{d(x)+d(_x)}
2dx 2 ) dxe dxe

1 x -x d 1 x -x
E(e +e )a(—x)=§(e +e (—1))
1 e*—e™*
> (e¥*—e™) = — = sinhx
:—x(coshx) =sinhx ~ sinhx =

e*—e

2

-X

d _ 2
3. E(tanhx) = sech“x

Proof:
X_ X
We know that tanhx = ~——
eX+eX
d d [e*—e*
So o (tanhx) = = (—ex+ex)

_ (e* + e‘x)dd—x(ex —e ™) —(e*—e™) dd—x(ex +e7%)

(eX + e™X)2

(e*+e™)(e*—e*(-1) —(e*—e™) (e*+e7*(-1))
- (e* + )2
(e*+e™)(e*+e™)—(e*—e™)(e¥—e™)
- (e* + )2
(ex + e—x)z _ (ex _ e—x)z
- (e* + e%)2
e?* + e ¥ 4 2e%e™¥ — (e?¥ + e72% — 2e¥e™¥)
(e* + e7)?
e +e 42— —e ¥ 42 4
(e* + e7¥)2 T (e¥+eX)2

d hr) =
a(tan x) —(

2

m) = (sechx)? = sech?x

2

d
_ 2., .. _
> P (tanhx) = sech“x - sechx = P

4.

d
T (cosechx) = —cosechxcothx

Proof:

we know that cosechx =

sinhx

d( h)—d( 1 )
Sodx cosecnx "~ dx \sinhx

. d d , .
B sinhx Tr - Tc (sinhx)

sinh? x
_ sinhx(0) — coshx

sinh? x
—coshx

— (cosechx) = = —cothxcosechx

dx sinhx. sinhx

d
— (cosechx) = —cosechxcothx
dx

d
— (sechx) = —sechxtanhx
dx

Proof:

1
coshx

we know that sechx =
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d d 1
> —(sechx) =— ( )
dx dx \coshx

d d
coshxa(l)—(l)a(coshx)

cosh? x
_ coshx(0) — (1)(sinhx)
B cosh? x

—sinhx
=—————— = —tanhx.sechx
coshx.coshx

— (sechx) = —sechxtanhx
dx
6.
d
— (cothx) = —cosech?x
dx
Proof:
we konw that cothx =
tanhx
d d 1
= E (COthx) = E (tanhx)
d d
_ tanhx Tr M- Tr (tanhx)
tanh? x
_ tanhx(0) — (1)(sech? x)
B tanh? x
- sech? x - sech? x h2
T Tsinh?x  sinhzx o0 K
cosh? x
- sech? x « 1 1
sinh2x ~ sech?x  sinh?x
Hence % (cothx) = —cosech?x

Derivative of inverse hyperbolic function:
The inverse hyperbolic functions are
1. y=sinh1x iff x=sinhy ; x,y€R
2. y=cosh™tx iff x = coshy; x€
[1,00),y € [0, )
3. y=tanh™lx iff x =tanhy ;x €
(-1,1),yER
4. y=coth™lx iff x=cothy ; x€
[-11],y € R — {0}
5. y=sech™tx iff x = sechy; x € (0,1],y €
[0, )
6. y = cosech™'x iff x = cosechy;x €R —
{0}, y €e R—{0}
Prove that sinh™! x = In (x +x% + 1)

Proof:
Let y = sinh™1x = x = sinhy
ey —eV eX — g~X
= e —— . [ h = —
x 5 sinhx 5
_ .y 1_(ey)2—1
>2x=eY—e YV =e¢ _e_y_e—y
>2xeY =e?V —1=2e2Y —2xeY —1=0
=>(e¥)?—2xe¥ —1=0

_=(=2x) /(=202 - 4D)(-D)

=eY 200 using x
_ —b£+Vb?—4ac
- 2a

C2xtVAxr+4 21+4(x2+ 1)

2 2
_2xi2Vx2+1_2<xiVx2+1>
- 2 - 2

e =x++x2+1
se’=x+x2+1 ,e¥=x—+/x2+1

As eY is + ve fory € R,so (rejected being — ve for x

€R)
e’ =x+x2+1, Note:
=y =In(x + Vx2 + 1) ver=x
H 1. > lne¥ = Inx
ence sinh™" x =In (x +/x + 1) ylne = Inx
y(1) = Inx
y = lInx

Prove that cosh™! x = In(x + Va2 — 1)

Proof:
Lety = cosh™tx = x = coshy
eY+e™ e*+e™*
:x=T coshx=T
1 (e”)?+1

ﬁz = oY Y = Y —_ =
x=e’ t+e e +e3’ oy

=>2xeY =eV +1=2e%Y —2xeV4+1=0
=>(e¥)2 —2xe¥ +1=0
y _ —(=2x) +(=2x)* — 4(1)(1)
2(1)
_—b* Vb2 — 4ac
2a

22t VAxT -4 24,42 - 1)

Se using x

_inzjm_2<xijx27—1)
2 2

ey =x++x2-1
=>ey=x+m ,ey=x—m

As e” is + ve for y € R,so (rejected being — ve forx > 1

SeV=x+x2-1, Note:

=y =In(x + Vx2 — 1) ‘;y:x
Hence cosh™' x = In(x + Vx2 — 1) lr;e - énx
ylne = Inx
y(1) = Inx

y = Inx

o 1
1. ix(smh 1x)=ﬁ X,y €ER

Lety = sinh™1x

5 L0 =L (sinhy) = coshy 2.
7 ) = g (Sinhy) = coshy —

= hdy =1= dy _ 1
€08 dx dx  coshy
dy 1 1

dx Jcoh?y - J1+sinh2y
v cosh? x —sinh?x =1
dy 1 1

dx Jcoshzy - J1+sin2y
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( sinhy = x)
2. L(cosh™1x)=—— x€[1,0),y€
Y odx Jx2-1 ’ 'y
[0, 0)
Proof:

Lety = cosh™tx

> L0 =L (coshy) = sinhy ™.
dxx_dx Cosy—Slnydx

d d 1
= sinh—y =1= & -
dx dx sinhy

dy 1 _ 1
dx [sinh?y \[cosh?y -1

 cosh? x —sinh?x =1
dy 1 1

a_\/coshzy—l_\/xz—l

3.
d ) 1
a(tanh 1x) = T2
Proof:
Let y=tanh™'x ;x € (-1,1),y €R
= tanhy = x
d d
= dx (tany) = dx (x)
dy
= sech?y—=1
sech®y—
dy 1 1
dx sech?y 1—tanh2y
d 1
% =T (+ sech? x + tanh? x = 1)
4.
d 1
a (COth_1 X) = 1——3(,'2
Proof:

Let y=coth™lx; |x|>1
= cothy = x

=>d(t )—d()
dx 4 _dxx

dy
= — h?y—=1
cosec ydx

dy 1 _ 1

dx cosech2y 1—coth?y
dy 1
dx 1—x2

(++ —cosech? x + coth? x = 1)

1

\/1——2 ,0<x<1
x/1-x

d _
5. a(sech 1x)=-

Proof:
Let y =sech™lx

d d
= sechy = x = o (sechy) = T (x)
o —sechytanhy 2 = 1
sechytanhy -~ =
dy -1 -1
= — = =
dx sechytanhy  sechy[tanh?y

dy

-1
dx sechy /1 —sech?y

(~ sech?y + tanh?y = 1)

1

a 1,y __ 1
oz (sech™ x) = ———

1

xV1+x2

d -1,) _
6. E(cosech x)=— ,x €ER—{0}

Proof:
Let y = cosech™lx

d d
= cosechy = x = P (cosechy) = Tx (x)
= hycothy 2 = 1
cosechycothy -~ =
R dy -1 B —1
dx  cosechycothy cosechy \/coth?y

( coth? x — cosec?x = 1)
coth?x = 1 4 cosech®x
dy 1 -1

dx  cosechyvV1 + cosech®’x xV1+x2

Exercise 2.6

Question # 1) Find f'(x) if
) f)=ePt
Solution:
Let f(x) = eV*~1
Differentiate w.r.t x
d(fx) _d/
dx  dx (Z )

' — pVx-1__ —
) =e* 1 —(x-1)
dy eVx-1
dx  2yx
Which is required.

