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Chapter 3.

2" year

INTEGRATION

Integration:
The technique or method to find such a function
whose derivative is given involves the inverse process
of differentiation, called anti derivative or
integration.
Differential of variable:

Let f be a differentiable function defined as
y=fx) =y+8y=f(x+6bx)
>06x=f(x+6x)—y=>38y=f(x+x)— f(x)

fx+6x) — f(x)

o)
Now lim 4 = lim

5x—>00X  6x-0 ox
dy o
—=f®
 before the limit is reached.% differs from
10)
f'(x)bysmall real number €.|. e% = f'(x)+€

= f'(x)is called dif ferntial of dependent varibale
y we denoted dif ferential of y as dy.
sody = f'(x)6x = dx =8y = f'(x)dx

defined as dx = éx

i.eforyzx::»dy:di(x)&@Q

=>dy=16x>dx=90x ,-
2. f'(x)is used dif ferential co

Distinguishing betw

lent
and &x

Let us draw the graph of curve of a function
= f(x)Let P(x,y) and Q(x + 8x,y + 8y)be two
neighbouring points on the curve at point P(x,y)

s@e
\0/\/ y=
Note: 1.The differential of x is denoted by dx and@

s.that it makes an angle @ with x — axis. Also
Draw L PM and QN on x — axix also draw J_
PRon QN on x — axis.in fig.|PR| =
|QR| = |QT| + |TR|

= 8y = |QT| + ITR| - »
tan@dx—%

= |TR| =
So(i) = 6y = tan(bdx + IQ&

In ATPR,

= 0y = d +bq = tan®
dy = dy + ! : ’ |QT| is very small
So by negle
% =0y =dy
Example

Find y of the function defined as
= x*whenx =2 and dx = 0.01

Lety =f(x) dy=?

Zy—Zx:dy—de
Take x = 2 and dx = 0.01
dy = 2(2)(0.01) = 0.04
Now we find 8§y, y + 8y = (x + 6x)?
2 fy=@x+6)-y ,y=x)?=(2)?*=4

=(2+4+0.01)> -4 wdx =68x =001
6y = 4.041 — 4 = 0.0401
Example:
Use differentials fmd dy when —Inx =lInc

Solution:

Y_ Inx = Inc
X

= dG—lnx)=d(lnc)
= d(%)—d(lnx)zo
o XYY 14y =0

X e
= xdy—zydledx

X X
= xdy — ydx = xdx
= xdy = xdx + ydx
= dy=%dx
o D _xty

dx x
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Exercise 3.1

Q.1:Find 6y and dy in the following cases:
Dy=x*-1

when x changes from 3 to 3.02

SOLUTION:

y = x? — 1 As x changes from 3 to 3.02, so
y=x%2-1

d(y) =d(x* - 1)

dy =2xdx —0=2xdx

Put value of x and dx

dy = 2(3)(0.02)

dy =0.12

Now

y+8y=(x+6x)?—-1

Sy =(x+d6x)2—1—y

Put value of y

5y =(x+6x)?—1—(x*-1)
Sy=(x+d6x)2—-1-x*+1

5y = (x + 6x)% — x?
x=3

6x =dx =3.02—-3=0.02

Put value of x and 6x

5y = (3+0.02)% — (3)?

6y = 0.1204
ii) y=x%+2x

when x changes from2to 1.8

SOLUTION:

y =x%+2x Q
Now 6
y =x%+2x

d(y) = d(x? + 2x) . &
dy = 2x dx + 2dx \

Put value of x and dx
dy = 2(2)(—0.2) + 2(—0. 2)

dy = —1.2
Now
y+6y—(x+6x 6x)
8y—(x+6x)2 5% —y
Put value of
Sy=(x+36 @+26x—(x2+2x)
Sy = (x 4+ X+ 26x —x% — 2x
8y = + 26x — x?
X =

=18—-2=-0.2

t value of x and &x
y=(2-02)2+2(-0.2) — (2)?
dy = —-1.16
iii) y =+/x
when x changes from 4 to 4.01
SOLUTION:
y=+x

Now

y=+x

d() = d(Wx)
dy = % dx

Put value of x and dx
dy = 2—31 (0.41)

dy = 0.1025

Now.

y + 08y =+vVx + 6x v
=Vx+8x—y

Put value of y N

y = NFTBE q/

¢

ox=dx =441—-4=041 v
Put value of x and 6x
=v4+ 041 —
Sy = 0.1 b‘
dx
Q.2:Using dif f (bs flnd — and d_y inthe
following
l) xy+x=4
Taking dif % s on both sides
d(x (4)
d(x@(x) =0
dx+dx =0
+(y +1dx =0
» dy = —(y + 1)dx
_ y+1

dy - y+1

ii) x* + 2y*> =16

Taking dif ferentials on both sides
d(x? + 2y?) = d(16)
d(x?)+2d(y?) =0
2xdx +22y*L.dy=0
2xdx+4ydy=0

4y dy = —2x dx

d 2x x

Y- Z—-_X and
dx 4y 2y

&x_ 2y

dy_ x

iii) x* + y? = xy?

Taking dif ferentials on both sides
d(x* +y?) = d(xy?)

dx) +d(y?) =)' @)+ H)'x
4x3 dx + 2y dy = dx.y? + 2y dy)x
4x3 dx + 2y dy = y* dx + 2xy dy
2y dy — 2xy dy = y? dx — 4x3 dx
(2y —2xy)dy = (y* — 4x®)dx

% = % taking reciprocal
% __2y-—2xy
dy  y?%-4x3

iv)xy—Inx=c

Taking dif ferentials on both sides

d(xy —Inx) =d(c)

d(xy) —d(nx) =0

xdy+ydx—%dx=0
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xdy = —ydx+§dx
xdy = —(y—%)dx
xdy = —(xy_l)dx

X

dy _ 1-xy
ol and
ax _ ax?

dy - 1-xy

Q.3:Use dif ferentials to approximate the
values of:

i) V17
SOLUTION:

1
Let y=13x=xs
We take x =16 ,
ox=dx=17-16=1

1 1
y=(16)s = (2% =2
1
Now y =x+
1
diy)=d (x4)
1
dy = ixz_l dx

We take x = 30°,
Ox =dx = 29°—30°=—1°= —0.01745

y = cos 30° = 0.866
Now y=cosx
d(y) = d(cosx)
dy = —sinx dx
dy = —sin30° (—0.01745)
dy = —(0.5) (—0.01745)
dy = 0.0087

Thus cos29°=y+dy
= (0.866 + 0.0087
= 0.8747
iv) sin 61° (b
SOLUTION:

Let y = sinx

We take x = 60°,

6x =dx =61°—60° = 1¢
y = sin60°

Now y=sinx »
d@y) = JQ;}
dy 0S
dy (0.01745)

1 _3
dy =% + dx = (078 (0.01745)
Put x=16 , dx=1 0.0087
dy =1(16)7s (1) = 229 7ﬁb.sin61°zy+dy
g ‘1‘( ) (1)1 4(1 ) = 0.866 + 0.0087
dy=;@7 =15=5 = 0.8747
4 4’8 32 :
dy = 0.03125 %Q. 4: Find the approximate increase
Thus Y17 ~y +dy @ in the volume of a cube if the lenght
=240.03125 of each edge changes from 5 to 5.02.
— 203125 6% SOLUTION:
1 Lenght of each edge of cube = x unit
ii) (31)s . Volume of acube = L.W .H
SOLUTION:1 \\ V =x.x.x
Let y= x5 V=ux3
Wetake x =32, d(V) = (x*)
dV = 3x? dx

o0x=dx=31-32=-1

1 1
y=(32)s=(2°)s =
1
Now y=x5 Q
1
5

X
Q& =32, dx=-1
A-(32)7F (D= (297

1
5
—Loy4 11 _ 1
y—5(2) T 516 80
dy = —0.0125
1
Thus (Bl)s=y+dy
=2-0.0125

= 1.9875
iii) cos 29°

?\

SOLUTION:

Let y = cosx

when x changes from 5 to 5.02, so
x=5,dx=502—5=0.02

dV = 3(5)2 (0.02) = 1.5 cubic units
Q.5:Find the approximate increase

inthe area of a circular disc if its
diameter is increased from 44 cm to 44.4 cm.

SOLUTION:
Let radius of circular disc = x cm
Area of a disc = mr?
A = mx?
d(A) = d(mx?)
dA = m. 2x dx
As diameter changes from 44 to 44 .4,
so radius changes from 22 to 22.4,so
x=22,dx=222-22=02
dA = n(2)(22)(0.2)
dA = 27.646 cm?
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Integration as anti-derivative
(inverse of derivative)

Integration: v.v.v.important defination(***)
The inverse process of dif ferentiation is called
anti — dif ferentiation or integration.

Consider F(x)is antidervative of a function if

F'(x) = f(x) then ff(x)dx = fF’(x)dx
= f d F(x)d
= | gz F)dx
ff(x)dx =F(x)+c
dx

*The symbol [ ...dx indicates that integrand is two
integrated w.r.t "x"
*The anti- derivative of a function is also called
integrated is called integrand of the integral.

*The function which is to be integrated is called
integrand of the integral.

Some standard formulae for Anti-
derivatives

fldx—x+c f "dx—
fsmdx = —cosx +c¢ f cosxdx = sm@Q
fsec2 xdx = tanx + c, jcosecz \
\:otxdx
= —cos

1
fexdxzex+c ,j dx =—.a*+c
lna

+c

fSGCXtClTLXdX = secx +c,

f dx = In|x| + jtanxdx = Insec|x| + ¢
osx| + ¢

cotxdx = In|sinx| + ¢
ecxdx = In|secx + tanx| + ¢

\ cosecxdx = In|cosecx — cots| + ¢

c is constant of integration. These formulae can
e verified by showing that the derivatives of right
hand side of each w.r.t “x” is equal to the
corresponding integral

Examples:
(n+1)
5 . X
1. [x°dx s fatdx =——+c
x5+1 X6
= +tc=—+cC
5+1 6

w—and f dx are inverse operations of each other.

1
1 3 x 2™
=f—2dx=fx2dx= 3 +c
e HE
_1
x 2 2

dx =

1
3. f (2x+3)%

+ 3 +1
2x +3)"*dx =
f (2x +3)"dx = +1
6(2x + 3)3
4. [cos2xdx f cosaxdx =22 4 ¢
5. [si ; > fsmaxdx— %+c
cos3x N
c
3
; osec?xdx
= —cotx + ¢
4/ [ sec5xtan5xdx
SeCSx
z +c f secaxtanaxdx
@ secax
= +c
a
se5x
=7 tc
ax
8. [e™*tbdx v [e™dx = eT+ c
eax+b
+c
a
9. [3Mdx= fea"dx——+c
3Ax
~ An3

1
f(ax + b)) tdx = Eln(ax +b)+c

1. [faf(x)dx=a| f(x)dx
2. i)  f(0)]dx = [ fi(x)dx + [ fr(x)dx

Prove that

n+1
[r@rs eax = A e

+c,(n+-1
n+1 (

Proof:
We know that — (f"“(x))

=n+ 1)f”(x) f(x)
2 Z(frn+1) = (n+ D). f'(@)dx

Taking integration
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d
[ £rmowar =@+ [ 1. e
D @) = (n+ 1) [ frEOf ()dx
o [0 f'Wdx =LD ¢ by def.
Hence proved.

Prove that f%dx =Inf(x) +c

Proof:

We know that
d 1 ,
) =75 /')

Taking integration both sides

d 1
ja[lnf(x)]dx - fm.f () dx

= Inf(x) = f% dx

= f% dx = Inf(x) + ¢ by defination
(J f(x)dx = F(x) + ¢)

Hence proved.

Exercise 3.2

Q.1: Evaluate the following indefinate integrals:
) [Bx?—2x+1) dx
SOLUTION:

= [3x%dx — [2xdx+ [1dx
=3[x%dx—2[xdx+ [1dx

2+1 1+1
X X
= 3.

- 2.

2+1 1+1 6
x3 x? *
__3.;-—'2.2;+'X'+C Q:E}}

=x3—x*+x+c
i) [(xX+3) dx V

+x+c

SOLUTION:
1
= [Vxdx + f\/—ydx

1 1
= [xzdx+ [x2

1 1
—+1 -+1

x2 X
_%+1+—11+
_ X 9
1

2 2

X 1

S 2x2+x+c
i), [x(Vx+1) dx
OLUTION:
=[x(Wx+1) dx
= [xVxdx + [xdx

1
= [x""2dx + [xdx
3
= [xzdx + [xdx

3
S+1
x2 x1+1

=5—+ +c
E+1 1+1

1
iv) [(2x+3)z dx
SOLUTION:
1
= [(2x+3)z dx
X and -+ by 2 to make derivative

1
= 2 J(2x +3)2.2dx

1 (2x+3)2™!
= > T +c %%
2

3
(2x+3)2

s X

2 (2x+3): + ¢ b‘
= (2x+3): + ¢ (b

v) [(Vx+1)? db‘
sownozv:(b
= fwz%

= [@/)™2Vx. 1+ (1)%) dx
= Vx + 1]

1
2
1
2
1

x
1—_'_1+2.%+—1+ X+cC
QJ: :

, 3
=T 425+ x+c

2
=%x2+2.§x%+x+c
=%x2+§x%+x+c
vi) [(Jx-5)? dx
SOLUTION:
= J(E-3)? dx

= [0+ () - 2E g e
= f[x+)1—c—2] dx
= [xdx+[-dx—2[1dx

1+1

_ X

T +Inx—-2x+c¢

1

=5x2+lnx—2x+c

NOTE:FOR Q. (vi)
AGAR FUNCTION OVER M HO AUR FUNCTION KI POWER
1 HO TU AP US PAR POWER RULE NI LAGA SAKTAY.
FOR EXAMPLE:
_x% 1

Lax=(x1dx="% x _1_
fxdx—fx dXx=" g =3 =%

IS M ANSWER oo A GIA SO NOT SOLVED?
THEN AGAR FUNCTION KA DERIVATIVE UPER MAJOOD H
T US K In K SATH LIKH DE.
.. 3x+2
vii) [ 7 dx
SOLUTION:

-1+1
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) 33;2 dx

[3x 2
= J[F+E] e
[3Vxyvx | 2
= [P+ dx vx=vrx
—_— 2
= f_3\/;+\/§] dx

r 1 1
= 3x5+2x_5] dx

1 1
=3 xzdx+2[xzdx
11 141
:3ﬁ2—+2x12 +c

3 1
=35 +25+¢

2 2
=3§ x3+2.2x%+c
= 2x3+4x%+c
viii)
SOLUTION:
f@ dx

_ (YYO+1)
=155 &

_ pytl
_f\/S_’dx

— y 1
—f[ﬁdx+wdx]

=f[\/§dx+\%_/ dx]