1
ii) f(x) = x3ex
Solution:
1
Let f(x) = x3ex
Differentiate w.r.t x
AWOD_d(1a3)
dx dx
1id d /1
f'(x) = exa(x?’) + x3—(ex

1

f'(x) =ex(3x?) +x3 (e )
1 1

f'(x) =ex(3x?) +x3 (ef)
1 1

f'(x) =ex(3x?%) +x3 (ef)

f'(x) = xe%(Sx -1)

Which is required.

iiii) f(x) =e*(1 + Inx)

Solution:
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Let f(x) = e*(1 + Inx)

Differentiate w.r.t x

a(f(x))
dx

f'(x) = ex;—x(l +Inx)+(1+ lnx):—x(ex)

—a(e (1+ Inx))

f'(x) =e*(0+ %) + (1 + Inx)(e®)
e* +x(1+ Inx)(e*)

OE -
Flx) = 1+ x(l;— Inx))e*

Which is required.
. _ e
W) ) =g
Solution.
LEt f(x) = —x+1
Differentiate w.r.t x
d(f(x)) d < e* >

dx  dx\e*+1

(€ + D () = @) + 1)

f1ex) = (e* + 1)2
.o (eT+1)(e*) —(e*)(e™(-1))
fre = (e=* + 1)2
L (+eM)—(-1)
F'®) =—=1y
, 2+ e*
flx) = e+ e

Which is required.

v) f(x) =In(e*+e™)
Solution:
Let f(x) = In(e* +e7™)
Differentiate w.r.t x

d(gix)) =:—x(ln(§x+e‘x))
f'(x)_md—( e’ +e™)
') =m(3x+e_x(—1))
eX — g%
I =aie=
x 1
fre) = —E
ex+eix
) e?* —1
F0 =

Which is required.
vip  f)=2=¢

eaX ye—ax

—ax

Solution.

—ax

Let f(X) = m
Differentiate w.r.t x
d(f(x)) d <e“x - e‘a">

dx  dx edx 4 e—ax

(eax + e—ux)j_x(eux — e—ax) — (eux — e—ax);_x(eax + e—ax)

f’(x) = (eax + e—ax)z
iy = € HTE(@ — T @) — (¢ e (@ e ()
(eax + e—ax)z

, a[(eax + e—a.X')Z — (eax — e—ax)Z]

f (x) = (eax _|_ e—ax)z
, B a[(eaX)Z + (e—(lJC)Z + Z(eaX)(e—aX) — (eax)z — (e—ax)z —_ Z(eaX)(e—aX)]

f (X) - (eax + e—ax)z

oo a[4e]
fle) = (e%* + e—ax)2

4a

f'00 =

Which is required.

vi)  f(x) = \/In(e?* + e2%)
Solution:
Let f(x) = \/In(e?* + e~2%)
Differentiate w.r.t x
0. 1 )

1

f/(x) = 5 ln(er = e—Zx) dx (ln(er +e Zx))
, 1 1 d 2x
[l = N ranpe MG
+ e™2%)]
) 2(e2x _ e—Zx)
f(x) = = =
2inter + eI @ + o)
. (er _ e—2x)
flx) =

JInex + e 0)(e + e %)

Which is required.

viii) flx) = ln\/m

Solution:

Let f(x) = In\/(e?* + e=2%) = %(ln(ezx + e™?%))

Differentiate w.r.t x

d(f(x)) _1d v —ox
“dx (1 n(e? +e~%))
oo Ze Ze‘zx
F'O = e v e
02X _ p=2x

f'(x) = o2% + e—zx]
f'(x) = tanh2x
Question #2. Find dy if
dx
Solution.
i) y = x?InVx
Lety = x%Invx = %lenx

Differentiate w.r.t x
dy d
dx dx 2

=_ [(xz) — (Inx) + (Inx) i (xz)]
dx

dx 2[ ()an(zx)]

ii) = xVinx
Solution.

—x%Inx)
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Lety = xVinx

Differentiate w.r.t x

dy d
I~ dx (xVinx)

dy d d
Fi (x)a(v nx) + (Vin )—(x)
dy 1

— Inx) + Vinx (1
dx " 2 \nx dx 7 () + T 1)
dy 1
a 2\/_< ) + Vi (1)
1+ 2(\/ )
dx 2/ Inx
dy 1+ 2inx
dx 2VInx
Which is required.
iiii) y = E
Solution.
X
Lety = Tx
Differentiate w.r.t x
dy d ,x
dx  dx (ﬁc)i .
dy (o) gz (0 = () g (nx)
dx (Inx)?

ay (- (3)

dx (Inx)?
dy Inx-—-1
dx ~ (nx)?
iv) y=2x%In G)
Solution.

lety = x%In G) =x%In(x"1) = —x%In(x)

Differentiate w.r.t x

;—z = ix ( —x;ln(x)) y
dy [(xz) Tx (Inx) + (Inx) P (xz)]
dy

- [(xZ) (%) + (lnx)(Zx)]

==
d

& —[x + 2xinx]
dx

@ _

T —x(1 + 2inx)
Which is required.
x2—1
v) y=ln |7
Solution.
x2-1 1 x%-1
Lety— In T—Eln(m)

Differentiate w.r.t x

dy d 1l x2 -1
dx ~ dx 2n x2+1

dy 1[ 1 d (x2—1)]
dx 2 1'x%-1 dx \x2+1

x2+1

dy 162+ 1) (O D2 =1~ (2 - DL G2+ 1)
dx ~ 2(x2-1) (xZ+ 1)?

dy [((x% +1)(2x) — (2% — 1)(2x)
dx < 22— D(x2 + 1) >
dy [(2x(x*+1—-x%+1

dx <2(x2 “DEZF 1) )

dy 2x

dx ((x4 — 1))

Which is required.

vi) y=In(x+Vx2+1)

Solution.
Lety = In(x +Vx? + 1)

Differentiate w.r.t x

dy 1 <\/x2+1+x>

dr  x+ve2+1\ VaZ+1
dy 1
dx  xZ+1

Which is required.

vii) y =In(9 — x?)
Solution.
Lety = In(9 — x?)
Differentiate w.r.t x

dy d
= I (In(9 — x?)
dy 1 d
dx  9—xZ dx( —x%)
dy 1
dx  9—x2 (=2x)
dy —2x
dx 9 —x2
Which is required.
viii)  y=e . sin2x
Solution.
lety = e ?*.sin2x
Differentiate w.r.t x
d
% == (e™%*.sin2x)
dy -
i (e7?*)(cos2x (2)) + (sin2x)(e~?*(—2))
d
dic/ 2e~2*(cos2x — sin2x)
Which is required.
ix) y=e*x3+2x2+1).
Solution.

Sincey =e *(x3+2x2+1)
Differentiating w.r.t “x”

dy _ 3 2 d -X -X d 3 2

E—(x + 2x +1)a(e )+e E(x + 2x
+1)

dy - -

== (3 4+ 2x% + 1)(e7*(—1))+e *(3x2 + 4x)
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%= e (—x3 —2x% — 1+ 3x?% + 4x)

d _

d—z=—e x(x3—x2f4x+1)
x) y — xesmx

Solution.

Since y = xeS"¥

Differentiate w.r.t.”’x”

d_y — _( esinx)

dx dx

—~=(e W) MORIGE. ( )
a — (esmx)(l) + (x)(esmx(cosx))

d .
& e (1 + xcosx)

dx
Which is required.
xi) y = 534

Solution.
Let y = 5e3%x~4
Differentiate w.r.t x
dy d 3x—4
g—x = (5e )

y
—=5e*"* —(3x—-4
gx x( x—4)

y 3x—4

3

gx Se 3)

y _
— =15 3x—4
dx ¢

Which is required.

Xii) y=((x+1)*
Solution.
Lety = (x + 1)*
Differentiate w.r.t x
Taking In on both sides
Iny = In(x + 1)*
Iny = xIn(x + 1)
1dy

S (In(x + 1)) Ot x—(ln(x +1)

1dy _ 1 ! !
S (ln(x+1))()+(x)( 1)(?)
dy  (In(x+1)+1
v <x+—1>
y L(In(x+1) +1
a_(x+1) <T>

P —(x+1)x Inx+1D+1

Which is requwed

xiii) = (Inx)"x
Solution.
Lety = (Inx)"*
Differentiate w.r.t x
Taking In on both sides
Iny = In(Inx)"*
Iny = Inx. In(Inx)

Y (n(l d ! l d In(l
J—/a_(n(nx))a(nx)-i-(nx)a(n(nx))

ldy In(l 1 l 1 /1
yax = ndinx) <§> ) (E)
dy _y (ln(lnx) +1 )

dx X
In(x+1)+1

_— X _—

dx (Inx) < . )

d + 1)*

& Q (In(lnx) + 1)

dx

Q#3) Find E

(i) y = cosh2x
Solution.

Let y = cosh2x
Differentiate w.r.t x

dy B d h2

I dx (cosh 2x)
Y i h2 d 2
oy Sinh2x dx( X)
YD _ g h2x (2

oy Sinh2x (2)

d

& 2sinh2x

dx

Which is required.

(ii) y = sinh 3x
Let y = cosh2x
Differentiate w.r.t x

dy d h3
dx dx (sinh 3x)

Y _ cosh2x (3
o cosh2x dx( x)
Y _ cosh2x (3
Tx cosh2x (3)

d
& 3cosh3x
dx
(i) y = tanh™1(sinx), —g <x< g
Sol:

Let y = tanh™1(sinx)
Differentiate w.r.t x

dy d 1/

a = a (tanh (SlTIX),)
dy _ 1 = (sinx)
=T (smx)z Tx sinx
dy

dx ~ 1-sin? x( OSX)

dy _cosx

T = costx " secx

(iv) y = sinh™1(x3)
Let y = sinh™1(x3)
Differentiate w.r.t x

dy _d i3

g—x—a(smh (9;))
1

A R

dx 1— (x3)2dx

dy _ 2

o= =07
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dy _ 3x*
dx ~ V1-x®
(v)

= In(tanh x)

Let y = In(tanhx)
Differentiate w.r.t x

D _ 4 tanh

Ix — dx (In(tanh x))
dy 1 d tanh
dx  tanhx dx( anhx)
dy coshx h2

dx  sinhx (sech®x)
dy coshx

dx  sinhx cosh? x

dy 1

dx ~ sinhx coshx

(vi)
Sol:

y = sinh™! (g)

Lety = sinh™! G)

Differentiate w.r.t x

dy

dy 1

dx  1—(sinx)2dx

— = :—x (sinh™? (;))

— (sinx)

dy 1 d x
- T2
J1+(3)

dy 1
dx x
1+

dy 1
dx 4+x
4

dy 2

Successive dif ferentiation
(or higher derivative)

Lety

dy 1
dx 4+ x2

= f(x)be a function, then its successive or higher
are given below.

1st derivative

!

y

dy
dx
1

Ily
()
d?y
d?x

2nd derivative

3rd derivative

I

y
d3y

Illy
[ ()
d3y
dx3

Exercise 2.7

Question #1
Find y,if:

(i) y=2x>-3x*+4x3 +x-2

Solution.

lety = 2x5 —3x* +4x3 + x — 2
Differentiate w.r.t x
d—y=i(2x5—3x4+4x3+x—2)
dx dx

y; = 10x* —12x3 + 12x2 + 1
Again differentiate w.r.t x

d 4 3 2
y2=a(10x —12x° +12x° + 1)

y, = 40x3 — 36x2 + 24x
Which is required.

3
(ii) y=(2x+5)2
Solution.

D _ 9 o t5)
dx  dx x

3 1
N1=5 (2x +5)2(2)
1
y1 =32x+5)2=3{2x+5

Again differentiate w.r.t x

72 =3 (V2x+5)

dx
-
y2_2\/23x+5
Y, = ——
V2x+5

Which is required.
=1
i) y=vx-—%
i —Jx— L
Sol: Since y = /x =
1 _1
y=x2—Xx 2
Differentiating w.r.t “x”
1 1 1 3

y, = Ex_f +§x7

Again differentiate w.r.t x

_ d(l _%_l_l _%)
yz_dx 2x x

2

-1 3 -3 _5

= — 2 —_— 2
Y2 4 X + 4 X

-1 3 -3 5

= — 2 _ 2
Y2 4 X + 4 X

Which is required.
Question # 2 Find y,if:
(i) y=x%e*
Solution.
lety = x%.e”
Differentiate w.r.t x

dy d _

a = a (XZ. e x)

y1 = @) (e (=) + (e7)(2x)

y1 = e (2x —x?)

p

WRITTEN BY AMIR SHEHZAD (03434443214)




Again differentiate w.r.t x
d s 2
V2 = a(e (2x — x9))
y2 = (2x —x?))(e™(=1)) + (e7¥)(2 — 2x)
y, = e X(=2x +x%+2—2x)
y, = e *(x? —4x + 2)
Which is required.

(ii) y=1In (2x+3)

3x+2
dy _ _a 2x+3
rinté i E'ln<3x+2)
= % [In(2x + 3) —In(3x + 2)]
y1=2R2x+3)"1-3Bx+2)t

= &y =y, = Zi(Zx +3)"1— Bi(Sx +2)71
dx? 2 dx dx
=2(-1)(2x +3)1 dd—x(Zx +3) —3(-1)(Bx + 2)2 Cf—x(sx +2)
=-22x+3)72(2) +3Bx +2)"H)(3)
B 4 9
Y2 = T x5 T Gx+ 22
_ —4(3x +2)* +9(2x + 3)?
 (2x+5)2(3x +2)2
_ —4(9x% + 4+ 12x) + 9(4x® + 3 + 12x)
- (2x +5)2(3x + 2)2
_ —36x% — 16 — 48x + 36x62 + 81 + 108x

(2x +5)2(3x + 2)2
60x + 65

- (2x +5)2(3x + 2)?

Y2
Q#3) Find y,if:
(i) x2 +y% =a?
Sol:
Differentiate w.r.t x

d d
L2 402y = = (42
(2 +y?) = —(a)

2x+2yy; =0
2yy, = —2x

X
b4 y
Differentiating again w.r.t “x”
dy, d (x)
dx  dx\y

d d
dy;, g -7 0)
dx ()?
.- __((y)(l)-—(x>(yl)>
? ()?

Put value of “y,”

o) - (-3)

O ()2
(e
2 (»)?

(ii) 33—y =ad

Sol:

Differentiate w.r.t x
d d

L 3 v3Y = 2 (43
==y = (@)
3x2—3y%y, =0

3y2y, = 3x2
22
V1=
1 yz

Differentiating again w.r.t “x”
dy, d (x*
dx  dx\y?
24 (2 nd o2
dy, ) gz ) = () g 09
dx (y?)?
~ ()20 = (D) (2yyy)
= "

Y,

Put value of “y ”

(y2)<2x>-(x2)<z>r(f§)>

y
Y, = vt
2x*
o) - (4)
Yy
Y, = vt
(2)12x2 - 2x4>
Yy
=
_2x(y’ =%
Y2 = ¥
—2x
=75 * =)
d?y 2x
W__F(as) X3 —y3 = a3
2xa’
Yo = — y5
(iii) x = acosO y = asinf
Sol:

x = acosf ,y = asinf

dx d
0= @(acos@ = a(—sibf) = —asinf
dy d ]
0= E(asm@) = acos6
By chain rule, we have
dy d dé
dx do'dx (acosd) (—asin@)
dy cox0
== g = —cotf = y; = —cotb
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:dzy_ d (—cotd) = —( Ze)de
T2z = g (Tcotd) = cosec?6) ——

= cosec?8 (

78) = 578 (=)
—asing/ ~ sin?6 \—asin®
d’y -1
dx?  asin30

-1
a sin® 6
Which is required

(iv) x =at? y=bt*
Sol:

yz_

X
x=at:=>t:i==

a
y=btt=y= b(g)

bx?

y= az
Differentiate w.r.t x
dy b d 5
a—fax>
V1= 22 (2x)
Again differentiate w.r.t x

2b d
V2 = ?a(x)

2b
Y2 = 2

(v) x> +y*+2gx+2fy+c=0
Sol: differentiate w.r.t “x”
(2 +y?+29x+2fy +0) = 2-(0)
2x +2yy1 + 29 + 2fy; =0
ytfyi=-x—g
o+ =-(x+g9)

x+g

Yi=—

y+f
Differentiating again w.r.t

dy, d <x+g)

ll ”

dx dx\y +1

dy,  O+NEa+) -G+ O+

dx O+ )?
(DD =G+ 9)()

2" G+

Put value of “y,”
G+NW-G+9) (-3
O+

o+ )2+ (x+g)° >

Y, =~

(y +£)3

y+1)3
(x* + y? +2gx + 2fy +¢) + f* +g —c

v+1)3

(y +f +2fy+x +g +2gx)

)

(@ g —c
O N CFOE

—f* - gz +c
2T TG r )R
d’y —f2-g*+c
dx? (v +f)3
d’y c—f?-g?
dx? (v +/)°
Q#4 Find y, if:

(i) y = sin3x

Sol: Differentiate w.r.t x

dy_d(_3)_ 3d?)
Tx — d Sin3x) = cos xdx(x)

y; = c0s3x (3)
V1 = 3cos3x
Again differentiate w.r.t x
2
% =y, = % (Bcos3x) = 3(—sin3x):—x(3x)
3 (—sin3x (3))
y, = —9sin3x
Again differentiate w.r.t x
3

% =y; = % (—9sin3x) = —9(cos3x) % (3x)
= —9cos3x(3)
V3 = —27c0s3x
Again differentiate w.rt x
d4y , d
Tt =y, = —x(—27cos3x) = —27(—sm3x)a(3x)
= —27 (—sin3x (3))
vy, = 81sin3x
Which is required

(ii) y = cos3x

+ c0s3x = 4 cos® x — 3cosx
Sol: [ = cos3x + 3cosx = 4cos®x
= i(cosBx + 3cosx = cos? x

Thus
1
y=7 [cos3x + 3cosx]
dy_ [ ( 3)+d(3 )]
Iy = V1 = 7|75 (cos3x) + —— (3cosx
1
Z[( sin3x(3) + 3(—sinx)]
3
y, = ~1 (sin3x + sinx)
3L inz) +-L (sinm)
> =—=|5= T
-3 7\ 7 (sin3x) + — (sinx
3
==2 (cos3x (3) + cosx)
d?y 3
=>—S=y=-7 [(3cos3x + cosx)]
d3y
= —= dx3 =y =—- [3(— (COS3X) + —(COSX)]
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[3(—sin3x)(3) + (—sinx)]