= [y% dx + y_% dx]

ix) f (\/_\/_5 do

SOLUTION: Q

= [0:d0+[07:do—2[1do
9%+1 9—%+1

— —20+c

—20+c

+

1
o+
3
62
3
2

)
SRES

2 3 1
=202+ 202 -20+c

[

2
1 —
x) f % dx
SOLUTION:
I% dx

_ o G)F+1)*-2vx
= f—\/} dx

:fx+1\/—;2\/§ dx V
x 1 24x

]dx

il (bq,\/

=fx§ dx+fx_§dx—2f1 dx

2x
xi) f e“ +e
SOLUTI

+e_] dx

2 3 1
=§x2+2x2—2x

X
=Z+x+c
1

NOTE: DERIVATION M

EXPONENTIAL FUNCTION KA JAB DERIVATIVE LATYH T
FUNCTION AS IT AUR POWER KA DERIVATIVE MULTIPLY
KARTY H. LAKIN INTEGRATION M DIVIDE KARE GAI.
Q.2: Evaluate:
D [ s

Vxta+Vx+b
SOLUTION:

dx

Vx+a+Vx+b
= 1 Vx+a—x+b
— ) Vx¥a+Vx+b Vxta—x+b
= Vx+a—Jx+b dx = f\/m-\/m
—J (VxFa)2-(Vx+b)? ) x+a-x-b

= [(Vx¥a—x+b)dx
=ﬁ{f(x+a)% dx+f(x+b)% dx}
using [[f()]".f'(x) = %-F ¢

1 1
1 | +a)z™ | (x+b)zt?t
=——{r 3 +c
a-b E+1 E+1

3 3
1 x+a)z x+b)2
=E{%+%}+C

dx

2 2
1 (2 3 2 3
=—La+ap+ia+ba)+c
_ 2
" 3(a-b)

. 1-x2
i) [ 5 dx
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SOLUTION:
2
fl X dx

1+x2
J‘le
1+x2

_fz (1+x2) dx

=2tan 'x—x+¢c

san f dx
iii) Nezw IO
SOLUTION:

/ m+f
= 1 Vxta—vx
~ ) Vxtat+vx+b Vxta—x
= Vxta—x dx = f\/mﬂ/? do
T (xra)2-(x)? ) x+a—x

== [(Va+a—x+)dx
=Mty de+ [0 dx}
using [[fOI".f (x) e

Lo
_ 1f@rap +(’§)2 te
al ;+1 S+l

{(x+a)% (x)z} te
2

1
=+t 4o
=2{x+ a7 + (x)z}
iv) f(a — Zx)% dx

SOLUTION:
3
f(a—2x)2 dx ’\\
X and + by 2

3
:_izf(a—Zx)E.(—Z) dx @
= _%—(a—jx)%-'-l +c

2

) JEEE dx
SOLUTION:
f(lJ;ix)3 dx
v (a+b)>= a3+ b3+3ab(a+b)
_ f 13+(ex)3+3e()16)(e")(1+e") do
= 1+e3x+:§x(1+e") dx

%/\:1\/? [sinx dx

= [ |5+ 5+ 250 gy

ex ex ex
= [[e™ + e** + 3 + 3e*] dx
Je™™dx+ [e** dx+3[1dx+3[e*dx

-X 2x x
e+ +3x+35 4+
-1 2 1

= —e‘x+%e2x+3x+3e"+c

vi) [sin(a+ b)x dx
SOLUTION: b‘
[ sin(a + b)x dx
_ —cos(a+b)x I %
a+b

1
=—— cos(a+b)x +c¢

DERIVATION M FUNCTION KA DERI
AUR SATH ANGLE KE DERIVATI

BUT INTEGRATION M ANG E
KARE GAI.

vii cos2x dx

SOLUTION:;
Jv1-
0Ss 2x
2

VATIVE K DIVIDE

As sin? x

So s2x = 2sin? x
n? x dx

2 Vsin? x dx

=+2(—cosx) + ¢
= —V/2cosx +c

1
viii) flnx —dx
X
SOLUTION:
fInx. % dx
Asf(x) =Ilnx
And f'(x) = 1 so

using [ [f(x)

_ (ln x)1+1

1+1
ix) [ sin? x dx
SOLUTION:
[ sin? x dx
2, = 1—-cos2x
T2

1-cos2x
=[——dx

= %f(l — cos 2x)dx
_ l[ _ sin2x

T2 2

(x)]n+1
n+1

+c

As sin

]+c
1 1 .
—Ex—zsm2x+c

1
—d
%) f1+cosx x
SOLUTION:

1
f 1+cosx
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2Xx _ 1+cosx
2 2

X

So1+ cosx =2cos? =

As cos

N

- fz coszx

=—fsec —d

1ta§
E +c—tan +c
2

2
sin? x ,cos?x ,tan? x ,cot?x in functions k derivative

exist ni karty jab b ye function a jay t ap ye

formula use kare.
1—cos2x

2
2 1+cos2x
Cos™ X = >

tan?x = sec?x — 1

cot?x = csc?x — 1

FUNCTIONS K DERIVATIVES K JO ANSWER H UN Kl
INTEGRTION HOTI H IS K ILAWA FUNCTIONS KI

INTEGRATION NI H HOTI. E.G.

sin?x =

sin® x ,cos?x ,tan? x ,cot? x IN KI INTEGRATION NI HOTI.
(sinx)’ = cosx

(cosx)' = —sinx
(tanx)’ = sec’x

(cotx)' = —cscx
(secx)’ = secxtanx
(cosecx)’ = —cscx cotx

FUNCTIONS K DERIVATIVES K JO ANSWER H UN KI

INTEGRTION HOTI H IS K ILAWA FUNCTIONS KI @

INTEGRATION NI H HOTI. E.G.

sin® x ,cos?x ,tan® x ,cot®>x IN KI INTEGRATI@Q.
ax+b
) f ax?+2bx+c dx
SOLUTION: ’\\

f ax+b dx

ax2+2bx+c

X & =+ by 2 to make derivative uper
_f 2(ax+b) dx

ax2+2bx+c
f 2ax+2b

ax2+2bx+c

Using f[);’((x))] = ln[@
ln(ax Q

xu) fco x dx

%sm 2x dx

y 2 to make formula

= 2f2c053xsm2x dx

s 2cosasin f = sin(a + f) — sin(a — )

= %f [sin(3x + 2x) — sin(3x — 2v)] dx
= %f[sin(Sx) — sin(x)] dx
=%{fsin5x dx — [ sinx dx}
_1 {— cos5x —cosx}
-5 - +c

2 5 1
_ 1 {cos 5x

2 5

—cosx}+ c

cos2x—1
xiii dx
) f 1+cos2x

SOLUTION:
_ f Cos2x—-1

1+cos2x
_ fl COS 2x

1+cos2x

1-cos2x .
= 2sin’x =1 — cos 2x

sm X =
1+4cos2x

~ cos?x = . = 2cos?x =1+ cos2x
2
=— Smxdxz—ftanzx dx v
X

2 cos?
s 1+tan?x = secZ(L

=—f(sec’x—1) dx
= —[sec?x dx+f1dx
=—tanx+x+c

xiv) [tan?x dx

SOLUTION:
[ Tan?x dx
= [(sec’x —1) dx 3 26 =sec?6
= [sec?x dx — [ nx—x+c
In on by method of

A substitution
Somﬁs it is possible to convert an integral into

orm by a suitable change of a variable.
@talled substitution method.

&Evaluute f f(x)dx by method of subsitution

Let x = @(t) = dx = ¢"'(t)dt
So [ f(x)dx = [ f(2(t))0'(t)dt
Some useful substitutions:

1. Va2 —x? putx = asin@

(~ 1 — sin®*0 = cos?0)
put x = asecl
(- sec? —1 =tan?6

2. Vx% —q?

3. Va?z +x2 put x = atanf
(+sec’6 =1+tan?0
4, Vx+a(0r)Vx—a putx+a=t
or(\/m =t
5. V2ax — x? put x — a = asinf
6. V2ax + x? put x + a = asect
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Exercise 3.3

Evaluate the following integrals:

1:
01 [ 55 ax
SOLUTION:

f —2X
Va—x2
= [(4—x?)F (~2x)
Here f(x) = 4 — x?
f'(x) =—2x

(4_x2)—%+1

—+1

1
(4_162)5 +c
2

PN e T
Q.2 fx2+4-x+13
SOLUTION:
By completing square

f x2 +4x+4 4+13

- f(x+2)2+9

- f(x+2)2+(3)2 dx
fa2+x2 dx = —tan 12

_1 —1(_2)
—3tan 3 +c

xZ
Q.3: [ dx
SOLUTION:
(+) and (—) 4
44x%—
_f 4+x2
— ((Ax_
- f (4+x2 4+x2 ) dx
=f1dx—f4+2dx

=f1dx—4fmdx

=x— 4.%tan‘1 (E +
o -1(%
= x — 2tan (2)

Q.4:

Q
xInx
sownc@

& In x
"(x) =

; f
sing f[f((;))] = In[f (x)]

= [n[ln x] + c
Q 5: f ex+3
SOLUTION
f e"+3 dx
Here f(x) = e*
And f'(x) = e*, so

2N

N
v&

1
% _ (tanx)"z"!
- 1

wing [ E& = in[f (o) +

=mnE*+3)+c

Q.6 [ —=2 _adx
(x2+2bx+c)2

SOLUTION:

Ll dx
(x%2+2bx+c)2
1
[ (x*+2bx+c)z.(x +b) dx
Here f(x) = x%2 + 2bx + ¢
Here f'(x) = 2x+ 2b = 2(x + b)
X and + by 2
=1 @ +2bx+c)‘§ 20x +b) dx

‘bq’\/b‘

(x +2bx+c) 2

1
2 ——+1

(x? +2bx+c)% V:

- 1

2

= Vx2+2bx+c
Q7 fsec

sown%
sec?
I S

X

1
2

_1
2 sec®x
(x) =tanx

re f'(x) = sec®x

+c

1
__ (tanx)z

T +c

2
= 2ytanx +c¢
Q.8:(a) Show that
sz— In(x+Vx2—a?)+c

X
SOLUTION:
dx

Put x =asecd = dx =asecH tan6 db
asecH tan6 do

asecf tanf
fJ(asecB)z—az f\/azsecze a? a6
f asecf tanf fsece tan @ de
Ja?(sec? 6-1) Jtan2 6
secH tanf
= [——— do = [sect df
tan 6

= In|sec8 + tanf|+c;
Then back substitution:
X =asecH =
And 1+ tan? = sec? 6
tan® 0 = sec? 6 —1

tan8 = Vsec?2 9 — 1

tanf = (g)z -1

X
= =sech
a

2_q2

tanf = |~ Za
N 2._ 2

tanf = xaa

Now put values
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=In

x \/xz.—a2
2 + Cq1

-+

a

x+Vx2-a?
a

=In +c

Using Ins = InA - InB
=n| x +Vx2 —a?|—lna+¢

Where ¢ = —lna+ c¢;

=ln| x+x/ﬂ|+c
Q.9 [—E

(1+x2)2
SOLUTION:
dx

(1+x2)%
Put x =tan@
= d(x) =sec?0do

sec?
— [0 g
(1+tanZ? 6)2
sec? @

= 5 do
(sec? 6)2
_ f sec? 0

sec3 0
- fsec@
= [cos®
sin 6

1

sm0

= .cosf+c
cosB

= tanf.cosf + ¢
tan 6

~ secH te
tan @

" VsecZ@
tan 6

- Vi+tanZ 6
Put tanf = x

+c

=
Q-10: f(1+x2)Tan
SOLUTION:

1
f (14x2)Tan"1x

x ":S
f Tanl—lx ' (1+1x2)Q
Here f(x) = 1y
Here f’(x) Q

usmg [fO)]+c
x| +c
1+x
OLUTION:

By rationalizing

f 1+x 1+x
1 -X 1+

—f 1+x 1+x d

X
1+x
f (1 +X)2
- 1—x2

2

1 _a . 1t t
/\:E}?-tz dt = > 2 sin A + c
1

_ 1+x
== &

1 x
=i et
=sin"tx += . f(l—xz)"( 2x) dx
1 1 (1-x%) i

X—-.———+cC
2 ——+1

= sin~

1-x2)2
= sin~ x—z ¥+c

V1 —x2+c

=sin"tx —
sin@

Q.12: f1+c0520 %N
SOLUTION:. %

sin @ 1
f1+c0529 dd = fl 0s2 6 sin 6 dev
Put cosf =t = —sin9 dae
[— .—dt = —tan 1tv
1+t
Put t = cos@
= —tan~ 1(cos@)

Q.13: [
SOLUTI

x f aZ_(xZ)Z
615 = 2xdx = dt

= xdx = %dt

sing [——— dx =sin"1=
Va?-x2 a

2

a . -1X
== sin 1;+c s x% =t

2

dx
.14 —_—
Q f V7-6x—x2
SOLUTION:

f\/7 6x—x2
By completlng square

f\/7 x2 6x 949
f\/7 (x2+6x+9)+
f\/16 (x+3)2

— cin—1%
Using fwdx sin”t =+ ¢

. —1X+3
= sin 1T+C

cosx
Q.-15: fsinxlnsinx dx
SOLUTION:

cosx

f 1
Insinx sinx

Here f(x) = Insinx
CosXx

And f'(x) = , SO

sinx
wing [ £ = nlf ()] +
= In[Ilnsinx] + ¢
Q.16: fcosxlnsmx
SOLUTION:

. Cosx
[Insinx.— dx
sinx

Here f(x) = Insinx
CosXx

And f'(x) =—, so

sinx
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__ [Insinx]1*?

BT

= %[lnsinx]2 +c
d

Q.17: [ ==

4+2x+x2

SOLUTION:

+c

f x dx
4+2x+x2
1
== dx
2 4+2x+x2
1 2x+2-2

27 442x+x2

1 2x+2 2
== dx — dx}
2{f 4+2x+x2 f4+2x+x2

1 2
- E{ln(4 t2x+ xz) B f x242x+12+4-12 dx}
1 2
—Eln(4+2x+x )——IW dx
using fm dx = ;tan‘lz +c

_1 2 11 (x+1)
—zln(x +2x+4) ﬁtan i +c

Q.18 [ o dx
SOLUTION:
= f"—
(x2)2+2x2+5
Put x*=t
2x dx =dt
xdx = % dt

1

— 2
f t2+42t+5
1 1

= e
27 tZ42t+1+5-1

- Ef (t+1)2+22

I Sy
=22t “te Q
Put x*=t

2

Q.19: f[cos(\/f—g)x(\/—;—l)®
SOLUTION:

fleos (Vi =3) x (5-1)] ? "

Put \/_—§=

t
x
x__

1@};

= 2dt

N ><2dt]

cos t dt]

Sll'l t

Putvalue oft
=2 51n(\/§—5)+c
Q 20 fx+2

[Q. 19: solve on page 9]
SOLUTION:

xX+2 x+2+1-1 x+3
Jam =" =5 & _f\/—
JVx+3 dx—fﬁ dx = f(x+3)2.1 dx — [(x +
1
3)2.1dx

Now integrate

1 1 3 1

(xt3)2 (x+3;) 2 Y= (x+33)2 n (x+13)2 te

2tt -t 2 2

3
= 2(x+3):+2Vx+3+c b‘
. V2

Q.21: fsinx+cosx

SOLUTION:

1
f \/1_( cos x+sinx)
= — 2 dx
CcoSX . T+smx 7
=/ - d
cosx cos45°+sinx sin4
using cos(a — f8)

using | § = In|secx + tanx| + ¢
In|sec(x — 4 an(x — 45°)| + ¢

. 1 _3
"2 T2
1 [ = - —— dx
t sinx. cos60°+cosx. sin60

sin(a + ) = sina cosf + cosa sinf
1

- f sin(x+60°)

= [ cosec(x + 60°) dx

using [ cosecx dx = In|cosecx — cotx| +c

= In|cosec(x — 60°) + cot(x — 60°)| + ¢

Integration by parts.
We know that for two functions f and g

d

- (f ()g(x0) = f'()g () + f(x)g'(x)
= f (x)g (x) = —((f (g () = f'(x0)g(x)

Taking integrations w.r.t xswe get
d
[ reg i = [ [ reage - F@geo] ax
= [ (F0900) - [ g
= dx g g

[ reg@ax = o900 - [ g@or @
orf F)g' (dx = F(x) [ g'(x) dx — [ (g’ Cdx)f’ (x)dlx

In other words.

f(lst function )(2nd function)dx
= (1st funct). f(an funct.) dx

d
— f (integrated funct.)a(istfunction)dx
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This is called “integrations by parts”

Some basic rules for Integration by
parts.