A w

3
~2 (—9sin3x — sinx)

3

y3 = 1 (9sin3x + sinx)

:>d4y— _319 4 '3)+d j
PPl ) a(sm x a(smx)]

[9cos3x(3) + cosx]

w-PI w

=2 [27cos3x + cosx]

3
= 1(27(4 cos? x — 3cosx) + cosx)

_3X27x4 3X27X3 3

3
COSX + —Ccosx
4 4

€0S” x —
243 3

81 cos3 x — — cosx + —cosx
4 4

3 —243
ys = 81 cos3 +(

)COSX

3 240
=y, =81lcos’x —Tcosx

ys = —60cosx + 81 cos3 x
ys = 81 cos3x — 60cosx

(iii) y=In(x?-9) =In(x —3) (x + 3)
y =In(x —3) +In(x + 3)

dy d
:a—yl—a[ln(x—3)+ln(x+3)]
_ 1 + ! =(x-3)"1+(x+3)!
yl_x—3 x+3_x X

d?y

d d
ﬂ=y2 =a(x—3)_1 +a(x+3)_1
2= (D =372+ (D +3)7?
Ly d = =
=y = (DE=3) 7+ (D +3)
y3=(CDE2)x -3+ (D2 +3)78

d* d d

== (DEDE =3+ - (DD +3)7

= (DEDEDE =D+ FDED DN+
6 6

Ya = Tk —3)*  (x+3)*

=—6 [ﬁ +1/(x + 3)4']

Q#5)
if x = sinm@, y = cos0, show that (1 — x?)y, —
xy, +m?y =0

Sol: Since x = sinmf = 0 = %sin‘l(x)

And y = cosf = 6 = cos™1(y)

= isin_l(x) = cos 1(y)

Differentiate w.r.t x

~ 2 (in (1) = = (cos™' ()

mdx dx

1 1 _ -1
myI—x2 NEY

=>m /1—y2=—\/1—x2y1

> 1)

On squaring

(1-xyf =m?*(1-y?)
Differentiating again w.r.t x
(1= x*)2y1y2) + (=2x)(yf) = m*(=2yy1)
Taking common 2y,
2y, [(1 — x*)y, — xy1] = —2mPyy,
(1= x*)y, — xy; = —m?y
1 =x¥y, —xy; + m?y =0
Hence proved.
Q#6) If y = e*sinx , show thatdz—y _Ayy 2y =0
! dx? dx
Sol: y = e*sinx
Differentiate w.r.t x

dy d
- d (e*sinx)
dy .
i (e®)(cosx ) + (sinx)(e™)
d_y = e*(cosx + sinx)
dx
Differentiating again w.r.t x
d*y : .
ke (e*)(—sinx + cosx) + (cosx + sinx)(e*)
dzy
—— = e*(=sinx + cosx + cosx + sinx)
dx
2
— = e*(2cosx
12 ( )
Now consider
d?y 2dy
—— 242
dx? dx ey

= (e*(2cosx)) — 2(e*(cosx + sinx))
+ 2(e*sinx)
= e*(2cosx — 2sinx — 2cosx + sinx)

=e”*(0)
d?y 2dy
Z L2 Loy =
dx? dx T2y

Hence proved.
2
Q#7) If y = e*sinbx , show that % - Za% + (a? +
b>)y=0
Sol: y = e™sinbx
dif ferentiate w.r.t x

dy d .

= r (e**sinbx)

d

% = (e™)(cosbx (b)) + (sinbx)(e**(a))

dy ,

v e*(bcosbx + asinbx)

Differentiating again w.r.t x

d2

d_x)zl = (e**)(—bsinbx (b) + a cosbx (a)) + (bcosbx
+ asinbx)(e**(a))

dzy 2 .

ke e“*(—b“sinbx + abcosbx + abcosbx
+ a?sinbx)

dzy 2 . 2.:

i e (—b”sinbx + 2abcosbx + a“sinbx)
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Now consider (x)< d?y >+( )( )
2
4y Zad—+(a 24+ b2y

dx? dx 1
= (e%(—b?sinbx + 2ab cosbx = —a| cos(Inx) (;)
+a smbx)) 1
— 2a(e**(bcosbx + asinbx)) + a? +b <_ sin(lnx) (;))
+ b?(e%sinbx) d?y dy 1 .
= e%(—b?sinbx + 2ab cosbx + a®sinbx — 2ab cosx T\ (acos(Inx) + bsin(Inx))
— 2a?sinbx + a? sinbx + b?%sinbx)
—0 Multiply by x
B d’y d
d?y dy 24 Y _
- X+ x—=-
dx? Zad— + (@ +b¥)y=0 d%cz PV
Hence proved. ,d%y dy
2 F + Xd— +y=
a#8) If y = (cos™1x)", x X
rove that (1 — x%)y, —xy; —2 =0 Hence proved
sp | Yz Y1 - Mclaurin Series: The series
ol: 2 n
Lety = (cos~1 x)? f() = £(0) +xf'(0) + 5 f(0) + -+ f(x) s
Differentiate w.r.t x known as “McLaurin Series expansion.
dy d Z1 N2 Proof:
dx  dx ((cos™ )% We know that power series of f(x)in x
y, = 2cos~x ( —1 ) f(x) = ag+ agx + ayx? + azx® + agx* + - + ax™
V1 —x? - (i)
On squaring . = f(0) = ay, == f(0)
! - 2 3 n-1
y2 = 4 (cos~1 x)? ( 2) flx)=a; + Za%x + 3a3x? + 4aux ,+ + na,x
o o 11—x2 = f'(0) =a; = a; =f(0)
(1 —x%)y; =4 (cos™" x) f(x) = 2a, + 6azx + 12a,x* + -+ n(n — 1a,x" 2
(1—x?)yf =4y
Differentiating again w.r.t x . £(0)  f"(0)
(1= x*)2y1y2) + (=20 (D) = 4y, [1x) =28, = 6, === ="
Taking common 2y, " (x) = 6a; +24a,x + -+ nn—1)n — 2)a,x"3
2y1[(1 = x®)y, — xy1] = 4y, S F7(0) = 6ay > a, = f"'(0) _f EO)
(1= x*)y, —xy; =2 o ) ° .
(1 _ x2)y2 — Xy, — 2=0 Similarly, = a,, = o
Hence proved. Putting valves of a;, a,, as, .. an in (1)
2
Q#9) If y = acos(Inx) + bsin(Inx), prove that x? % + f(x) =f(0) + xf’ (0) +Z f”(O) + f”'(O) +-
dy
x—+y=0 + f"(O
Solution. . NOTE:
Le.t y= a.cos(lnx) + bsin(inx) A function f can be expanded in Machianrium seri
Differentiate w.r.t x If the function is defined in the interval containing 0 and
dy = 4 (acos(Inx) + bsin(Inx)) its derivative exist at x = 0 the expansion is only valid if
gx " " it is converge.
@ _ a <_ sin(Inx) (_)> +b (cos(lnx) <_)> The above expansion is also named as “MclLaren’s
dx ) x x theorem”
Mcl.lj|tlp|y by x Note:
x% = —asin(Inx) + b cos(Inx) MclLaren’s series for ﬁ is the geometric series with first
Differentiating again w.r.t x term 1 and common ratio x
a
S = —— we have

1
1—x+x2—x3+. +1(x) Tox

Taylor Series:
The series
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flx+h) = f() PRACY (x) +---+fn(lx)h"
Is known as “Taylor series expanswn
Proof:

Let the power series of f(x)in (x — a)

fx)=ay+a;(x—a)+a,(x—a)?®+az(x —a)’
+a,(x—a)*+ -+ a,(x—a)" - (1)

= f(a) = ag+ a;(a—a) + ay(a—a)®>+az(a—a)
+ta(a—a)t

= f(a) =ag = a, = f(a)

f'(x) = a; + 2a,(x — a) + 3a3(x — a)? + 4a(x — a)?
+ -+ na,(x —a)*?
=>fl(@)=a;=a;=f"(a)

f'(x) = 2a, + 6a3(x — a)2a,(x — a)® +

+n(n-1Da,(x — a)" 2

flll(a)

= f"(a) = 6a; > a3 = 30

M@

Similarly, a,, = -

Putting valves of a4, a5, a3, ..., a, in (1)

f@ = f@+f@x-a) + 52 - a) +
fI”(a)
3!

(x—a)3+~~-+%(x—a)"—> (2)

This expansion is the Taylor seriesfor f at x = a.
Replace x by x + h and a by x we get

fx+h) =f)+f)x+h-x)

+f”( )( +h—x)?
+f”:;(!x) (x+h—x)3+-
f"(x) n
+ o (x+h—-—h)"+ -
> f”( ) 2
fla+h)= f(x)+ f'(x)(h) + ——(h)
+f’”(x) h)? + - +f"( )(h)"
Note:
if weput a=0in(2)then f(x)
_ N O
=f(0)+ f'(0)x + T +
f”( )
nl

Which is Machlaurin’s series.
The above expansion is also named as Taylor theorem.

http://www.mathcity.org
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http://www.mathcity.org/people/amir

Exercise 2.8

Question # 1. Apply the Maclaurin series expansion to
prove that:
3
(i) ln(1+x)—x——+x———+
Solution. Let f(x) = In(x + 1)
f(0O)=In(0+1)=Imn1=0

F) =g
1

FO=5r=1
£ =ﬁ
O ==
F@ =
PO =G5 -
O = s

FOO) = i -

By Maclaurin Series

2 3
FG) = £O) +2f'(0) + 57 £(0) + 5 £ (0)

X 4
+Zf @+ ......
x2 3 4
ln(x+1)—0+x(1)+—( D+—>2)+=—(—6)
+ o
2 43 44
| D=x——+———"4+ ...
nx+1)=x 2+3 4+
Hence Proved
.s _ x2 | x* xS
(ii) COSX_I_Z-I_I_E-I_ .........

Solution. Let f(x) = Cosx
f(0) =Cos0=0
f'(x) = —=Sinx
£/(0) = —Sin0 = 0
f"(x) = —Cosx
f"(0) =—Cos0 =—1
f'""(x) = Sinx
£(0) = Sin0 =0
f®(x) = Cosx
F®(0) =Cos0=1
O (x) = =Sinx
£®(0) = =Sin0 =0
f®(x) = —Cosx
£ (0) = —Cos0 = -1

By Maclaurin Series
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x2 3

FG) = FO) +xf'(0) + 51 £(0) + 51 £ (0)

x* x5
RO
6

x

+af(6)(0) .........

x? x3 x* x5
Cosx =1+ x(0) +E(—1) +§(0) +Z(1) +§(0)

6
+a(—1) .........
2 4 46
Cosx = 1—Z+Z—a .........

Hence Proved.

(i) Vitx= 1+§—§+
Solution. Let f(x) =1+ x

f(O)=Vi+0=1

1 1
10 =501 +x)72

3

X
16+ """""

1 101
fO=50+072=3

2
N _1—1
f (x)—§.7(1+x) 2

Lo 11 R
f (0)—5-7(14'0)2——1

" _1_1 -3 _5

f (x)—z 7-7(1‘*'302
N e N

f (0)—2- -2(+ =

By Maclaurin Series

2 3
FG) = FO)+xf(0) + 5 £7(0) + 5 £/ (0) +
3

a7 =1 ex () 5 F @

x? x3

X
C =14+-——+— . ...
0SXx +2 8+16

Hence Proved.
(iv) eX=1+x+§—Z!+:—3!+ .........
Solution. Let f(x) = e*
f(O)=e"=1
fl(x) =¢€*
fl(0)=e’=1
f'(x) =e*
fro)=e"=1
ORYS
f"0)y=e’=1

By Maclaurin Series
x? x3
fG) = fO) +xf'(0) + 5 £ () + 57 £ () +
X2 x3
e*=1+x(1) +§(1) +§(1) +
e*=1+x+ x_z + i .........
2! 3!

Hence Proved.

()  eX=l++ 2y
Solution. Let f(x) = e?X

f(0)=e*® =1
f'(x) = 2e*

£1(0) = 2¢° = 2
f'(x) = 4

£(0) = 4¢® = 4
f'"'(x) = 8e**

£(0) = 8¢® = 8

By Maclaurin Series

2 3
FGO = FO) +xf(0) + 5 £7(0) +5£17(0) +

x? x3
e?* = 1+x(2)+§(4)+§(8)+ .........
oy 4x% 8x3
e —1+ZX+T+? .........

Hence Proved.
Question # 2 Show that Cos(x + h) = Cosx — hSinx —

h2 .
;Cosx + ;Smx +

And evaluateCos61°.

Solution.
Let f(x + h) = Cos(x + h)
f(x) = Cosx
f'(x) = —Sinx
f"(x) = —Cosx
f"'(x) = Sinx
By Taylor Series

h? h3
flth) =f)+hf Q)+ 1)+ f7 ()

hZ
Cos(x + h) = Cosx + h(—Sinx) + el (—Cosx)
5 !
+ el Sinx) + ...
2 3

Cos(x + h) = Cosx — hSinx — gCosx + aSinx

Hence Proved.
T
Now ,Putx =60°and h =1° = — rad

180
= 0.01745 rad
Cos(60° + 1°) = Cos60° — (0.0174 5)Sin60°
(0.01745)2

2!
0.01745)3
%Sln600 +

Cos(61°) = 0.5 — (0.01745)(0.866)

(0.01745)2

B 21
(0.01745)3
T(0.866) F o
Cos(61°) = 0.5 —0.0151117 — 0.000076125
+0.000000072 +

s60°

(0.5)
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Cos(61°) = 0.484812247 ~ 0.4848
Which is required.

Question #3 Show that 2X*+h = 2% [1 + (In2)h +

(In2)? % “+ (In23% + —
Solutlon.
Let f(x + h) = 2¥*h
flx) =2%

f'(x) =2*%.Ilna

f"(x) = —Cosx

f""(x) = Sinx
By Taylor Series

h? h3
fGeth)=fC)+hf )+ fC)+5 7 ()

h2

Cos(x + h) = Cosx + h(—Sinx) + el (—Cosx)
h3 '
+ 3 Sinx) + .........

2 3

Cos(x + h) = Cosx — hSinx — Z—Cosx + ySlnx

Hence Proved

Geometrical meaning of a derivative:

Let us draw a curve of the function y = f(x) take
two neighboring points P(x,y) and Q(x+ éx,y +
6y) on the curve. Draw a tangent line to the curve
at pt.

p(x,y) Such that it makes an angle ¢ withx —
axis .

Also Draw a secant line to the curve passing through
the pts. p(x, y)and Q(x + 6x,y + 8y).the secent line
makes angle @ with x — axis.

Draw L PM and QN from P and Q on x — axis. Also
draw perpendicular PR on QN.in A PQR

tang =21 |oR| =5y |PR| =

|PR|
0
= Tan® = el
ox

WhenQ —» P thendx -0 &y —0
@ — @ it means secent line becomes tangent line.

Now,
8y dy
hm Tan® = lim — = Tangp = —
B-¢ 0= 0-¢ Ox ¢ dx
But Tang is slope of tangent line. Thus geometrically
derivative of

y at x represent the slope of tangent line at p(x,y)

A
‘DV
d
<P
*‘x
Q’Ka
P(x,y 0
ox R
o A2 s
0 / M N

Increasing and decreasing function:
Increasing functions:

A function f is said to be increasing function on an
interval (a, b) if for every x1,x, € (a,b) then
f(x1) < f(x,) whenever x; < x5

Decreasing function:
A function f is said to be decreasing f&nct'l'on ohran.
interval (a, b) if for every x4, x, € (a, b) then

f(x1) > f(xy) whenever x; < x, __

_HTE.T”’!‘C‘F&‘S/

|
F‘)I |9"&)
|

|

Constant function: : | =

A function f is said to be constant functlon on an interval
(a, b) if for every x,,x, € (a,b) then
f(x1) = f(xy) whenever x; < x,

. Wi : con?’cant
Alternative definitions:

Increasing functions: g 1
A differentiable function f is said to be i crefasing

function if f'(x) > 0Vx € (a,b) a N A b
Decreasing function:
A differentiable function f is said to be decreasing
function if f'(x) < 0Vx € (a, b)
Constant function:
A differentiable function f is said to be constant function
if f'(x) =0Vx € (a,b)
Stationary point:
Any point where f is neither increasing nor decreasing is
called stationary point.
Provided that f'(x) = 0 at that point.
Relative Maxima:
A function f(x) has relative maxima f(c) at
x = c € (a, b)if
DO f(c—6x)>0 (iD)f'(c)=0 C(iid)f'(c+6x)<0

where 8x is small + ve is small number.
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Relative Minima:
A function f(x) has relative minima f(c) at
x = c € (a,Db)if
(Df(c—=6x) <0 (A)f'(c)=0 C(iii)f'(c+6x)>0
where 6x is small + ve is small + ve number.
Alternative definitions.
Relative maxima:
A function f(x) has relative maxima f(¢)if f'(x)
chnages sign from + ve to

— ve as x change through
C.
Relative minima:
A function f(x) has relative minima f(c)if f'(x)

chnages sign from — ve to

— ve as x change through
C
Relative Extrema:
Both relative maxima and relative minima are called in
general “relative extreme”
Critical Valves and critical points:
if ¢ € Dy and f'(x) = 0 or f'(c)does not exist,
Them the number c is called a critical value for f
while the point (c,f(x))on the graph of f is
Named as a critical as a critical point.
Important note:
There are functions which have extrema (maxima or
minima) at the points where there derivatives do not
exist. For example

2—x

f@) =1z ando@={; 5
do not exist at (0,0) and (0,20) resp.
But
f has minima at (0,0)and 9 has relative maxima at (0, 2)
First derivative:

Let f be dif frentiable in neighbourhood of C where f'(c) =0
1. Afunction f(x)has relative maxima at
x = ¢ € (a,b)if f'(x)has realtive maxima at
x=f"(c—8x)<0
2. Afunction f(x)has relative minima at x = c €

(a,b)if f'(c—6x)<0,f'(c)=0and
f'(c+6x)>0
Second derivative:

Let f be dif frentiable in neighbourhood of C where f'(c) =0
Then,
1. f hasrelative maxima at c if f''(c) <0
2. f hasrelative minima at cif f""(c) >0
Turning point:
A stationary point is called a turning point or a
minimum point.
Point of inflexion:
A point at which the function has neither maximum
nor minimum value is called point of inflexion.