*some the function as 2" function whose integration is

known or possible.

*if integration of both given functions are known but one
of the given function is polynomial functions then whose

polynomial function as first function.

*if integration of both given function are known but no

one is polynomial function. Then we may choose any
function as 1°.

*if we are given only one function whose integration is

unknown or cannot be easily find.

Exercise 3.4

i) [x sinx dx
SOLUTION:

[ x sinx dx

Here U=x , V =sinx
Using [UV=U.[Vdx— [[U.[Vdx]dx
=x.[sinxdx — [[(x)". [ sinx dx] dx
=x.(—cosx) — [[1.(— cosx)] dx
= —x cosx — [[—cosx] dx
= —x cosx + [[cosx] dx
= —Xx cosx +sinx +c¢
=sinx —x cosx + ¢

. ii) [Inx dx
i.e,sin"lx,cos tx,+/a? —x2,————e.t.c SOLUTION:
y ' x? —a? fInx. 1dx
Then we take 1 as 2™ function. Here U=Inx , (b
“Review above Rules” Using [U.V =U.[Vd o ax
. (loXY. [ 1dx] dx
X
f n 1% function 2" function
x"cosdx n
x cosx
n _ iii
f x"sinxdx X sinx :
-1 n /
x™sin~! xdx St = x x %re U=lnx ,V=x
I tan~1 x X" Using [UV=U.[Vdx— [[U.[Vdx]dx
x™tan” " xdx =Inx .[xdx— [[(Inx)". [ x dx] dx
*sinxd e* or sinx sinx R _J‘[l x_z] dx
e’sinxdx "2 x' 2
x2 1
flnxx"dx x™ x =Inx .= ——[xdx
-1 ’\ —x—zlnx — x—2+c
ftan‘1 xdx tan = x 1 2 2" 2

m®1

You may remember the word “ILATE”
séfunction
L=lo mic function
a
=t

Igebraic function
@ gonometric functions

f va? + x%dx

exponential functions.
: ember useful formulas*

&\\/ﬁdx = sin’ (g) +c

1

2. fﬁdx=ln|x+vx2—a2|+c
1 .= 2 2

3. fmdx In|x + Vx? + a? + |

Prove that [ e*(f(x) + f'(x))dx + e*f(x) + ¢
Prove:[ e*f(x)dx = f(x)e* — [ e*f'(x)dx

= [e*f(x)dx + [e*f'(x)dx = e*f(x)

= [e*(f(x)+f'(x))dx =e*f(x) +c

Hence proved.

=x7(1nx —%)+c

iv) [x* Inx dx

SOLUTION:

fx? Inx dx

Here U=Inx , V = x?

Using [UV=U.[Vdx— [[U.[Vdx]dx

=Inx.[x*dx — [[(Inx)". [ x? dx] dx
x3

=Inx .5 —f[%x;] dx

3
x 1
=lnx .5 —[x?dx

3 3

=X mx -2. X 4¢
3 3" 3

_ %3 1

—?(lnx —§)+c

v) [x3 Inx dx

SOLUTION:

fx? Inx dx

Here U=Inx , V=x3

Using [U.V=U.[Vdx— [[U.[Vdx]dx
=lnx.[x3dx— [[(Inx)". [x3 dx] dx

. x* 1 x*
=Inx T —f[;:] dx
4
=Inx .2 —2[x3dx
4 4
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4 4
X 1 X

—1nx —=. —+c
47 4

—)i:(lnx ——)+c

vi) [x* Inx dx
SOLUTION:
[x* Inx dx
Here U=1Inx , V =x*
Using [UV=U.[Vdx— [[U.[Vdx]dx
=Inx .[x*dx— [[(Inx)". [ x* dx] dx
=Inx x? —fEx?s] dx
—Inx .2 —1fx*dx
5 5
:x—slnx —g. x—5+c
5

:xS(lnx ——)+c

vii) [tan™lx dx

SOLUTION:

[1.tan" x dx

Here U=tan"lx ,V =1

Using [U.V=U.[Vdx—[[U.[Vdx]dx
=tan"lx.[1dx— [[(tan" x)". [ 1 dx] dx

x| dx

=tan"'x x—f[1+2

=xtan"tx ——f1+x2

=xtan lx —Eln|1+x2|+

viii) [x? sinx dx

SOLUTION:

[ x? sinx dxn

Here U =x? , V =sinx

Using [UV=U.[Vdx— [[U.[Vdx]dx
=x2. [sinxdx — [[(x?)". [ sinx dx]dx

=x%.(=cosx) — [[2x . (= cosx)] df\&

= —x? cosx + 2 [[x.cosx] dx

Using [U.V=U.[Vdx — [[U x] dx

= —x% cosx+ 2{x.[ cosxd
= —x% cosx + 2{x.sinx — [[Isi

= —x? cosx + 2x.sinx—R [ sinx dx
= —x? cosx + 2xasifi%— 2(— cosx) + ¢
= —x? cosx + 2x si 2Ccosx + ¢
ix) [x?* tanT x

SOLUTIO @

12 g h

He? LV =x2

s& V= Udex—f[U'dex]dx

x . [ x%dx — [[(tan™' x)". [ x? dx] dx
x3
an™'x. ?_f[1+x2 3]dx
x3 1
=tan"'x —§f1+x2dx ,
3
=" tan"lx —lf( )dx
3 T+x
3
:%tan x ——fxdx+ f

3

x
—?tan X —§7+gln|1+X|+C

1+x2

(e,
.ff(x) dx = In|f ()| + ¢

x) fx tan~lx dx

SOLUTION:
[x.tan"1x dx
Here U =tan™!

x ,V=x
Using [U.V =U.[Vdx— [[U".[V dx]dx b‘

=tan"lx .[xdx — [[(tan"1x)". [ x dx] dx

= tan- x__f[1+xz _]d (}
Z
=Zeantx —3[{ dx

XA 1. 1c(14x?-1 2
=tan™'x zf(1+x2) +x +1
2 —_
e N o 1 dx 1
2 2
2
==tan"'x —-[1
2
="tan"lx —-
2 2
=Gtan‘1x ( 1)—>x+c
xi) [x3 dx
SOLULION:
[x vlx dx
ere P=tan"lx , V=x3
U fU.V=U.dex—f[U’.dex]dx
an~lx . fx3 dx — [[(tan™' x)". [ x3 dx] dx
2 _
=t~ f [ ] o "1
o 14 x2y/x*
= tan™'x _Zf1+x2 dx Fxt + 12
4 _—
=x7tan‘1x —lf(x2 : )dx _—x?
o Fx2F1
= tan™'x ——fx dx + = fl——f1+x2 1
4 3
=Ztan"1x —lx—+lx——tan x+c
4 43 "4t T g

=%[x4 tan~lx — x?+x— tan‘lx]+c
1 4 -1 x3

=Z[(x —1) tan" " x —?+x]+c
144,01 x3 -1

=c|x"tanTtx ——=+x—tan" x| +c
xii) [x3 cosx dx

SOLUTION:

[ x3® cosx dxn

Here U=x3 , V =cosx

Using [UV =U.[Vdx— [[U.[Vdx]dx

=x3. [ cosxdx — [[(x3)". [ cosx dx] dx

= x3 . (sinx) — [[3x?.(sinx)] dx

= x3 sinx — 3 [[x? sinx] dx

Using [UV=U [Vdx— [[U [Vdx]dx

= x3 sinx — 3{x?. [ sinxdx — [[(x?)". [ sinx dx] dx}
= x3 sinx — 3{x?%.(— cosx) — [[2x (- cosx) ]}

= x3 sinx + 3x% cosx — 6 [ xcosx dx

= x3 sinx 4+ 3x? cosx — 6{x [ cosx dx — [[(x)' [ cosx dx] dx}
= x3 sinx + 3x? cosx — 6{x sinx — [[1.sinx] dx}
= x3 sinx + 3x* cosx — 6{x sinx — [ sinx dx}

= x3 sinx + 3x% cosx — 6{x sinx — (—cosx)} + ¢
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= x3 sinx + 3x% cosx — 6x sinx —6cosx + ¢

= (x3 — 6x)sinx + (3x2 — 6) cosx + ¢
xiii) fsin‘lx dx

SOLUTION:

f1.sin"1x dx

Here U=sin"'x ,V=1

Using [U.V=U.[Vdx—[[U.[Vdx]dx

=sin'x.f1dx—[ [(sin_1 x).[1 dx] dx

=sin"'x .x —f[ x] dx  skip

1

Vi-x2®
1

=xsin"lx — if(l - xz)_i(—Zx) dx

=xsin"lx += 1—+c

. 1
= xsin"lx +5—+c

=xsin"lx +V1—-x%2+c

xiv) fx sin”1x dx
SOLUTION:
[x.sin"tx dx
Here U =sin"lx ,V=x
Using [U.V=U.[Vdx—[[U.[Vdx]dx
=sinlx . fxdx—[ [(sin_1 x). [ x dx] dx

2
= sin~ x——

2
=X sin~lx -1
2 2 Vi-— x

X o1, 1 X
_Zsm x + f\/_dx+c @
\/_

x? -1

:7sm Tx 4= f dx +c
x

==sin"tx 42 f_lx ——fﬁ +c

:x?sm x += f\/ —xzdx—

Usmg va? — x?%dx = —sm

dx

——sm x+ sm - —x ——sm Tx+
c
x? 2
=7sm Tx += sm —x ——sm Ix+c¢
x
=7sm1 )sm x+= v 1—-x2+4c¢

x —
% , Sin x+—v 1-x%+¢
xv& inxcosx dx

I= fe sinx cosx dx
ultiply and divide by 2
I=2[e*2sinxcosx dx
2
I=2[e* sin2x dx
2
Here U =sin2x , V =¢e*
Using [UV=U.[Vdx— [[U.[Vdx]dx
I =sin2x [e* dx— [[(sin2x). [ e* dx] dx
I =sin2x e* — [[cos2x.2 .e*]dx
[ =sin2x e* — 2 [ cos 2x e* dx

xz [\/ﬁ ] dx @%&05 2x] +c¢

Using [U.V=U.[Vdx— [[U.[Vdx]dx

I =sin2x e* — 2{cos 2x [ e dx — [[(cos 2x). [ e dx| dx }
I = sin2x e* — 2{cos 2x e* — [(—sin2x) e* dx }

[ = e*sin2x —2cos2x e¥ —2 [ 2 sinx cosx e* dx
I = e*sin2x —2cos2x e* —4 [ sinx cosx e* dx
Put 1= [e*sinxcosx dx

I = e*sin2x —2cos2x e* —41

51 = e* (sin 2x — 2 cos 2x) v
I = %(sin 2x — 2 cos 2x) N
xvi) fx sin x cos x dt(L
SOLUTION: %
[ x sinx cosx dx——fx Zsm dx =

= fx sin2x dx

Here U=x , V—ng%
UsmngV u [lU'. [V dx] dx

= —[x fsm 2x d fsm 2x dx] dx]
f 1 __cos 2x _

——x cos coSs 2x dx

_ 1sm2x

0S 2x + - = i[—x cos 2x + Sinzzx] +

2 sinx cos x]

c052x+ +c

. 1 .
—x cos2x + sinxcosx] + ¢ =Z[smxcosx—

xvii) fx cos? x dx
SOLUTION:
fx cos?x dx= [x #

= l_fx.(1+c052x) dx=lf (x + x cos 2x) dx

1+cos2x
/2% dx As cos’*x =

—fx dx + = fxcost dx =

Here U=x , V = cos2x
Using [UV=U.[Vdx— [[U.[Vdx]dx

—x—+lfxc052x dx
22 2

2 '

= %+% [x.[ cos2x dx — [[x. [ cos 2x dx] dx]

x2 1 sin 2x sin 2x
and aratl | e (B

x2 1 sin 2x .
_T+5x —Zfsm2xdx
_ x_2+ xsian_l — COS 2X

4 4 2

-PI»—x
—_

x2 4+ xsin2x + —cost)+c
xviii) fx sin? x dx

SOLUTION:

[x sin®x dx= [x

1—cos2x
2

= lfx.(l—cost) dx=1f (x — x cos 2x) dx

1—cos2x .
—2" dx As sin®x =

=— xdx—— X cos2x dx = L2 1 x cos2x dx
2 2

2
Here U=x , V=cos2x
Using [UV=U.[Vdx— [[U.[Vdx]dx
2
=x7—— x. [ cos2x dx — [[x. [ cos2x dx] dx]
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1

[x - sin 2x _ f [1 sin Zx] dx]
2 2 2

2 .
X 1 sin 2x 1 .
= —— -x. += [ sin 2x dx
4 2 2 4
x2 X sin 2x 1 (—cos2x
= - - +c
4 4 4 2
1 2 . 1
=4\ - xsm2x—5c052x +c

xix) [(Inx)? dx

SOLUTION:

[(Inx)%.1dx

Here U= (Inx)? , V=1

Using [UV =U.[Vdx— [[U".[Vdx]dx
=(Inx)?.f1dx— [[((Inx)?)".[1dx]dx
=(lnx)?.x —f[Z(lnx)i.x] dx
=x(Inx)> —2fInx dx

=x(Inx)? —2[f(Inx).1 dx]

Here U=lnx , V=1

Using [UV=U.[Vdx— [[U".[Vdx]dx

=x(Inx)? —2[nx.[1dx— [[(Inx)". [ 1dx] dx]

= x(Inx)? —Z[Inx X —f[%x] dx]
=x(Inx)? —2[lnx .x — [ 1dx]
=x(lnx)? —2[x Inx —x]+c
=x(lnx)? —2x Inx +2x+c

=xlnx (lInx—2)+2x+c
xx) [In(tanx) sec?x dx
SOLUTION:.
[In(tanx) sec?x dx
Here U =In(tanx) , V =sec?x
Using [UV =U.[Vdx— [[U.[Vdx]d
= In(tanx) .[sec?x dx —
[[[In(tanx) . [ sec? x dx] dx

sec?