(i)

, x>0
x<0

Procedure for finding maxima and minima of a
function:

Let y = f(x)be given function

Stepl. Find;l—z or f'(x)

Stepl1: putZ—z =0f'(x)=0

steplll find% or f"(x) at the roots.
SteplV  check the sign of " (x)at the roots
*if f''(x) > 0 then f(x)has minimum value
*iff" (x) < 0 then f(x) has maximum value.
*If f'(x) =0

then no information about the function then
use first derivative rule"

Exercise 2.9

Question No.1
Determine the intervals in which f is increasing or
decreasing for the domain mentioned in each case

f(x) = Sinx ;X € [—m,m]
Solution.
Given that
f(x) = Sinx (X € [—m,m]
f'(x) = Cosx
Cosx =0
T T
x=-33

So we have Sub-intervals (—n ,— %) , (—

T T i
22)\&"

s
f'(x) = Cosx < 0 whenever x € (—n,—i)

T
So f(x)is decreasing in the interval (—TL’ =3 )
T T
f'(x) = Cosx > 0 whenever x € (_E 'E)
T T
So f(x)is increasing in the interval (—5 ,5)
/s
f'(x) = Cosx < 0 whenever x € (E ,n)

/s
So f(x)is decreasing in the interval (E ,T[)

(i)  f(x) = Cosx ;X E (—g g)

Solution.
Given that
= Cosx 'xe(—z E)
f(x) ) 2 ) 2
f'(x) = —=Sinx
Put f'(x) =0
—Sinx =0
x=0

T

So we have Sub-intervals (—g 0 ) ,(0 ’E)

f'(x) = =Sinx > 0 whenever x € (—

NI

0)
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Vs
So f(x)is increasing in the interval (— 0 ,0 )
fis
f'(x) = —Sinx < 0 whenever x € (0 'E)

/s
So f(x)is decreasing in the interval (0 ,E)

(i) fx)=4-x* ;x€[-22]

Solution.
Given that
f(x) =4 —x? ;x € [—2,2]

f'(x) = —2x

Put f'(x) =0

—2x=0
x=0

So we have Sub-intervals (-2 ,0),(0,2)
f'(x) = —2x > 0 whenever x € (—2 ,0)
So f(x)is increasing in the interval (=2 ,0)
f'(x) = —2x < 0 whenever x € (0,2)
So f(x)is decreasing in the interval (0,2).

(iv) f(x)=x2+3x+2 ;x€[-41]
Solution.

=>f'(x)=2x+3
Put f'(x) =0=2x+3=0

3
>x=—=
=73
. . 3
w2x+ 3is+ ve m(—z,l)

So f(x)is increasing on the interval (— % 1)
3
v 2x+3is—vein (—4, - E) so f(x)is decreasing

On the interval (—4, —%)

Question. 2.
Find the extreme values of the following
functions defined as

i f=1-x°
Solution.
Given that
flx)=1-x3

II n

Differentiate w.r.t

fl(x) ==3x*——— ()
For stationary points. Put f'(x) =0

—-3x2=0
x=0

Differentiate (i) w.r.t "x"’, we have

f"(x) =—6x——— (ii)
Now put x = 0 in (ii)

f"(0)=-6(0)=0
So second derivative test fails to determine the extreme
points
Putx =0—c¢cin (i)
f'(x) = =3(—¢)*=-3e2<0

Putx =0+ ¢in (i)
f'(x) ==3(—¢&)?=-3e2<0

As f'(x) does not change its sign before and after x = 0.
Since at x = 0, f(x) = 1 therefore (0,1) is the point
inflection.

(i) fx)=x*-—x-2
Solution.
Given that
flx) =x?>—x—2
Differentiate w.r.t ""x"’

fle) =2x—1- (i)
For stationary points , Put f'(x) = 0
2x—1=0
1

X=§

Differentiate (i) w.r.t "x", we have
fr) = 2= — — (id)

Now put x = % in (ii)

a1
7(3) =2
So second derivative test f(x)is minimum at x = %
1 1\2 1
Now f(3) = (5) —5-2
1 1 1 9
f3)=3-2"2="%
(iii) f(x) =5x%>—6x+2
Solution.
Given that
f(x) =5x%—6x+2
Differentiate w.r.t ""x"’
f'(x)=10x—6 ——— (i)
For stationary points. Put f'(x) = 0
10x—6=0
3

X=§

Differentiate (i) w.r.t "x", we have
f(x) =10 — — — (i)

Now put x = % in (ii)

-

- o 3
So second derivative test f (x)is minimum at x = =

Now
F(5)- 5(2) 6(§)+2
3 1
d (g) 52
(iv) fx) =
Solution.
Given that
f(x) = 3x?

II 12

f(x)=6x———(i)
For stationary points. Put f'(x) = 0

Differentiate w.r.t
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6x =0 1++55 1455\ 1+ 55\’
x=0 s )=2"3 A E
Differentiate (i) w.r.t "x"’, we have 14 VEE
f(x) = 6———(ii) _36< + >+3
Now put x = 0 in (ii) 3
£"(0) =6 1++55| 2 3 2 2
So second derivative test f (x)is minimum at x = 0. f 3 _ﬁ(l +\/§) _5(1 +\/ﬁ)
Now 36
£(0) = 3(0)? —?(1+\/§)+3
f(0) =0. 1++/55 2
V)  f) =3x%—4x+5 f< 2 )_ﬁ(1+3\/%+3.55+55\/%)
Solution. 2
S F) = 6x—4 > f(x) = 6 - (i) —5(1+2x/%+55)—12(1+x/§)
Put f'(x) =0=6x =0= x = 0putin(i) +3
= f""(0) = 6 > 0 so f(x)hax minimum value at 1++/55 2 2
(i) f(x)=2x3-2x*-36x+3 —12(1+V55) +3
Solution. 1++/55)\ 332 116 112 4
Given that f< 3 >= 27 + 27 \/%—T—g\/ﬁ—lz
=2x3 —2x%>—-36x+3
Diff. t'C(x) t—2x x —12V55 + 3
ifferentiate w.r.t""x
1+ 55 1
f'(x) = 6x? —4x —36——— (i) f( ;/_> = —5(247 +220v/55)
For stationary points . Put f'(x) = 0
6x2 —4x —36 =0 Now put x = 1"3ﬁ in (i)
3x2-2x—18=0
2+.(2)2-4(3)(—18 1—+55 1—+/55
‘= +V(@) (3)(—18) £ V55 — 12 V55 _4
2(3) 3 3
2++vV4+ 216
X=———
6 . (1—=+55)
2 + 330 f( 3 >_4(1—\/£)—4
X = 6
2 + 255 1£V55
x=—— f”( —,;/_>=4—4\/5_5—4
1++/55
X =
3 L (1—+55
Differentiate (i) w.r.t "x"’, we have f < 3 ) = —4V/55 < 0
f"(x)=12x —4 — — — (ii) _
14VES . .. So second derivative test f (x)is maximum at x = L ‘/ﬁ.
Now put x = in (ii) 3
Now
1455 1455 1-+55) 1-+55\ 1-+55\"
f”< 3 >=12< 3 )—4 =)= BEAE
1—+/55
1455 ‘36< :_)”
f”< 3 >:4(1+\/£)_4 1—-+/55 2 3 2 2
f< ):-(1-@) _Z(1_VEg)
3 27 9
1++/55 36
f”< 3 ):4+4\/E—4 —?(1—ﬁ)+3
1-+/55\ 2
1+ ES f( 3 ):2—7(1—3\/E+3.55—5\/£)
f”( 3 >=4\/5_5>0 )
——(1-2v55+55) —12(1 - V/55)
. . . 1++/55 9
So second derivative test f(x)is minimum at x = - 43
Now
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f<1+r> 2(166 58\/_)——(56 2V/55)

3
—12(1—+V55) +3
1++/55\ 332 116 112 4
f( 3 )‘27_27\/5__9+§‘/§_12
+12V55 + 3
1++/55 1
f< 2 ):—ﬁ(zw—zzoﬁ)

(vii)  f(x) = x* — 4x?
Solution:
= f(x)=4x3-8x = f"(x) =12x2 -8 - (i)
Put f'(x) =0s04x3—8x =0
= 4x(x>—-8x) =0

>4x(x? —2) =
2 x=0 x = +V2

2 thusx=0 ,x=+2 ,x=-—/2
Putx =0 in (1)
= f"(0)=12(0)*-8=-8<0
= S0 f(x)has maximam value at x = o and
= f(0) = (0)*-4(0)>=0
Put x =2 in (D)
2 f'(V2)=12(VZ) =8 =12(2) 8 =16 > 0
= S0 f(x)has minimum value at x = /2 and
f(2) = 12(V2)’
=[(V2)°| -4 =@?-8=4-8=-4<0
Putx = —V2 in (1)
f1(—V2) =12(v2)* -8 =12(2) —8 =24 — 8

=16>0
so f(x)has minmum value at

x = —V2 ans f(—\/Z_ = (—\/5)4 — 4(—\/7)2

[(—x/i)z]z —4(2)
= (2)?-8=4-8=4
(viii)  f(x) = x* — 4x?
Solution.

> f(2)=2{(x-2)*(x- 1)}
=(@-2) (-1 +@x— 1) (x—2)?
=(x-22Ax-1).2(x - 2)%@ -2)

=(x-22+2(x-1D(x-2)(1)

) =x-2)+2(x—1(x—2)
=x-2){x—2+2x—-2}
ff(x)=(x—-2)3x—4)

d
@) = —{x-2)3x - 4)

d d
= (x—Z)a(3x—4)+(3x—4)a(x—2)

x-2)3)+Bx-4H(1)
=3x—6+3x—4
=6x—10

Put f'(x) =0, so(x—2)3x—4)=0
x—2=0 3x—4=0
X = X =3

Putx=2in()f"(2)=6(2)-10=12-10=2>0
sp f(x)has minimum value at x = 2 and
f@=02-2%*2-1)=0
putxzfin(l)f”(é)=6(f)—10=8—10=—2<0

3

so f(x)has maximum value at x = = and

(G- (-9 1)
Y G-

(ix) f(x)=5+3x—x3
= f'(x) =3 —3x?
= f"(x) =—-6x - (1)
put f'(x)=0 ,3—3x2=0
= 3(1—-x2)=0 3#0s01—x?>=0
= 1=x2
= x=+1
Put x = 1in (i)has maximum value at x
=1land f(1)=5+3(1) - (1)3
=54+43-1=7
putx =—-1in()f"(-1)=—-6(-1)=6>0
So f(x) hax minimum value at x = 1
and f(-1) =5+3(-1) - (-1 =(G-3-(-1)
f(-1)=2+1=3

Question.3.
Find the maximum and minimum values of the
function defined by the following
equation occurring in the interval [0,27 ]
f(x) = Sinx + Cos x
Solution. Given function
f(x) =Sinx+ Cosx ;x €[0,2m]
Differentiate with respect to "'x"’
f'(x) = Cosx — Slnx ———=

For Stationary points , Put f'(x) =0

Cosx —Sinx =0

—Sinx = —Cosx

Sinx

Cosx
tanx =1
tan~11 T +n
X = tan =—,T+—
4 4
T 5w

X=2r when xe[0,27]

Now diff. () w.r.t"'x"
f"(x) = —Sinx — Cosx
Now put x = g in (ii)
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1 1 2
f (%) = —Sin(g) - Cos(%) = _E_ﬁ = _ﬁ
<0
So second derivative test f(x)is MAximum at x = %
Now
f (g) = Sin (%) + Cos (%)
T 1 1 2
@-Gta=w="
Now put x = T in (ii)

AT

f(%n) \/1— \/1_ \/_—\/_>0

So second derivative test f(x)is Minimum at x = %".

Now
/()= () e ()
T
@=pww "
Question.4.

Show that y = I"Tx has maximum value at x = e.
Solution. Given that

Diff. wr.t""x", we have
dy d (lnx
dx dx( )
dy x.%— Inx.1
d dxl - lnxx2
For critical points. Put% =0
1—Inx

x2
1-lnx=0
Inx=1
Inx = Ine
x=e
Now diff. (i) with respect to ""x"’, we have
d’y d (1 — lnx)

dx?  dx\ «x2
1
d2y _ x2. (— E) — (1= Inx)(2x)
dx? x4
d’y —x—2x+2xlnx
dx? x4
d’y  —3x+2xinx
dx? x4

At x = e , we have

dx? le=e (e)*
d%y —3e+ 2e
dx2 lx=e = o4
d? —e
_ylxze =—=—=<0
dx? et e3
Hence y has a maximum value at x = e.

Question.5.
Show that y = x* has maximum value at x = %
Solution. Given that
y=x
Taking Log on both sides
Iny = Inx* = xlnx
Diff. wr .t ""x",we have

d l - & l
E(ny)—a(xmo

y dx
dy
~Z =v(1
Ix y(1 + Inx)
dy ,
— =x*(1+Inx) — ——(i).
dx

For critical points, Put% =0
x*(1+Inx)=0
As x* #0 then, 1+Inx=0
1+nx=0
Inx = -1
Inx = —Ine
Inx = lne™?!
x=e 1
1
X =-
e
1A

II

Now diff. (i) with respect to ""x"',we have

d?y

W = a(xx(l + lTl.X))
d?y d . . d
WZ(I-FITLX)EX +x a(l'l‘lﬂ.)é’)
Y 4 (1 + ) + X(l)
dxz— nx)x nx X X

d?y 1
T — X 1 2 _]
T2 X [( + Inx)* + p
d’y [x(l + Inx)? + 1]
— =X

dx?

1
At x = - we have

X

) +1
e

dy (1+ ln(
dx? lX‘ - 1
e

d2y
dx 2
. 1
Hence y has a minimum value at x = =

Application of maxima and minima:
1. If we first from the relation of the form y = f(x)
from the given information.
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2. Find the maximum or minimum value of f as
required by using 1t or 2" derivative value.
*mostly we will uses 2" derivative rule.

Exercise 2.10

Question Nol.find two integers whose sum is 20 and
their product will be maximum.
Solution:
Let x and y be req. integer’s product f(x) = xy
By given condition x + y = 30
= y=30—x- (i)
So,f(x) = x(30 — x) = 30x — x?
= f'(x) =30 — 2x
= f"(x) = -2 - (iD)
Putf'(x) =0 30—2x=0
= 2x =30 = x = 15 put in (ii)
= f"(15) = —2 < 0 thus f(x)has maximum value
Atx =15andputin (i) >y =30—-15=15
Soreq.integer are 15 and 15.
Question No: 2 divide 20 into two parts so that the sum
of their squares will be minimum.
Solution:
let x and y be req.two parts of 20.sox +y = 20
=2>y=20—-x- (i)
by given condition f(x) = x? + y?
= f(x) =x%+ (20 —x)? = x2 + 400 + x? — 40x
= f'(x) =4x—40= f"(x) = 4 - (ii)
= Putf'(x)=0 4x—-40=0
x—10=0=x =10 put in (i)
f"(10) = 4 > 0 so f(x)hax minimum value at x
=10
and put in(i)y = 20— 10 =10
So req. two parts of 20 are 10 and 10.
Q3. Find two positive integers whose sum is 12 and the
product of one with the square of the other will be
maximum.
Solution:
Let x and y be req.integers by given condition;
x+y=12y=12—-x - (i)
Product = f(x) = x%y = x2 (12 — x)
= f(x) =12x% —x3
2 f'(x) =24x —3x%2 = f"(x) =24 — 6x - (ii)
put f'(x) =0=>24x—-30x2=0=2(8—-x) =0
=>x=0andx =8
Putx=0in(ii) = f"(0)=24>0
So f(x)has minimum value at x =
o which is not required
SoPutx =8in(ii)f"(8) =24 —-6(8) =24 —48
f"(8)=-24<0
So f(x)hax maximum value at x = 8 and put in (i)
y =12 —8 = 4 sorequired are 8 and 4.

Question No.4 The perimeter of a triangle is 16cm. if
one side of the other sides for maximum area of the
triangle?
Solution:
Let x and y be other sides.