X

X

= In(tanx) . tanx — [ [tanx tan x]

=tanx.In(tanx) — [sec?x dx
=tanx.In(tanx) —tanx +

SOLUTION:
R 1
e an= Mo -t a0
1
Here U =similxN, V =(1—x2?)"z (-2x)
Using =V.[Vdx— [[U.[Vdx]dx

x[(1- xz)_% (—2x) dx —

2N

2

sin™

255 \
% x) . f(1- xz)_% (—2x) dx] dx}
> _1{ ) ) (1-2) 2"
2
1

X
14
2
—=4sin”~
2

B

—f 1
—%+1 Vi-x2 °

_f[l

—%{2 sin"'x V1 —x2 — [[2] dx} =
—%{2 sinT'xV1—x2-2[1dx}=
—sin"'xVl—-x2+4+x+c

1
(a-x7)?
1
2

1
(1-—x2)2
T
2

1 1

X

—x2

]dx}:

2

=x—V1l—-x2sin"lx+¢
Q.2: Evaluate the following integrals:
) ]tan“x dx
SOLUTION:
[ tan* x dx
= [tan?x .tan?x dx
= [tan?x (sec’x —1)dx
= [tan?x sec?xdx — [(sec?x — 1) dx
_ tan3x 2
= — [ sec’xdx+ [1 dx

3
_ tan®x

D
Y

et

—tanx+x+c¢
ii) f
SOLUTION:
[sec*x dx

= [sec’x .sec’x d v

= [sec?x (1 + tap®x)d

= [sec?x dx + e%n x dx
=tanx+ta ad
=tanx +’7x+c

iv) ftan3xsecx dx

ION.
secx dx
tan? x tanx secx dx
= [(sec’x — 1) tanxsecx dx
= [sec?xsecxtanx dx — [secxtanx dx

3

1
=-sec’x —secx +c¢

3
v) [x3e > dx

SOLUTION:

[x3e>* dx

Here U =x3, V =e5*

Using [UV =U.[Vdx— [[U".[Vdx]dx
=x3 [e5 dx — [[(x3)'. [ e>* dx] dx

5x 5x
3 eT—f3X2 eT dx
eSx 3 2 5
?—E{fx e>* dx}

Again integrating by parts

5x

=X

=x3 %-%{xz [e5* dx — [[(x?)'. [ e>* dx] dx}
_X3e_5x_§ XZi—Iindx
B 5 5 5 5
383 2,50, 6 5x
=x* ———x? e+ [xe¥dx

Again integrating by parts
5x 3 6
2 ,5x 5x
T Exe +25{xfe dx

[ [ ¥ dx] dac}

3 .2 5%

e

6

e5x 1 e5x d
=X ———=X"e +—{x—— — x}
5 25 25 5 ) 5
5x
— 3 ¢ 3 ,2 5% 6 5x 6 5x
=x°——=X"e —xeX* ——]e*dx
5 25 t s 125f
5x 5x
e 3 6 6 e
=x3 ——=x?e+ —xe—-——+c
5 25 125 125 5
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vi) [e ™ sin2xdx
SOLUTION:
Let 1= [ sin2xe *dx
Here U =sin2x ,V =e"
Using [UV=U.[Vdx— [[U".[Vdx]dx
[ =sin2x [e ™ dx — [[(sin2x)' [ e~ dx] dx
I = sin2x % —f[(cost.Z)%] dx
I=—-e*sin2x+2 [e ¥ cos2x dx

Again integrating by parts
[ = —e *sin2x + 2{cos 2x [e™* dx — [[(cos 2x)' [ e™* dx] dx}

[ = —e *sin2x + 2 {cos 2x % —f [(— sin 2x. 2) %] dx}

X

[ =—e*sin2x —2cos2x e™™ —4 [ e *sin2x dx
[ =—e¥sin2x —2cos2x e ™* —4l + ¢;
51 = —e *sin2x —2cos2x e * +¢;
I=—2cos2x e —2e*sin2x + 2
5 5 5
I = —ée‘x (cos2x +%e‘x sin2x) + ¢ wherec = %

vii) [e?* cos3xdx
SOLUTION:
Let 1= [e?* cos3xdx
Here U =cos3x , V =e%*
Using [UV =U.[Vdx— [[U".[Vdx]dx
I =cos3x [e** dx — [[(cos3x)" [ e?* dx] dx

2 2
I = cos 3x % —f[(—sian.B)ez—x] dx
2
I = cos3x §+%f[sin 3x e?¥] dx
Again integrating by parts

I =cos3x ezﬁ + %{sin 3x [e* dx — [[(sin 3x)’

I = cos3x £+§{sin3x£—f[cos,3 22 dx}
2 2 2 2
A\

e 3 . 2x 9
I =cos3x —+=>sin3xe?* —=[¢
2 4 4
e?* 3 . 9
I = cos3x T+Zsm3xezx )
9 e 3 . A
I+ZI:cos3x 7+Zsm3x +c

13 - cos3r & 4 2sinade?s

4I—cos3x —t2s +c
2x

I = ie—(cos3x + 3 +14—3c1

13 2
2 3 . 4
= =e?*(cos3 —sm3x)+c where  —c¢; =
13 2 13
c
) 2
I = 1n3x+§cos3x)+c

% cosec3 x dx
TION:

Lét 1= [ cosec?x cosecxdx

Here U = cosecx , V = cosec?x

Using [UV =U.[Vdx— [[U".[Vdx]dx

= cosecx [ cosec?x dx — [[(cosecx)'. [ cosec? x dx] dx
I = cosecx (—cotx) — [[(— cosecx cotx)(— cotx)] dx

I = —cosecx cotx — [ cosecx cot? x dx

I = —cosecx cotx — [ cosecx (cosec? x — 1) dx

I = —cosecx cotx — [ cosec3xdx + [ cosecxdx

I = —cosecx cotx — I+ [cosecxdx

21 = —cosec x cotx + In|cosecx — cotx| + ¢;

I = —%[cotx cosec x — In|cosecx — cotx|] +§c1
I= —%[cotx cosecx — In|cosecx — cotx|] + ¢
+ TIT BIT:

Jab pure quadratic equation h aur us ka derivative b
majood na h t substituition s solve karty h aur
substitution m trigonometry functions hi let karty
lakin j c s start hu w let nai karny nai t book answer
ni aye ga ut jin pure quadratic equation wa

guestions ki power% h t un k ap by parts integration
k method s b kar saktay h. %

Q.3: Show that fe“xsi xv

. b
sin(bx — tan™! (—) +c
p a

SOLUTION:
Let 1= [e™g

I = si 2&%dx — [[(sinbx)'. [ €% dx] dx
eax
—f[cosbx . b'T] dx

e®™ p
x— -—[cosbx e dx

. e b ax
= sinbx — -—{cos bx [ e™ dx —
a a
[[(cos bx)'. [ e dx] dx}
ax ax ax
I = sinbx*— —E{CObee—— f [—sinbx .b.e—] dx}
a a a a
ax 2
I = sinbx— —%cosbxea" —b—zfsinbx e dx
a a a
ax 2
[=sinbx— -Zcoshxe™ -2+ c
a a? a?

b? . e p
I+—=I1=sinbx— -—cosbxe™ 4+ ¢,
a? a a?

a?+b? . 1 b
I =e™(sinbx--—coshx)+c;
a? a a?
a? 1 b a
I = eax(sinbx— ——cosbx)+—c
a?+b2 a a? a2+p2 1
1
I= e™(a sinbx -bcosbx) +
a?+b? ( )
a
c A) where ——c,=c¢
( ) az+p2 1

Let a=rcosf (1) , b=rsind 2)
Squaring and adding (1) and (2)
dividing (1) and (2)

. rsin @ b

a® + b?> =r?cos?0 +r?sin?0 =-
rcos 6 a

: b

a? + b% = r?(cos? 6 + sin? ) tanf =~

a?+p?=r* = r=+a%+bh? (9=tan'1(§)

Now Put values in (A)

1 . .
I'=——3 e (rcos@ sinbx -rsinfcosbx) +c

T ax . i
I'=——5e"(cos@ sinbx -sin6 cosbx) +
c (Take r common)
| q2 2
1= a‘;;’; e (sinbx cos @ -cosbxsinf) +
c (Put value r)

\/ﬁ e (sin(bx — 6))c
a

Using sin(a — B) = sinacosf -cosasinf
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1
~ Ja2+p?
Put 6 =tan?! (Z) have proved.

e% sin(bx — tan™? (Z) +c

Q.4: Evaluate the following indefinate integrals:

i) [Va?—x?dx

SOLUTION:
Let 1= [Va?—x?.1dx
Here U=+Va%2—-x2,V =1

Using [UV=U.[Vdx— [[U".[Vdx]dx
I =vVa?—x? fldx—f[(\/az—xz),.fldx] dx

I=\/a2—x2.x—f[ .x] dx
_xz
I=xVaz—x2- | o= dx
— @ — 2 [Exi-a?
[=xVa?—x fm dx
I =xvVa?—x?— f dx+f\/—dx
= o VaZ — X2 — 1/2_ 2 2
[=xVa?2—x%2- [Va xdx+afm
. 1 s _1£
Using f—m dx =sin"'=+c

I=x\/W—I+azsin‘1§+cl
I+I=xm+azsin_1§+cl
lexm+azsin‘1£+cl

W#; 24
W+%sm 1Z4c

where 2=
i) f\/xz —a?dx QQ
SOLUTION:

Let 1= [Vx?2—a?.1dx ’\\
Here U =+Vx2—a?,V =1
Using [UV =U.[Vdx—

I =+Vx2—q? fldx—f[(

[=+vVx%2—a?. x—f[ﬁ
PN

N|>< NI><

[—x x2 x—a+a

\/xz—a

x%—a? a?
I=x “‘fw:a x—fw:ad

_e 2 g2 dy — g2
I—\ —[Vx?—a?dx—a fm
& fmdx:ln|x+\/x2—a2|+c
xVx2 —a? — I — a?ln|x + Vx? — a?| + ¢
+1=xVx?—a?—a’ln|x +Vx? —a?|+ ¢
2l =xVx%2—a —azln|x+\/x2—a2|+cl

I—§\/x az——ln|x+\/x2—a2|+
1=2Vx%-a? —7ln|x+\/x2—a2|+c
where %=c

iii) J\/4 — 5x%dx

SOLUTION:

Let 1= [V4—5x?.1dx

Here U=V4-5x2 ,V =1

Using [UV=U.[Vdx— [[U.[Vdx]dx

I=mf1dx—f[(m)’.f1dx] dx

4 —5x2, x—f[z\/m ]dx
[ =xV4—5x%— fmdx
4-5x2-4
[ =xV4—5x%— f\/? Nb‘
_ — 4-5x?
[ =xV4—5x%— IJ—d +fJ_d

I=xV4—5x2— [V4—5x2dx+4f dx
I =xV4—5x2— [V4—5x2 \/_f

Using f\/Z—x dx v

| = xV4—5x2— 45 n_1<4)+61

V5
_ 4 -1 \/gx

21 = 75 sl (T)+C1

_ 2 . _q(V5x 41

I = +T§SIH (T)-I_?

= +%sin‘1 (@)+c where %=c

4{% iv) f\/S —4x%dx
OLUTION:

Let = [V3—4x%.1dx

Here U=v3—4x? , V=1

Using [UV =U.[Vdx— [[U.[Vdx]dx
I=\/3—4x2fldx—f[(\/3—4x2),.f1dx] dx

=3 —4x2. x—f[ZW ]dx

- —4x2
[=xvV3—4x fW
[=xV3—4x? - f3\/;xT_23

_ —— 3-4x? 3
[=x+V3—4x fmdx+fmdx
I=xV3—4x2— [V3—4x2dx+3] dx

o)

—f\/3—4x2dx+§f;dx
2

I =x+3—4x2

Using f\/ﬁ dx = sin‘1§+ c

I=x\/3—4x2—1+%sin_1<%>+cl
2

2] = xV3 —4x%+= sm‘l(\r)+ c
=§\/7xz+ 31n_1(j§)+2
:§W+ sm‘l(\[_)+c where %=

SOLUTION:
Let 1= [Vx?+4.1dx
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= 2 = ax
Here U=+Vx2+4,V =1 [e (asec x + \/_)dx

USlTlg fUV =U fV dx — I[U f’V dX] dx . fe‘“‘[af(x) +f(x)] x = eaxf(x) +c
I=Vx2+4fldx—f[(\/x2+4).f1dx]dx =e™sec lx+c
2% . 3x (3 sinx—cosx
I=vVx*+4.x _I[Z\/— ]dx iv) [e ( SinZ % )dx
SOLUTION:
I =xVx%24+4 f\/— _f 3x (351nx cosx)dx
[ =x W x%+4 4 sin? sin? x
e, - (G ) W™
[=xVx?+4 f +fm = [ e3*(3 cosecx — cotx cosecx)dx N
I=xVx2+4—] \/x2+ dx+4f\/? v fe¥af() + f/(0)]dx = e f(x) +c
_ 1 \/2_"2” = e3* cosecx + c
Using f—m dx = In|x +Vx? + a?| + ¢ v) [e?*(—sinx + 2 cos x)dx
I=xVxZ+4—1+4n|x + Va2 + 22|+ ¢ SOLUTION:
I+1=xVxZ+ 4+ 4ln|x +Vx? + 22| + ¢; = [ ¥ (2 cosx = sinx)d
- X — i
I—xm+4ln|x+\/x2+22|+c1 _jfe [(Z(C())SX+(] sin (
X ax + ! a +
[=X VT + Sy + VAT 7 27+ 2 _ezxciggﬂf(") o
I=2VxZ+4 +Zln|x+\/x2+22|+c Wherec—1= vi) [ v
2 (1+x)2
¢ SOLUTI
vi) [x%?e%™dx q
SOLUTION: ( *
[x%e™ dx - ;]
(1+x)2

Here U=x%,V =e%

Using [UV=U.[Vdx— [[U.[Vdx]dx /‘:é
e

=x? [e dx — [[(x?)". [ e™ dx] dx xﬁ +c
— 2 % — [ 2x % dx @Q vii) [e *(cosx — sinx)dx

=x2 2 _2([x % dx} SOLUTION:

e a” Q = [ e *(—sinx + cosx)dx
Again integrating by parts 6 = [e~1 *(~Lsinx + cos x)dx
f 1.8

o~ |

eax
2 v fe®™[af(x) + f'(x)]dx = e™f(x) + ¢
a =e Msinx +c

=X —_—— — X — —
2 e ax ax
=x* —- Zxe +5 fe dx =e *sinx +c
ax ax -1
S 2 ax 2 e emtan~1x
=X T_Exe viii) [< dx
Take common — SOLUTION.

eax( tx 1

— femtan_ x -~ dx
1+x

Q.5: Evaluate th@ng integrals: Put y=tanlx
dx

) fe +ln dy—1+2dx .
my mtan~ - x
SOLUTIO =femydy=7+c=e ——+c  Put y=
x + dx tan™x
)+f(x> dx = () +c ix) [z ®
x +c SOLUTION:
le +c f 2x % 1+sinx f 2x(1+smx)
fe"(cosx + sin x)dx 1-sinx 1+51nx - 1-sin? x
2x(1-sinx) _ 1 sinx
SOLUTION f cos?x dx f 2x (coszx + cosxcosx) dx
= [el *(1.sinx + cosx)dx = [ 2x(sec?x + tanx secx)dx = [ 2x sec?x dx —
v [e%[a f(x) + f'(x)]dx = e¥f(x) + ¢ [ 2x tanxsecx dx
=el*sinx + ¢ Here U =2x, V =sec’x and U=2x,V=
=e*sinx + ¢ tan x secx
iii) [ e (a seclx +—~ 1) dx Using [U.V =U.[Vdx— [[U".[V dx]dx
XV xXe—
SOLUTION:

WRITTEN BY AMIR SHEHZAD (03434443214)



= [2x tanx — [ 2(1) tanx dx] + [2x secx —
[2(1) secx dx]
= 2x.tanx — 2In|secx| + 2x .secx — 2 In|secx +
tanx| + ¢
e (1+x)

x) f (2+x)2

SOLUTION:

_ x [2-1+x

=Je _(2+x)2] dx

= fox |21 gy

| (2+x)2

_ 2+x 1

=Je* (2422 (2+x)2] dx

— (1 1

- fex [ 2+x (2+x)2] dx

Je™| af(x) + f(x)]dx = e®f(x) + ¢

—e*. ——+c
2+x

xi) f(l Smx) e*dx

1-cosx

SOLUTION:

_ x 1—Zsin32—ccosg

R e Lo
2

2 sin% cos%
f 2 sm2 in2Z dx

Zsng

= [e* (—cosec ——cotf) dx

2 2 2
_ x(_ x, 1 2X
=fe ( cot + > cosec 2)dx
Je¥[af(x)+f'(x)]dx =e™f(x) +c
— ,x(_ x — _pX x
=e ( C0t2)+C— e cot2+c

4
dQ(x)#0

linear and

If P(x), Q(x)are two polynomial funct’i

In rational fraction % can be factori

al function is
ctions, each of which

Quadratic (irreducible) factors then the
written as as a sum of simpler rati

can be integrated by methods,already known.

Here we discuss examples gf the three cases of partial fraction
and then apply integ

Casel.
when Q(x)coxftaty non — repeated linear factors.e. g;
P(x) A N B
—a)(x+ b) x+a x+b
—x+6 A B

c
(x—2)(x-3)(x—4) Sz Tiatia &K

!b(x)contam non repeated and repeates linear factors.
P(x) A B C
= + +
x—a)(x+b)2 x+b (x+Db)?

x—a
A B C
(x—1)2(x+1) Rl iy Py T
Case3.
When Q(x)contain non repeated irreducible quadratic
factors.

P(x) A +Bx+C
(x+b)(x2+c) x+b x2+c

@%&2. f 5x+8
Integration involving Partial
Fraction

1 A + Bx +C
(x—1D2+1+2x) x—-1 x2+1+2x

Exercise 3.5

Evaluate the following integrals.

3x+1
Ql. f x2-x—6 dx v
Solution: fxz—x—6 dx N
Now
:x“ -4 4B (b
X4—xX—6 x—3 xX+2 ‘D

2 3x+1=Ax+

Put x — x =3 in(i)
33) +1=A(3 (0)=>54=10=>4=2
Putx = x = —2in(i)
3(=2)+1 +B(—2—-3)=>-5B=-6+1

3x+1 2 1
= +

x2—x—6 x—3 x+2

3x+1 d—Zf 1 +J 1 d
x2—x—6 x= x—3 x+2 x

=2In|x - 3| +In|x+ 2|+

(x+3)(2x-1)
5x+8

Solution: fm

Now.
5x +8 A B
(x+3)(2x—1)_x+3+2x—1
= 5x+8=A4AQ2x—-1)+B(x+3) - (i)

1
Put2x—1=0:>x=§in(i)

> 5(3)+8=4(0)+B(5+3)
©ﬂ=3(1+6) 7B =21=B =3
2 2
Putx+3=0=>x=-3in(i)
= 5(=3) +8=A(2(=3) — 1) + B(0)
> —1548=-7A>—-7=-7A>A=1
sx+8 1 3

(x+3)(2x—1)  x+3  2x-1

5x + 8 d—fld+3jl
x+3)2x—1 " " [ x+3™ 2x — 1

dx

dx

3
=1 2
n|x+3|+zfzx_1

5x +8
(x+3)(2x—-1)

3
dx = In|x + 3| +§ln|2x -1l +c
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x2+3x-34

Q3. fx2+2x—15
2 —
Solution: [ Z13X7%%
x“+2x-15
x—19
S0 f (1 + x2+2x—15) dx !
= [1dx + [ 2222 x% 4+ 2x — 15y/x% + 3x — 34
x_19x2+2x—Al5 5 +x2+2x ¥ 15
Now = Tms @ x =19

=>x—19=A(x+5)+B(x—3) = (ii): x2 + 24 — 15

put x —3 =0 = x = 3 in(ii) =x24+5x—3x—15

=3-19=A43+5)+B(0) x(x+5)—3(x+5)

=>—-16=84A=>A=-2 (x —3)(x +5)

put x +5=0=x = =5 in(ii)
—5—-19=A4(0)+B(-5—-3) = —-24=-8B

=>B=3

0 x —19 2,3
= = _
! x2+2x — 15 x—3 x+5
Thus,
x%+3x—-34 -2 3
f—x2+2x_15 dx = [1dx + fde + fmdx
=x—2In|lx—3|+3In|x+5|+¢
(a-b)x
Q4 J-(x a)(x—b) '(a> b)
. (a-b)x
Solution: f—(x_a)(x_b)
Now
(a—b)x A N B
(x—a)(x—b) x—a x-—b

=>(a—-b)x=Ax—-b)+B(x—a)

Putx—a=0=>x=ain (i)
= (a—b).a=A(a—b)+ &a)
(a—b).b =A(0)+ B(a—

=>(a—b).b=A (b—a)
(a—b).b=—
—B
oF
Thus
a —b
( x—a+x—b
b
)(x—b)dx Jx_adx—jx_bdx
= aln|x —a| — bin|x — b| + ¢
fl -x— 6x2 dx )
Solution: | — e _-;;ic— 6x
Now SBx(2x+1)+1(2x+ 1)
3-x A B (2x + 1)(1 —3x)
1-x—6x2 2x+1 1-3x

=2>3—-x=A1-3x)+B2x+1) - (i)

1
Put2x+1=0:>x=—§in(i)

=3 (=3) =4(1-3(=3) + BO)
=>37:§Z A(1+3)=2=4(3)

Put1—3x=0:>1=3x=>x=lin(i)

=3 ! A0 B
~3=40+5(2(3)+1)

9_1—B<2+3 - 8="5B= t
3 3 N 5

So %
3-x _ 7/5 %

. 1—x—6x2_2x+8 3x

—x g —

f1 x— 6x2d f2x+1 dx 1-3x dx
7 Yb&f 3

10 2x 1—-3x

7 8

Qef = (h,)

A B

Putx —a=0=>x=ain (i)
=>2a=A(a+a)+B(0)=>2a=24=24=1
Putx+a=0=>x=—ain (i)

= 2(—a) = A(0) + B(—a—a) > —2a = —2aB

= y—aTvra vx?—a?=(x—a)(x+a)
& =>2x =A(x+a)+B(x—a) - (i)

=>B=1
2x 1 1
S0 =it e
2x 1 1
ﬁdxz + dx
x:—a x—a x+a
=Inlx —al+In|x+al+c
=In|(x —a)(x+a)|+c
=In|x? —a?| +c
1
Q7f 6x2+5x— 4dx
Solution: [ mdx
Now “6x>+5x—6
=6x%>—-3x+8x—4

1 A B
(2x-1)(3x+4)  2x—-1 = 3x+4
51=AGx+4)+BQ2x-1) - @) ©

PutZx —1=0=x =%in(i)

3x(2x - 1) +4(2x—-1)
x—1)(Bx+4)

=>1=A(3(§)+4)+B(0)=>1=A(3;—8)
=>3=—1lB=>B=—%

4
Put3x+4=0=>x=—§in(i)
8-3

=>1=A(0)+B( (—-) 1)=>1=B(—_)

3
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3 x2 3
:3——1IB$B——H =——ln|x—2|+§ln|2x+1|+c

2
So 3x2-12x+11
1 _ A B ) e
(2x—1)(3x+4)_2x—1 3x+ 4 Solution: f%dx
1=A4A0Bx+4) +BQ2x—1) > (i) Ye=2)@x=3)
1 Now
Put2x—1=0=x == putin (i) _3x?-12x+11 _ A B , C
2 = T 5t
(x-1)(x-2)(x-3) x—1
=>1=A<3<1)+4)=>1=A(§+4> 3x2 —12x+11—A(x—2)(x—3)+B(x— —
2 2 +Clx—1Dx—-2)-(
:>1=A<3+8)=>1:A(E):>A:£ Putx —1=0=>x=1in(i) W
2 2 11 =>3(1)2 - 12(1) + 11 = A1 —2)(1 = +C(0)
Put3x +4 = 0= x = —> putin (i) =3—12+11=A(
4 -8—-3 =>2=24 1
:>1=A(O)+B<2<_§)_1):>1=B( 3 ) Put x — 2 =0 = 2in(i)

= —B=>B=1

3 =3(2)2-12(2) +11 = 0%2—1)(2—3)+C(0)
=>3:—1lB=>B_—H = 2%_{_11:—3
2 ~ &_

1 T 3/11 ..
50, oxiisxd  2x-1 | 3xia P% 3=0=x=3in(i)
=>f i 1 x:i 2 dx—i 3 dx =3(3)%2 - =A(0)+BO)+CB-1)B-2)
6x4+5x—4 117 2x-— 1 117 3x+4 (9) —36+11 = C(Z)(l)
1
=H1n|2x—1|——ln|3x+4|+c 6 =27-36+11=2C
>2=20=>C=1

3x%2 —12x + 11 4
x-Dx-2)x-3)"

2x2 —3x—2J2x3 =3x2—x—7 Q _f 1 4 "‘f 1 p +f 1 p
+2x3 +3x2 F 2x 6 =1 x—2%% x—3%

=Inlx—1|+Injlx—2|+In|lx—-3|+¢

Py (b’
1 " SR ’ ° 2-12x+11 1 1 1
2x%-3x%-x-7 ;;— =— 4+ —+—
QBI%‘“" % x-1)(x-2)(x-3) x-1 + x—2 + x-3

X

x_
2x-1
10.)| ——
foZ —3x%—x-— 7d J‘ ( g )d Qlo fx(x—l)(x—3) dx
X = X X . 2x-1
2x2—3x—2 \ —3x—2 Solution: fmdx
=fxdx+J dx Now
Nox 2xy 3x -2 2x—1 A, B ¢

w -

_ v 2x% —3x — 2 x(x-1)x-3) x x—1 x-3
(—2)(2x+1) 2)(2x+1) x2 =2x*—4x+x—2 2x—1=A(x—1)(x—3)+ B(x)(x — 3)
x—7=ARx+1)+B®Z2) - (Pxx-2)+1(x-2) +C)(x—1) > (i)
zPutx—ZQx—Zm(L) (x—=2)Bx+1) Putx = 0 in (i)
2—7—@ )+B(0)i 5=54=A=-2=-1 2(0) —1=A(0—1)(0—3) + B(0)(C(0)

1
> -1=AC-1)(-3)=>-1=34=>A= -3

\ 1
Put2x+1—0=>x——zm(l) Putx —1=0=>x=1in(i)

s 5—7=A(0)+B(—5—z)=>‘12‘“=B(#) =2(1) — 1 = A(0) + B(1)(1 — 3) + C(0)
>—15=-5B=>B =3 =>1=B(—2):>B=—1
So 2
x—7 -1 3 Putx —3=0=x=3in (i)
% —3r—2 x—2 1 2xt1 =>2(3)—1=A(05)+B(0)+C(3)(3—1)
2x%2—3x%—x—7 1 1

Thusfmdx=fxdx=fx:dx+3fmdx :>5:6C:>C:€

_X 2|+3f 2 4 So

- 2] 2+ 1™
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2x—1 -1 ~1 5
xx—-1x-3) 3x 2x-1)  6&x—3)
2x-1 1 1 5
x(x—l)(x—3)__ﬂ_Z(x—1)+6(x—3)

x—1 d
fx(x—l)(x—S) x
- 1f1d 1f 1 +5f 1
TT3) T2 ) x—1"6)x—3

= 11||+1l| 1|+51| 3| +
= —3nlx| + > Inx < nlx c

5x2+9x+6
Q’llf (x2-1)(2x+3)
5x24+9x+6
Solution: fm
Now
5x2 +9x+6 B 5x24+9x+6
(x2—-1)(2x+3) (x-1D(x+1)(2x+3)
A B C
“x—1tx+1"2x+3

5x24+9x+6=A(x +1)(2x+3) + B(x — 1)(2x + 3)
+C(x+1)(x—-1)
Putx+1=0=x=—-1in(i)
5(-1)24+9(-1) +6
= A(0) + B(—1 - 1)(2(=1) + 3) + C(0)
>5-9+46=B(-2)1)
>2=-2B=>B=-1
Putx —1=0=x=1in(i)
=5(1)?2+9(1)+6
= A1+ 1)(2(1) + 3) + B(0) +%(
=>54+9+6=A4(2)(5) = 20 = A10
Put 2x + 3 =0:x=—% in (i)

‘2
:>15—5C=>C—3
x+6 5x>2+9x+ 6
)(2x+3) x—Dx+1)2x+3)
2 -1 3

x—1+x+1+2x+3
zf—dx 1f—d +f

f 5x249x+6
(x2- 1)(2x+3)

2x+3
=2In|x —1| — ln|x+1|+ |12x + 3| + ¢

4+7x
Q12°f (1+x)2(2+3x)

Solution:

@E Equating coefficient of x?

4+ 7x
(1+x)%(2 + 3x)

Now
4+ 7x _ A B C

(1+x)2(2+3x)_1+x+(1+x)2+2x+3
=24+7x=A1+x)(2x +3) + B(2x + 3)

+C(1+x)? - (i)
Put 1+x=0=>x=—-1in(i) V
=>4+7(-1) =A0) +B(—-2+ 3) 0
= -3=B=>B=-—

Put24+3x=0>=>x= %

4+7<—§>=A(O)+ +C(1 2

3
3 3

4 = A2+ 3x + 2x + 3x%) + 2B + 3Bx
+ C(1 + 2x + x?)
4+ 7x =2A+5Ax +3x?A+ 2B +3Bx+C
+ 2Cx + cx?