« perimeter = x +y + 6(sum of all sides)
16=x+y+6
16—-6=x+y
x+y=10
Andy =10 — x - (i)

§= x+y+6 16

> —7 orS =28

Also area A% = f(x) = s(s —x)(s — y)(s — 6)
= f(x)=8(8-x)(8-y)(B-6)
= f(x)=16(8—-x)(8—-y)
=16(8 —x)(8 — (10 — x)) x
fx)=B8-x)(x—-2)
f'@) =165 {(8~0)(x ~2)}

4484830

=16((8 —x)(1) + (x — 2)(-1))
= 16(8 —x —x + 2) = 16(10 — 2x) y
f'(x) =160—-32x =0
f"'(X) =—-32 - (ii)
Putf'(x) =0=>160—-32x =0
2 32x=160=>x=5

putx =5in (ii) = f"(5) =-32<0

Thus f (x)has maximum value at x = 5 and put in (i)
y=10-5=5
Hence req. sides are 5cm and 5cm.
Question No.5 find the dimension of a rectangular of
largest area having perimeter 12cm.
Solution:
Let x and y be required dimensions.
Perimeter = x +y + x + y(som of all sides)
=120 =2x + 2y
=>x+y=60
Andy = 60 —x = (i)
v Area of f(x) = xy rectangle)
= f(x) = x(60 — x)
f(x) = 60x — x?
= f'(x) = 60— 2x
= f'"(x) = =2 - (ii)
Put f'(x) =0 so060—2x=0Y
fl'(x) =—-2- (i)
Put f'(x) =0s060—2x =0
2x=60:>x=%=30putin(ii) x
=f"(B0)=-2<0

so f(x)hax maximum (largest)value at x = 30 and
put in (i)y = 60 — 30 = 30
“hus required dimensions are 30cm? where its perimter

77

28 minimum.
Question NO.6 find the length of sides of a variable
rectangular having area 36cm? where its permeter is
minimum.
Solution:
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let x and y be required length
Perimeter =x+y+x+y
= f(x)=2x+2y
= fl)=2(x+y) = @

area of reactangle = xy

= 36:xy:>y:%

so(i) = f(x) = 2(x+3;/—6)
flx)=2x+7271
flay=2-2,

£ =25 = (i)
Putf’(x)=0=>2—;—§=0

2:;—§:>x2—36:x=i6n

f () = —=72(~-2)x 3

> x=6 x = —6(rejected legth is always is + ve)
in (i) £"(6) = 14 — 144
= Putx = 6in (iii) f"(6) = ©° = 216 >0

So f(x) has minimum value at x = 6 and put in(ii)

36

So sides of rectangle are 6cm and 6¢cm.
Question No.7 A box with a square base and open top is
top is to have a volume of 4 cube dm. find the
dimensions of the box which will require the least
material.
Solution:
Let length, width, and hieght of box are x,x and y
repectively. So
Volume=x X x X y = x?y - (i)

D 4=x’y>y= ;—2
» surface area of the box =

(area of the square + area of 4 verticle width)
2 f(x)=xXxX4(xxXy)
= f(x) =x? = 4xy

¥4 4
x2+4x<x—2) Y=
fX)=x?2+16x"1t= f'(x) =2x + 16(—1)x 2
16
f'(x) =2x— 2
=>f"(x) =2+ 16(-1)(=2) x~3
Fr) =24 25 (i)

2x3 — 16
g

, 16
putf(x)=0502x—ﬁ=0:> >

=22(x3-8)=0= )3 -(2)3=0
-
Putin (i))f"(x) = 2+(2)2 >0

= f(x)hax minimum (least)value at x = 2 and

X

put in (i) :y=%= 1
Hence 2dm, 2dm and 1 dm is the dimension of box
Question No.8 find the dimensions of a rectangular
garden having perimeter 80m.if its areaisto b
maximum.
Solution: Let x and be required dimensions.
perimeter =x+y+x+y
80=2x+2y=>x+y=40 X
=>y=40—-x- (i)
area of rectangular = f(x) = ¥V

X

f(x) = xy = x(40 — x) = 40x — x?
f'(x) =40 —-2x= f"(x) = =2 - (ii)
put f'(x) =05040 —2x = 0= 2x =40
= x —20putin (ii) = f"(20) = -<0
= f(x)hax maximum value at x = 2
andputin (i) y=40—-20=>y =20
So dimensions of rectangular garden are 20m and 20m
Question No.9 An open tank of square base of side x
and vertical sides is to be constructed to contain a given
quantity of water. Find the depth in terms of x if the
tank with lead will be least.
Solution:
Let length, width and height of tank with square base are
x, x, and y respectively.
w volume = x X x Xy = x%y
y=7-0
© surface area =
area of square + area of four verticle walls
= f(x) = x2 + 4xy
v 4v
= f(x) = x? +4x(p) = x? +—
flx) =x%+4vx?

4v
= f'(x) = 2x + 4v(—1)(x72) = 2x -=

8v
S ') =2+4v(-D(-2)x3=2+ e - (ii)

Put f'(x) = 0= 2 + 4v(~1)(-2)(x~3) = 2 + i_’;

- (ii)
4v
Putf’(x)=0=>2x—ﬁ=0
> B _ 0523 =4y
X
4v 1 L
2 x3=—=0>=x=(2v)s put in (ii)

2
-3

1 1
F7(20)3 = 2 + 8v [(21;)5] = 2+ 8v(2v)"!
8v
24— 244=6>0
2v

1
= f(x)has minimum value at x = (2v)3
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2
x
y=5 which is required height (depth)interms of x.

x_3
N2
and put in (i)y = Pl
Question No.10 find the dimensions of the rectangular of
maximum area which fits inside the semi —circle of radius 8cm
as shown in figure.

Solution:

Let O be centre of semi — circle

let ABCD be rectangular with fits inside the

semi — circle /-\

Of radius 8cm as
{cm

Shown in figure.

let |AC| = |BD| ==
ALSO let |AC| = |BD| = x
so lenghtof rectangual = 2x and width of rectangual
v radius 8cm(given)yso |OC| = 8cm
in AOAC x* + y? = (8)? using pathagourm theorem
=>y2=64—x2:y=i\/m
y =V64 —x62 - (i)
y = —/ 64 — x? rejected being length
v Area of rectangular = 2xy => A = f(x) = 2xy
=A% = f(x) = 4x%(64 — x?) = 256x% — 4x*
= f'(x) = 519x2x — 16x3
f" =512 — 48x2 - (ii)
put f'(x) =0=>512x —16x3 =0

= 16x(32—x%)=0

2 16x=0 x>=32=x=+V32
=>x=0, x=+32, x = —V/32 rejected beinglength
Soputx = put x = V32 in (ii) = f"(x)(V32)

=512 — 48(v32)’
= f"(V32) =512 — 48(32) = —1024 < 0
= f(x)has maximum value at x = V32
and put in(i)y = \/64 - (\/ﬁ)z =64 —32 =32
y =+32

Thus length of rectangular = 2x = 2(4\/5) =82
Width of rectangular = y = 4+/2
Hence dimensions are 8v2 and 4v2
Question No.11 find the point on the curve y = x* — 1 thatis

closed to the point (3,—1)
Solution:

vy=x2—1- ()
Let p(x, y)be required point.

Let d = distance b\w(x,y)and (3,—1)
= d=\/(x—3)2+(y+1)2
2 d? =(x—-3)%+(y+1)?
2 fl)=&=-37+F+1)°
f)=x>+9—-6x+x*—-1)2+1+2(x%2-1)

vy=x2-1
=x?+9—-6x+x*+1—-2x2+1+2x%2-2
fx)=x*+x>—-6x+9
=S f'(x)=4x3+2x—6
= f(x) = 12x% + 2 - (ii)

take d? = f(x)

Putf'(x) =0 24x3+2x—6=0
2x3+x—-3=0 putx=1
> @x-1D02x2+2x+3)=0
=>x=1,2x>+2x+3=0 (rejected being complex)
so put x = 1in (ii)

2 0 1 3
1 ! 2 2 3
| 2 2 3 | o

2x%*+2x +3and x — 1 are factors of 2x*+x -3 =0

F(x) =12(1)*+2=14>0

=f(x)has minimum value at x = 1 and put in (i)
5y=(1)%2-1=0
So (1,0)is the required point closest to (3, —1)
Question No.12
Find the point on the curve y = x% — 1 so
(1,0)is the required point closet to (18,—1)
Solution:
'-'y=x2—1—>(i)
Let p)x,y) be the required point.
© d = distance b\w p(x,y)amd (18,1)
=>d=(x—18)2 + (y — 1)2
=>d?*=/(x—-18)2+(y—1)2 taked® = f(x)
= flx) = (x—18)* + (y — 1)?
fl)=(x—-18)2+x?+1—-1)~wy=x?+1
=x? +324 —36x +x*
flx) = x* + x% — 36x + x*
f'(x) =4x3+2x—36
f(x) = 12x"2 + 2 > (ii)

Put f'(x) =0=>4x3+2x—-36=0
=2x34+x—-18=0 forx =2
=>(x—-2)2x*+4x+9) =0

x =2, 2x*+4x+9 =0 rejected being complex
Putx = 2 in (ii)

2 0 1 18
2 ! 4 8 18
| 2 2 9 | o

2x% + 4x + 9 and x — 2 are factors of
2x3+x—-18=0
put x = 2 in (ii)
= f"(x)=1212)*2+2>0
=f(x)has minimum value at x = 2 put in (i)
5y=(2)2+1=5
So (2,5)is the required point which is closest to (18,1
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