0=34+C=34=—-C=34=—(—6)
6
=34=62A=3=224=2

So,
4+ 7x 2 3 6

A+022+3%0) 1+x A+x? 2x+3

f 4 7 —zf d+3f(1+2)2d +6f 3 d
A+02C+30 7" " ‘) 1+ e 2+3x

3(1+x)7?
=211’1|1+X|+_—1—211‘1|2+3X|+C
3
In|1 +x|>?————1n|2+3x|*+¢
1+ x
2

Q. 3f o 1)2(x+1)dx
Solution:
Now

2x? A B C

G-12G+D) a-D -1 &x+D
=2x2=A(x - 1D(x+1)+B(x+1)+ C(x — 1)?
Putx —1=0=x = 1in(i)

= 2(1)2=A4(0)+B(1+ 1)+ C(0)
>2=2B=>B=1
Putx+1=0=>x=—-1in(i)
= 2(=1)% = A(0) + B(0) + C(—1 — 1)2
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1
2=4C>C =3
From (i)
2x2=A(x?*—-1)+Bx+B+C(x*+1—2x)
=2x2 = Ax* —A+Bx+ B+ Cx*+C —2Cx
Equating coefficients of x?, we have
S2=A+C=>2=A+->A=2—-

=x?(x+1)—1(x*-1)
=x?(x+1)—-4(x-Dkx+1)
=(x+1Dx?>—4x +4)
=>x3-3x2+4=(x+1)(x—2)?
Now
x+4 A B C

= + +
x3-3x24+4 x+1 x-2 (x-2
:>x+4=A(x—2)2+B(x+1)(x—2)+C(x

=4=3 > @
So Putx+1=0=x=—-1in(i)
2x? 3/2 1 1/2 = -14+4=A(-1-2)*+ Tb O)
= + +
(x—1D2x+1) -1 -1 (x+1) =>3=94=4
2x?
fmdx Putx —2=0=>x=2in(i
_3[1 - 17 1 :>2+4 A(0 )+C2+1
_Efx dx+f(x—1) 2dx+ifmdx ( ) gl 2( )
3 (x— 1D . ﬁ -
=§ln|x—1|+ — —1n|x+1|+c From (i)
3 1 1 x+4=A 4)+B(x*—2x+x—2)
=§1n|x—1|—m+§1n|x+1|+c Cx+C
1 >x+ — 4Ax + 4A + Bx* — Bx — 2B
Q14 oG 9% FCx+C
. 1 . .
Solutlon:fmdx E oefficients of x? ) )
Now /\/b':o=A+B:>0=§+B=>B=—§
1 A B
= x+4 1 -1/3 2
x—1Dx+1)2 x-— 1+x+1 (x+1)2 % Tr ke /1 / 2
=S1=A(x+1)2+B(x - Dx+1) +Clx—1) - )@ x+: g ArlLox 1 a2
Putx—1=0=x=1in(i) |+ amrat ifm"x‘sfm”ﬁx—”‘zdx
1 x—2)"1
1=A(1+1)?>1=44> A= = Tl 1l-ghnlx -2 42520

Putx+1=0=2>x=—-1in (i)
1=C(-1-1

\\

From (i)
=>1=A(x*+2x x?2-=1)+Cx-C

= 1 = Ax? +Bx —B+Cx—
Equating co cient of x%,we have

0 0 1+B B !
4 4
1/4 -1/4 —1/2
= + +
f%{x+1)2 x—1 x+1 (x+1)2
11 1 .
s%xxu)z“x—ﬂmd}“zfxﬂ X“f("“) dx
1(x+1)71
=—ln|x—1|——ln|x+1|——_—1+C
—1| 1] 11|+1|+ 1 +C
= {Inlx g1+ oS
x+4
lefx3 3x2+4 dx
x+4
Solution: [ ————dx

Now

wxd—3x2+4=x3+x*2—-4x>+4

—1l| + 1] 1l| 2| - +
=3 Inlx 7 nlx T 7T¢

1 2
=§{ln|x+ 1] —lnIx—ZI}—xTz—i—c

x3—6x2+25
Solution:
x3 —6x%+25 A B C D
GrD2—27 41 G D -2 x=27
= x3 —6x%+25
=A(x+1)(x —2)? + B(x — 2)?
+Cx+1?(x—2)+D(x+1)% - (i)
Putx+1=0=x=—1in (i)
= (-1)3 - 6(-=1)% + 25
= A(0) + B(—1—2)2 + €(0) + D(0)
-1-6+25=09B
9B=18=>B =2
Putx —2=0=x=2in (i)
= (2)2-6(2)2+25=D(2+1)?
=8—-24+25=9D
9=9D=>D=1

From (i)
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x3—6x2+25=A(x + D(x?*—4x +4) + B(x*> — 4x + 4)
+C(x?+1+2x)(x —2) + D(x*> + 1 + 2x)
= A(x® — 4x62 + 4x + x62 — 4x + 4) + Bx? — 4Bx + 4B
+C(x®—2x?+x—2+2x?>—4x) + Dx*+ D + 2Dx
= Ax3 — 3Ax? + 4A + Bx?> — 4Bx + 4B + Cx3
—3Cx + Dx?>+ D + 2Dx
Equating coefficients of x3 and x?
FOr x3
1=4+C - (i)
Forx? —6=-3A+B+D
—-6=-34+2+1
—6—3=-342-9=—-34= A =3put in (i)
1=3+C>C=1-3=-2=>C=-2
x3 — 6x%+25 3 2 2 1
Gr12x—-27 241 +1? -2 x-27
x3—-6x2425
f(x+1)2(x—2)2d

1 1
=3_fx dx+2f(x+1)’zdx—2f — dx+f(x 2)2dx
-1 2 1
—3ln|x+1|+2( ) —2In|x —2I+(x 1)

2 1
=3l 1] ———-21 -2|—-———=5+C
nlx + 1| w1 nlx — 2| x—2+

+C

x3+22x%+14x-17

Q'17f (x—3)(x+2)3

Solution:
x3 +22x% + 14x — 17
(x—3)(x+2)3

x—3 x+2 (x+2)?2 (x+2)
=>x3+22x2+14x - 17 = A(x + 2)3 + B(x —
Dx+2)2+C(x—3)(x+2)+D(x—3) =i

Putx—3=0=>x=3in(i)
=>(3)3+22(3)2+14(3)—17cAQ+2)3
= 274+ 198+ 42 — 17 =125A
= 250=1254=

Putx + 2 =0 sg= (i)
= (-2)3 + 22(- 2)%14(?517_0( 2-3)

—-8+88-28-1 —8D =35=-5D
From(i)

x3 +22x% + 14
= A[x3 6Q2x+8]+3(2—3)(x +4x +4)
+2x —3x—6)+ Dx—3D

=4x + 12Ax + 84
\ + B(x3 4+ 4x? + 4x — 3x%2 — 12x — 12)
+Cx%*—Cx —6c+Dx—3D

ating coefficients of x?and x3
Forx31=A+B=>1=2+B=B=-1
Forx% 22=6A+B+C=22=6(2)—1+C
>(C=22-12+1=11=C=11
So
x3 +22x% + 14x — 17

(x—3)(x+2)3

1 11 7

ABCD%

+ + -
x—3 x+2 (x+2)? (x+2)3

dx

x% +22x% + 14x — 17
_f (x—3)(x+2)3
— 2 -3
fx+3dx+f(x+2) dx — 7f(x+2) dx
x+2)1 x+2)2
=Zln|x—3|—ln|x+2|+11( _1) —7( _2) +c
11 +7 1 4
x+2 2x+22 " €

= Zlnlx —-3|—-In|x+ 2| -

Q 18f (x+1)(x2+1) dx
Solution:

x—2 A
GrDE+D x+1.
>5x—-2=Ax%*+1)+ (Bx
Putx+1=0=>x

+Bx?+Bx+Cx+C

Equating coéffigients of x? and x

3 3
Forx‘Q=A+B:>O:—§+B=>]5>:E

3
Forx;1=B+C=>1=§+C

3 1
x—2 _—3/2+§X—§
(x+Dx2+1) x+1 x2+1

x—2 d_3f1d+f3x_
GrDE@+ DT T 2 x 12 e

B 3l|'+“+1f x {f iy
=T 2l 2 +1¥ 72 1™

= 31| +1|+311|2+1| 1t -1
= an 2.2nx 2an X

= 31| +'|+31|2+1| 1t x4+
= an 4 4nx 2an X C

X

Solution: f m

Now
X A Bx +C
(x—1)(x2+1)_x—1+x2+1
S5x=A*+1D)+Bx+0)(x—1) - (i)
Putx —1=0=x=1in(i)
>1=A((D'+1)

> A=<
2

From (i)
>x=Ax*+A+Bx>—Bx+Cx—C
Equating coefficients of x2and x we have
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1
For x* ; >0=A+B=0=-+B=>B=—2
1
For x; 1=—B+C:1=_(_§)+C
1 1+C 1 1 C=>C !
= = — = —_—_= = = —
2 2 2
So,
1 1
X _1/2 —7x+7
(x—-Dx2+1) x-1 x2+1
(L irx-d
f(x—l)(x2+1) x_zfx—l x Efx2+! x
_1 . 1f2x—2
=gt =l=7 |7
1l| 1] 1 2x +1 1 d
Enx fo2+1 x Efx2+1 x

1l| 1] 1l|2+1|+1t “1x +
znx 4nx Zan X C
9x-7

Q20 ) s 9
. 9x-7
Solution: f mdx
Now
9% — 7 _ A +Bx+C
(x+3)(x2+1) x+3 x2+1

59 —-7=Ax*+1)+Bx+C)(x +3) -
Putx +3=0=>x=-3in (i)
=9(-3)-7=A((-3)?+1)

O

—27—7=1OA=>—34=10A=>A=—%
17
From (i)
9x — 7 = Ax? +A+Bx +3B%+ x+ 3C

Equating coefficients of x3 and x

,>0=A4A+B=>0=

andfor x; 3B+C—9:>3 %-9:—+C—9
_9__\%?

For x?

So
—17/5 —x
24+1) x+3 x2 + 1
+ 17J‘ X 6f 1 d
X+ — — = X
5)x2+1 5 241
17 6
= —?lnlx + 3| +—ln|x +1| —gtan x+c
1+4x
21'f(x—3)(x2+4)
. 1+4x
Solutlon.fm
Now
1+4x _ A +Bx+C
(x—3)x2+4) x—-3 x2+4

>1+4x=A4A(x*+4)+ Bx+CO)(x—3) > (i)
Putx—3=0=>x=3in (i)
1+4(3) = A((3)> +4) + B(3) + €(0)

2

>13=4A09+4)=>13=134=24=1
From (i)
1+ 4x = Ax* + 4a + Bx* — 3Bx + Cx — 3C
Equating Coefficients of x? and x
=20=A+B forx?
0=1+B=>B=-1
54=-3B+(C=>4-3=C=>C=1
So
1+ 4x 1

(x—=3)(x2+4)

()x+1
x2+4

x—3

b‘
e ‘bqﬁlﬁ

d

1+ 4x
J-(x —3)(x? +4)

ks

=In|x —3|—=

x—3

E";‘m _

= In|x — 3| o

Q

Solution:

b3 = (a + b)(a? — ab + b?)

>
é 12 A Bx +C
4/ x3+8_x+2+x2—2x+4
512=Ax*-2x+4)+ Bx+C)(x +2) - (i)
Putx+2=0=>x=-2in(i)
212=A4+4+4)=>12=12A=>4=1
From (i)
12= Ax* — 2Ax + 4A + Bx* + 2Bx + Cx + 2C
Equating coefficients of x? and x we have
forx? ; 0=A+B=>0=1+B=>B=-1
forx; 0=-2(1)+2(-1)+C=>0=-2-24C
=C =4

So
12 _ 1 -xtd
x34+8 x+2 x2—-2x+4
f 12 _f iy f =4
B+8 T ) 2 X2 —2x+a~"
_f iy 1f 2x-8
T 2% T 2) e
et 2] 1J‘2x—2—6
= mlx 2) 2—2x 44"
= Inlx+2 1f 22 +6f i
s+ =of T ra® T2 o™
1 1
= 2| — ZIn|x? — 2x + 4 3f
ne+2] =3 Inlx" = 2x +41+3 | Z o T3
1 1
= In|x + 2| — =In|x2 — 2x + 4| +3f—dx
2 (x—1)2++3
In|x + 2| 11 |x% — 2x + 4| + 3t ‘1<x_1>+
= In|x — —INn|x" — 4X —1{an E— C
2 V3 V3

= In|x + 2| 11 | 2x + 4| +3t ‘1<x 1)+
n|ix ——nx — X an C
2 V3
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9x2 +6

Q23. [
Solutlon.
9x% + 6
fx3—8dx
Now
9x? +6 9x% + 6 A Bx +C
x3—8 (x—2)(x2+2x+4) x—2+x2+2x+4

59x+6=Ax3+2x+4)+ (Bx+ C)(x —2) - (i)
Put=x—-2=0=>x=2in(i)
9(2) + 6 = A[(2)®> + 2(x) + 4] + B(2) + €(0)
=224 =12A=>A4=2
From (i)
9x + 6 = Ax? + 2Ax + 4A + Bx* — 2Bx + Cx — 2C
Equating coefficient of x? and x
Forx2;0=A+B=>0=2+B=>B=-2
FOrx;9=2A-2B+(C=>9=202)-2(-2)+C
59=44+44+C>9-8=C=>C=1
So
9x2 + 6 2 —2x+1
(x—2)(x2+2x+4)_x—2+x2+2x+4
2x—1

f9x2+6d 3 f 1 p f p
x3—8 = x—2 X x2+2x+4 X

~ 2[ 1 f2x+2_2_1d
N x—2 X x2+2x+4 X

— 5 1 d f 2x + 2 d +3J 1 d
B x—2 X x2+2x+4x x2+2x+4x 2
j @ =2(=2)

=21n|x—2|—ln|x2+2x+4|+3f
(x+1)?%+

—_ — In + +z +_ n

* +1
21n|x — 2| — In|x? + 2x + 4] +\/§tan%>+c

2x2+5x+3
Q24 [ Zrirney e @

2x%+5x+3
(x-1)%(x2+4)

x*+5x+3 N B N Cx+D

(x —1)%2(x2 + x—-1)? x*+4

=2x%+5x+3 = -D(x*+4)+B(x*+4)+
(Cx+D)(x—-1)
Putx—1= 1in (i)

=2(1)" ¢, = B(1+4)
+3=5B=10=5B=>B =2
—4) + Bx? + 4B

&5x+3—A(x + 4x —
+ (Cx + D)(x? +1+2x)

Ax® 4+ 4Ax — Ax* —4A + Bx* + 4B + Cx® + Cx
— 2Cx%* + Dx?> + D — 2Dx
Equating coefficient of x3,x? and x we get
Forx® 20=A4+C=>C=-4- (ii)
Forx?;2=—-A+B—-2C+D
PutB=2and C = —-A
2=—A+2-2(-A)+D

Solution: [

Now

=52—-2=—A4+2A+D=>0=A+D
= D = —A - (iii)
Forx;5=4A+C—2D putC = —-Aand D = —A
=>5=44—-A—-2(-4)
5=344+24A=>5=54A=>A4=1
So (ii)=C = —1 and (iii) = D = -1

Thus
2x%+5x+3 1 2 ( 1)x+b‘
(x—1)2(x2+4) x—1 (x—l)2 x
2x%+5x+3
fm —f—dx+2f(x—1)
f dx+2-f(x—1) 2dx—f x2+4
2 -1 1
-1 x

2
= Infx — 1] - —— -

=In|lx - 1| + (x)2+(2)2

1 X
— +4|——tan‘ —+c

2 2 2
Q25. (b
x—17

d
2)2(x2+x+1) x

Cx+D
x2+x+1

= +
(x + Z+x4+1) x+2 (x+2)?

Solution:
éz— 7 A B

+B(x?+x+ 1)+ (Cx + D)(x + 2)?
Putx+2=0=>x=-2
—2(=2)=7 = B((=2)* + (=2) + 1)
=8+2-7=B(A4—-2+1)
=>3=3B=B=1

@Q—x—7=A(x+2)(x2+x+l)

From (i)
2x2—x—7=A(3®+x*+x+2x%?+2) + Bx? + Bx
+ B+ C(Cx+D)(x*+4x + 4)
= Ax3 + 34x? + 3A+ Bx?* + Bx + B + Cx3 + 4Cx?
+ 4Cx + Dx? + 4Dx + 4D
Equating coefficients of x3,x? and x
forx3; 2+3A+B+4C+D
PutB=1, C =—A— (ii)
Forx?; 2=3A+B+4C+D=>2-1=—-A+D
=D =A+1- (iii)
Forx; —1=3A+4+B+4C+ 4D
PutB=1,C=-A,D=4+1
—1=3A+4+1—-4A+4A+4
—1-1—-4=3A=>-6=34A=>A=-2
So(ii)>C =2 and (iii) > B =-1
Thus,
2x% —x—7 -2 1
= + +
(x+2)2(x?2+x+1) x+2 (x+2)2
2x%-x-7
| e &

2x—1
x2+x+1

= zj ! 4 +j( +2)72d +f2x+1_2d
B x+2 x x x x2+x+1 x

= —2mn| +2|+(x+2)_1+f ] e
h e -1 rxrl a1
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1
=—2ln|x+2|—x—+ln|x2+x+1|—

2| !
+2 xXZ+x+g+yg

1
=-2lnlx+2|-——=+n|x2 +x+1| -
x+2

1
—21n|x+2|—?+ln|x2+x+1|—2f

1 2
= —2In|x + 2| ——ln|x +x+ 1| ——tan™!
x+2 V3 V3
2 2
tan 1(

——Zln|x+2|——+ln|x +x+1|-

3x+1
Q26) s 9%

. 3x+1
Solution: fm X
. 3x +1 Ax + B Cx+D
T (4x?2+ D)2 —x+1) _4x2+1+(x2—x+1)
=3x+1=(Ax+B)(x*—x+1)+ (Cx+D)(4x*> + 1)
3x+1=Ax3— Ax?* + Ax + Bx? — Bx + B + 4Cx3
+ Cx +4Dx?*+ D
Equating coefficients of x3,x%,x and constants terms.
Forx3; 0 =A+4C - (i)
For x%;0 = —A+ B + 4D - (ii)
forx;3=A+ B+ C — (iii)
For constant term ;1 =B + D - (iv)
From (i) A= —4C and (iv)=>B=1-D
Put in (ii)and (iii)

=50=—(- 4C)+(1—D)+4Dand3——4C—(1—D)+®% =

0=4C+1+4D 3=-4C—1+D
0=4C+3D+1- () 0=-3C+ SQ
= D =3C + 4 put in (iv) 6
=0=4C+3(3C+4) +1
0=4C+3(3C+4)-T—\
0=4C+9C+12+1= +13
= —13C = 12, 1

ASA=—4C:A=—4(;?A=4?C=—1
ASD=3C+4=>D=§—1 +4=-3+4
=1
1=0=>B=0

AsB—l
Thus
4x+0+ Dx+1
(4x2 —x+1) 4x2+1 (x2—-x+1)
8x ( 1)(x—1)
(xz—x+1) 24x2+1 Z—x+1
3x+1 d 1 8x 1 2x—2 d
4x2+1)(x2—x+1) x_5j4x3+1_§fx2—x+1 x
—1l 4x? + 1| 1J2x—1—1d
T 2] v —x+1 ™
Loy L[ 21 1 [
=Eln|x + l_Efxz—x+1 x+§fx2—x+1 x

1

—1l [4x2 + 1] 1l|2 +1|—1J d
—an an X —2 3 1 3x

X —X+Z+Z

—11 [4x% + 1] 1l |x? +1|+1f
—an an X 2

_1 1 e 11 —2
= ln|4x +1] lnlx x+ 1|+ > ﬁtan ﬂ +c
2 2
l|4 +1] l| +1|+1t 1<2x_1>+
—n|ax —=In|x" —Xx —=tan C
V3 JTb‘
4x+1
Q27. G212 (2 anrs) X S’
Solution:
J 4x+1
(x2 + 4)(x2 H4x
3 4x + 1 _ B + Cx+D
(2 +4)(x2+4x +5 244  x244x+5

=>4x+ 1= (Ax + B)f(x x+5)+ (Cx + D)(x* + 4)
2+ 5Ax + Bx? + 4Bx

=>4x+1=Ax2+
+Cx3 4 4cx + Dx?>+ 4D

t§ of x3,x? , x and constant term.
utx3;,0=4+C - (i)

or x>;0 =4A+ B + D - (ii)

or x;4 = 5A + 4B + 4C - (iiii)
l@]stant terml = 5B + 4D - (iv)

(1)=>A——Cand (iv) 5B =1-4D

put in (ii)and (iii)

1—-4D —4D
50 (if) = 0 = 4(=C) + ——+ D and (iii) = 4 = 5(~C) + 4(7) +4C

=>0=-4C+ +D =20=-25C+4—-16D +20C
0=-20C+1—-4D+5D = 16D =-5C+4—-20
—5C — 16 .
=>0=-20C+D+1 $D=T—>(U1)
=D =20C—-1- (v)
—-5C-16

By (v)and (vi) = 20C —1 = "
= 320C —16 =-5C—-16 > 320C+5C =0
=320C=0=>C=0
Asa=—-C=>A4=0
AsD=20C-1=>D=200)—1=D=-1

1—4D 1-4(-1) 5
As B = 5 ﬁB—T—g—l
B=1
So
4x +1 Ox+1 Ox+(—-1)
(x2+4)(x2+4x+5) x24+4 x24+4x+5

f 4x +1
(x2+4)(x2+4x+5)

1 1
= dx — d
fx2+4 X fx2+4x+4+1 X

1 x 1
=—tan‘1——f

2 2 ) ot v
1

— Ctan~li— tan"'(x —2) +¢
2 2
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Q28. [ ——% _dx
(x2+a2)(x2+4a?)
3 6a? Ax+B Cx+D
" (x2 + a?)(x% +4a?)  x?+a? * x? + 4a?
= 6a? = (Ax + B)(x? + 4a?) + (Cx + D)(x? + a?)
= 6a? = Ax3 + 4a%Ax + Bx? + 4Ba® + Cx3
+ Ca?x + Dx? + Da?
Equating coefficients of x* + x%, x and constants term.
Putx30=A+C - (i)
for x%;0 = B + D - (ii)
for x;0 = 4a2A+ a’C = 0 = (44 + C)a?
= 4A + C - (iiii)
For constantterm 1 = 5B + 4D — (iv)
From (i) > A= —-Cand (iv) = B = -D
Put in (iii) and (iv)so
(i) 4(=C)+C=0=-4C+c=0=>-3C =0

=>C=0
(iv)4(-D)+D=6=>—-4D+d=-3D =6
D=-2

AsA=—-C 24=0+C=0
AsB=-D=>B=—-(-2)=>B=2 +D=-2

So
6a? Ox + 2

(x? + az)(x2 + 4a?) - x2 + a?

1
f (x2+ az)(x2 + 4a2) =2 f x% + a? dx =
2 X

-1 -1 x
=—tan "———tan™" —+c
a a a 2a

1 1 x
—tan '=+¢
a 2a

0x + (—2)
x2 + 4q?

1X

=Zan—1Z- @
a a
2x%-2 .
Q29. f (A +x2+1)(x2-x+1) dx \\

Solution:

2x2—2 B Cx+D
f(x2+x2+1)(x2—x+1) x+1+x2—x+1
2x2—2=(Ax+B)(x? —x+ 1§+ (Cx + D)(x* +x + 1)
= Ax3 — Ax* + Ax + Bx+ B+ Cx3+Cx*+Cx
+D
Equating coefficients o 2 % and constant term.
x3, 0=A4+C- (i)
=A—-B+C+ D - (ii)
rpe;2 =—A+ B+ C+ D — (iii)
o constant term; —2=—-A+C—2

\ +2=-A4C=>-A+C=4- )

& =0in(ii)) > 0=—B + D - (vi)
Nowby (i)+ (v)=22C=4>C=2
asA+C=0=2A+2=0=>A=-2

owby (iv)+(vi) 2D =-D=>D = -1

AsB+D=-2=>B-1=-2=>B=-1

So;

2x2% =2 _ —2x—1 N 2x — 1
2+x2+D)x2—x+1) x2+x+1 x2—-x+1

&

2x% =2
2+x+ D% —x+1)
2x+1 2x—1
=_Jx2+x+1dx+sz—x+1dx
=-In|lx*+x+1|+n|x*—x+1|+c
x?—x+1
(il repra

3x—-8 ; x
Q30.f (x2—x+2)(x62+x+2) dx
] 3x-8
Solution: | (x2—x+2) (x62+x+2) dx N

3x—8 Ax x+D
T2 —x+2)(x2+x+2) x2&X+ x2+x+2
3x—8=(Ax+B)(x*+x+2)+ D)(x* —x+2)
= Ax® + Ax* 4+ 2Ax + Bx* + B + Cx3 — Cx? + 2Cx
+ Dx? —

Equating coefficients of J%d constant term.
for x%; A+C- (D)
forx% B —C+ D - (ii)

+ B+ 2C — D — (iii)

for constan %
From (i) and from(iv) > B=—-4—-D

8=2B+2D=>B+D=-4-(iv)
Put in
(ii)%—C+(—4—D)—C+D
0=—-C—-4-B-C+D
0=-2C—-4

=520=-4>C=-2 as A=—C>A=2
(i)=>3=2(-C)—4—-D+2C—-D
3=—-2C—4+2C—2D

7
=>3+4=—2D=>D=—§

AsB=—4-D=—4(-2)=—44+1=""=
2 2 2
1/2=B =
So

3x —8 _2x—1/2  —2x+(=7/2)
(2 —x+2)(x24+x+2) x2—x+2 x2+x+2

J’ 3x—8

(x2—x+2)(x2—x+2)
~ J‘2x+1—1—1/2 f2x+1—1+7/2
B Z—x+2 x2+x+2

1 dx
=ln|x2—x+2|+zf 1 —In|x* + x + 2|
xz—x+z—z+2
5f 1 d
-= X
2 x2+x+%—%+2
1 dx
=n|x?—x+2|+= —In|x?*+ x + 2|
2 1\ | 7
(x-3) +3
5 1
_5f ne 7
(x+2) +7
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dx — In|x? + x + 2|

dx—ln|x +x+1

+
11
=In|x2—x+1|+=.—tan?
| | 2 V7 (

3x3+4x%+9x+5
Q31. f (X% +x+1)(x%+2x+3) d

. 3x3+4x2+9x+5
Solution: (x2+x+1)(x2+2x+3)

3x3 +4x?>+9x+ 5 _ Ax+B Cx+D

ax® + 2Ax? + 3Ax + Bx%? + 2Bx + 3B + Cx3 + Cx? + Cx + Dx?
+Dx+ D

Equation coefficients of x3, x2, x and constant term.
forx®;3=A4+C- (i)
Forx?;4=2A+ B+ C+ D - (ii)

Forx;9 =34+ 2B + C + D - (iii)
For constant term;5 =3B + 2B+ C + D - (i% \
From (i) = A =3 — C and from (iy, 5—-3B

Putin (ii) and (iii)

_ +
(2+x+1D)x2+2x+3) x2+x+1 x?>+2x+3 m
=>3x +4x2+9x+5=(Ax+B)(x?+2x +3) + (Cx + D)(x* + x + 1) %

(ii)=>4=2(3—C) 5-3B
4=6—ZC+B —3B
4—-6—-5=—-C— —(C+2B)
=>C 7—>(v)

(iii) =9 = C)H+2B+C+5—-3B

=29=9-3C+2B+C+5—-3B
=29-9-5=%2 B = B =-2C + 5put in(v)
=>C C+5)=7=>C—-4C+10=7

C+10+7=>-3C=7-10
x >-3C=-3=>C=1
% 20=5-2(1)=3=>B=3
5-3B=5-33)=5-9=—-4=>D=—-4
AsA=3—-C=3-1=2=A=2
So
3x3+4x2+9x+5 2x+ 3 x—4
(x2+x+1)(x2+2x+3)=x2+x+1+x2+2x+3

J‘ 3 +4x2+9x+5
(x2+x+1)(x2+2x+3)
_f2x+1+2 1[ 2x —8

T xS [ —————d
x2+x+1 +2 x2+2x+3 x

[ [
) xi1™ 2rxr1772

=1 2 1 dx
= In|x +x+1|+2jﬁ +

1J2x+2—10

x2+2x+3 x
1-[ 2x+2

— | 5———dx
2 2) x2+2x+3
*+x+z+7
5f 1 d
x2+2x+3 *

1 2
2dx+iln|x +2x + 3|

(x+3) + (43)

—d

f Zr2x+1+2
1 1

= In|x? +x+1|+2—tan1 +2x+ 3|
V3
2

5|

+1 1
—ln|x2+x+1|+J%M)+—ln|x +2x+3|

= In|x? +x+1|+2f

x+1
2x+1
=In|x? +x n|x? +2x+3|2+—t ( )
V3 V3
5t _1(x+ 1)+
—=tan c
V2

2
2+x+1|\/x2+2x+3+itan‘1(2x+1)
V3 V3
5t _1(x+1)+
—~tan'(—)+c
2 V2
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The Definite integrals:

If [ f(x)dx = 0(x) +

¢, then the integral of f(x) from a to b is denoted by f; fodx
And read a+cs definite integral of f(x) here a is
called lower limit and b is called upper limit.

*the interval [a, b] is called range of integration.

We evaluate f: f(x)dx as;
Consider [ f(x)dx = @(x) + ¢
=[P F0dx = 1000 +cl?
= [8(b) + c] = [0(a) + ]
=@(b)+c—0(a)—c
> [ fdx = B(b) - B(a)
Note: if the lower limit is a constant and upper

limit is a variable, then the integral is a function of
the upper limit.

[f®dt = 90)=0(x) — 0(a)

The area under the curve

b
f FO)dx = 0(b) — ()

Represented the “area of region” bounded under
the curve of function f(x) the x — axis and
between two ordinates x = a,x =

b as shown in figure.

N \Q
@(b) < .O
Qj(a)\ fx) N \

Vy’ *

Fundamental rem of calculus:

If f(x)isc ms V x € [a,b] and @' (x) = f(x)
. \\' f)dx = o(b) —0(a)

led fundamental theorem of integral calculus.
erties of Definite integral

fabf(x)dx = — fbaf(x)dx

= @(b) — 0(a)
= —[@(a) — B(b)]

= — Laf(x)dx

2

fabf(x)dx = — fbaf(x)dx

b c b
(b)f f(x)dx = f f(x)dx+J f(x)dx a<c<b

Proof:
b
f FG)dx = 8(b) — B(c) t

Y
f:f(x)dx + fcbf(x)dx = b(‘b(l/

= @(c)L— + @(b) — B(c)
=0(b (a)

x)dx

[ reax =06 - 0@

:>f;f(x)dx ac (x)dx + fcbf(x)dx

() [N(x)at=0

Proo
/\/(b' faf(x)dx = ¢(a) — 9(a)
’ =0
= faf(x)dx =0
Also member fzb cf(x)dx = ¢ f;f(x)dx
and [ [f(x) + g(0)]dx = [ f(x)dx £ [} g(x)dx
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Exercise 3.6

Evaluate the following indefinate integrls:

Q.1: [ (x*+1)dx
SOLUTION:

flz(x2 +1)dx

3 2
X
—+x|
3

- (+2)- ()
-(+1)-(e)
- (29-(2)

1

4
3

3
14-4 10

3
Q.2: f_11 (xé + 1) dx

SOLUTION:

=(;wi+1) G(DMA
)£

SOLUTION:
= f_oz 2x —1)"%dx

= %f_"z (2x —1)72.2dx

?\

2

(2x—1)'z+1
—-2+1

-2
(2x-1)"1 0
-1

1

2

-2

=l

2 l2x-1l_,

= _%[(2(01)—1) B (2(—;)—1)] v
=-1[(3)- () q,\/
=il = b?‘)
S R

Q.4: [* deb(‘bb‘

SOLUTION:

Q.5 [ J@t-13 dt

SOLUTION:

3
= [Pt -1): dt

1 5 3
=Ef1 2t —1)2.2dt

V5

5
(2t-1)2
5

2

3
(2t-1)2*t
3
>+1

1
T2

1
T2

1 1

[((2\/5 = 1)%> = ((2(1) - 1)5)]

N =
[S20 [ )]
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= %[(2\/3 - 1)§ - 1]

Q.6: ffx‘\/xz —1ldx

SOLUTION:

1
= [ - )7 x dx

1
=106 1) 2xdx
1 V5 2 V5
1 (x2_1)§+1 (x 1)2
o , T2 3 5

(o))
= 31(e?) - ()] =3[(e) - ()]

1
=3[8-3V3]=3-

2 x
Q.7: [ 7y dx
SOLUTION:

1,02 2x
=" dx
271 x242

=§|1n(x2 +2)13

=~ [In(22 + 2) — In(12 + 2)]

- %[m(s) —1n(3)] ’&&

= 1fin(9)] = 12 .@
2 3 2

=1n 2% =1n+2 E

Properti natural log
In(AB) =InA + In

In4 &02’
SR

OLUTION:
=f( +——2x )dx

= [P x? -2 d

_ 3
x2+1 241

— 2x|
241 —2+1 2

-©-(2)-

Q.9: [}, (x+3) Va2 +x+1dx

SO

_f L(x? +x+1)

=_f (x?+x+ z(

_1
T2

3 -1 3

x x x 1
_+_—2x| =————ZX|
3 -1 2 3 x 2
33 23 1

27—1—18) (16—3—24)
3 6

b‘
>
2x+1&»‘b‘

1) dx

16+11 27

LUTION:

[(x +x+: f(b [(x +x+1)%

(% 1+ - (- 1)2+(1)+1>)]

£H(@h) - (@)

=EH®7) - (a-1+1)]
\0 : :
%,
(O‘(\

=2[3v3-1]=V3-1 4ns.
3 1,3
3:=(3) = (3 = (33! =3V3
3 d

Q.10: fO x2:9
SOLUTION:
31 |1 -1Xx 3

0 32442 dx = |3tan 3lo

-9

; [(tan~11) — (tan~1 0)]

il

Q.11: fg cost dt
6

SOLUTION:
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Q.12: [ (x+ %)% (1-3) ax

SOLUTION:

Here f(x) = x +§
flo)=1-=
Al
X. — X.
o+ :
1 1

A

2 55 2

32V 322

_ 5B _ 47 _ 5V5-a)
T 3v2 3 3v2
5\/—8

Y

Q.13: flzlnx dx
SOLUTION:
Consider

fInx dx=[Inx.1dx
Here U =

Inx ,V=1

=Ilnx .x —f[%x]%
=lnx.x —[1
xln)@
Takj imi
{x\= lx Inx —x|?

=2 In2 -2)-11Inl1 -1)
=2In2 -2)-(1©0) -1
=22 -2

Q.14: foz (eg—e_g) dx

SOLUTION:

*

Using [UV=U.[Vdx—[[U.[fVd @
=Inx.[1dx— [[(Inx)". [(1dx}dx

N
$

2

foz(eg—e_z) dx = é—%o |Zez + 2e 2 z
“of(red) - (4o
=2[(et+e 1) — (e? + Y]

=2[e+3-1-1|=2[e+2-2]

-9 [ez+l—26]

=S(ez+12—2e) N
-V

T . T
—cos 6+sin 6 = CO
= 4 — dx — f4

0 1+cos26 0

cos 6+sin 6
Q.15 0 cos20+1
SOLUTION:

:_f4[c059 si lf%[ 1 + sin 6 ]
cosZ 6 os 270 |lcos@® ' cosfB.cosb
1 .
= Efo‘*[se cPtan O] do
1 T
=5| ecO + tan 6| + secO|;

% sec— + tanz| + secz) — (In|sec 0 + tan 0] + sec 0)]
4 4 4

\Ql\é[mwm 1] +v2) = (nl1 + 0] + 1)]

=2 [(n|VZ + 1| +v2) - (0 + 1)]
= [nVZ+1]+vZ-1]

Q.16: fogcos3e do

SOLUTION:

= [fcosB cos?6 db = [cos6 (1 —sin®6)db

T
sin® 0|6

0

= [¢(cos b - sin? 0 cos0) db = |sin9 -

Q.17: f6cos 0 cot>0do

SOLUTION:

fn cos?@ (cosec’d —1)do = fn (cos? 0 cosec?§ —

cos 20)do =
ff (Z?;zg —cos?8)df = [ (cot? 6 — cos? ) db
6 6

WRITTEN BY AMIR SHEHZAD (03434443214)



1+cos 260

= [ (cosec?§ —1— ) do
6

2cosec? —2-1—cos 20

: )do

e

%fg (2cosec? § — 3 — cos 28) d
6
T[
4
T
6

=1[<—2c0t£—35—w 2c0t——3£—
2 4 4 2 6

sin207a

[ 2cotf — 360 —

2

)

(20~ Lan)- (5T -L
=3l(2-F -3 ) -3 -5-39)
=2|-2-F-3+2v3+ +§]
=>|-2—3+2v3+ 2 -+

1 1 V3 3m , m
=323+ 23+ 7 -+

=1 [—
2
_ %[—1o+z\/§—n]

_ —10+9V3-m
- 8

8—2+8x/§+\/§—3rr+2n’]
4

Q.18: [fcos*t dt

N

)2 dt

SOLUTION:

1+cos 2t

T T
Jgcos*t dt = [#(cos®t)* d A

_ f_ 14+cos? 2t+2 cos 2t
4

_f4 1 + 1+cos4t OSZt

Qﬁ% dt——f (3 +cos 4t +

fZ

4cos
t+sm4t+4slr;2t]0
:l[<3_g+sin4(g)+4sin2(2)> (3(0)+sm4(0)+
8 4 4 2
2020
-l @) - (0t a2

T
3

2N

_ 3n+8

Q.19: f3cos 0 sin6do

SOLUTION:

)

f3cos 0 51n9d9——f3cos

cos3 0|3

2

@‘I@N:
@% Ji (tan? 6 + tan® 6 cos” 6) d6

S

1+ cos? 0) tan? 0 do

—f_(tan 0+tan 6 cos?0) do =

f‘*(tan 6+ cs 29)de

= [ (tan® 6 + sin® 0) dt = [# [sec2 0—1+

1—c2529]d9

:fg[sec29—1+§—coszg]d9 —f4[sec 9———
%cosZG]dG

= [tan@ ——9 _lst@] = [t no ——9 ——sm29]
= [(tang————%sinZG))—(tanO—%O—
25in2(0))]

1-2—2sin%) — (0 - 0 - sin(0))]
D= [(1-2-) - 0]
sec6

0 sin 0+cos 6

=[(

Q.21:

SOLUTION:

T 1 .
1——=—-sin
8 4

Divide uo and down by cos 8
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sec@

T T
" secO

— — ] cos6

~ Jo sin@+cos@ fo sin 8+cos 6 ae
cos 6

_ f%sece sec _ f§ sec? 6

“Jo tang+1 ~ Jo tang+1

Here f(x) =tan8+1 = f'(x) = sec®8
= [In[tan 6 + 1|];
= [(ln |tan% + 1|) — (InJtan 0 + 1|)]
= [(In|1 + 1]) — (n]0 + 1])]
=1In|2| —In|1|]=In2-0=1In2
5

Q.22: [7|x—3|dx
SOLUTION:
f_sllx— 3| dx

3 5
= [Clx =3l dx + [J|x — 3] dx

3 5
= [, —(x—=3)dx+ [[(x—3)dx

= —f_31(x —3).1dx + f:(x —3).1dx

3 5

(x—3)?
2

(x-3)?
2

-1 3

= —2[(B-3)) - (-1-3))]+5 (G- 3)H) - (3 -3)?)]

= —2[0—16] +5[4 - 0]

=—[0-16] +5[4 0] =8+2=10\

1 \2
1<x§+2>
Q.23: fl ~—dx
s 2

x3
1 2
<x3 +2>
1
fl 2

dx =3
8 X3
1 24111
<x§+2>
3 ~ 7
2+1

=((1+2)°) - (((2-3)3 + z)3> =@y - (L+2)

3 -
27_(&) — gy _125_216-125 _ 91

2 8 8 T8

x—1
2_
f13 Y22 dx (Improper frackion} Vx?—2
x+1 2
tx“tx
— 3 R —x—2
=1 (Q + B) dx TxTF1

-1

= 3(x—l—i) dx

1 1+x

x2 3
= ——x—ln|x+1||

2 1

=(3;—3—1n|3+1|)—(§—1—1n|1+1|)

=(§—3—ln4)—(§—1—1n2)

_9_aq_ _1
=3 3—1In4 2+1+ln2

—2—§—m4+m2

9
T2
=22%1 1h2241n2

2 v

=2—21n2+1n2=2—v2b(
2_

Q.25: f3 3x“-2x+1

2 (x-1)(x2+

SOLUTION:

f3 3x2-2 f3 3x%2-2x+1

———— dx = |In|x3 — x?
2 (x=1)(x 2 x3—x24x-1 I | +

x—1
—75’ 324+3—-1)—(n|22 -22+2-1|)
=@127-9+3-1)—-(n|8—-4+2-1|)

&nZO—]nS =ln%=ln4

Q.26: [35 1 dx

cosZ x
SOLUTION:

2/ sinx 1
= |2 - dx
fO (coszx coszx)

z sinx 1
= f4( - — ) dx
0 \cosxcosx cos2x

™
= [#(secx tanx — sec? x) dx

T

= |secx — tan x|
= (sec% — tan %) — (sec0 —tan0)

=("2-1)-(1+0)

=vV2—-1—-1=+v2-2
T
.27 |4 dx
Q fO 1+sinx
SOLUTION:
. T .
_ (31t 1-sinx _ (7 1-sinx
0 1+sinx ~ 1-sinx 0 1-sin? x
T . T .
_ [glzsinx _ _ (zsinx-1
0 cos?x 0 cos?x

=_J-;:r(sinx ;x) dx

cos?x  cos?
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Slnx 1
=- f ——5) dx
COSX Cosx COS“ X.

T
= — [(secxtanx — sec® x) dx

T
= —|secx —tanx|;

=— [(sec% — tan %) — (sec0 — tan 0)]

=—-[vV2-1) - +0)]

=—V2+1+1=2-+2
1 3x
QZB fOﬁ dx
SOLUTION:
1 3x _ (1 —3x _ _ (14-3x-4 _
fO V4-3x dx = fO \/4 3x dx = 0 4-3x dx =
1 4-3x - _
Sy LRy VA= 3x dx +
4 [ —== dx
0 V4-3x

= — L[4 - 307 (-Bdx + = 14 -
3%)72 (=3)dx

1, 1 11 3,1
_ 1= 4@ 1f@-sx2|
3| g+t o B —%+1 3 2
11
i =§ -1z |(4 3x>
2 0
—_ = 2
* 9 1
3(1))2) - ((4 — 3(0))2)] . [((4 );) _
(4 =300 &
[(1)2—(4)]—— )2 §(4 7] =2[1-
(22)]——[(1)2 1_23]__ _ ]
=5l=7/= g [-1] = _TM +

= [f———— .cosx dx =
fE smx(2+smx)

2+sinx)—sinx
_fnz% .cosx dx
2 5 sinx(2+sinx)

VA
_1 f;[ (2+sinx) sinx

. . . . ]cosx dx
sinx(2+sinx) sinx(2+sinx)

T T
1,05 [ 1 1 ] 1,05 [cosx
== — cosx dx == —
2 f% sinx 2+sinx 2 f” sinx

cosx ]
2+sinx

T
= %|ln|sinx| — In|2 + sinx||2
6

= %[(ln |sin§| —In |2 + singD - (ln |sing| —In |2 +v

an) N
=2an@) ~tniz + 1)) ~ (In2 ]2+
=§[0—1n3—ln§+ln§]=§[—ln3—‘1 +(In5 — In2)]
=>[-In3 —Inl+In2+In5 ~[-In3-0+1n5]
=2[In5-1n3] P%bﬁ

2

Q.30: | 04%(1

own@

sin 1

0 (1 (2+cos x) 0 (14+cosx)(2+cosx)

sinx dx

cos x)—(1+4cosx)

m (1+cosx)(2+cosx) sinx dx

(2+cosx) (1+cosx) .
— sinx dx
| (1+cosx)(2+cosx)  (l+cosx)(2+cosx)

—fg 1 _ 1 ]
0 [(1+cosx) (2+4cosx)

sinx dx

T . .
_IE sinx  sinx ]
0 [(1+cosx) (2+4+cosx)

__f [ sinx ~ sinx ]
-170 [(14cosx) (2+4cosx)

_ _f [ —sinx ~ -—sinx ]
-170 |[(14+cosx) (2+cosx)
T

—[In|1 4+ cosx| —In|2 + cosxl]g

— [(ln |1 + cos§| —In |2 + cosgD -
(In|1 + cos 0| —In|2 + cos Ol)]

—[(n|1+ 0| —1In|2 +0]) — (n|1 + 1| —In|2 + 1])]
= —[In(1) — In(2) — In(2) + In(3)]

—[0-21In(2) +In3] = 2In(2) — In(3)

=1In(2)2—In(3) =In4—1In(3) = 1n§

alnb = Inb®

v lna — Inb
= lnE
b
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Application of definate integral:
Area under the curve:

Casel. if f(x) = 0Vx € [a, b] then curve lies above
X — axis.

b
= f f(x)dx wherea < b
a

Ais area of region above x — axis.under the curve

of functiony = f(x)fromatob

Casellif f(x) < 0Vx € [a, b] then curve lies below
b

X — axis.so A = —f f(x)dx wherea < b
a

Ais area of region below x — axis,under
The curve of function y = f(x)fromato b

Exercise 3.7

Q.1: Find the area between the x —
axis and the curvey = x* + 1 fromx = 1tox = 2

SOLUTION:
Given y=x%+1 Asy=x?>+1>
0 in [1,2], therefore curve is above x — axis

2
Required Area—f ydx = (x +1) dx

x3+
—+x
3

“(7e2)-(501)
P

=——=3 @e unit
Q.2: Find the area above
axis and under the K 5—x% fromx =

—1tox=2
SOLUTION:

Gwen y—5 Asy=5-—x%2>
0in| ore curve is above x — axis

rea— ydx= 2(5—x2) dx
\
$< _1

5 X
x__
33_1 3
2 -1
2——|—=(5(-1) -
—(10 - (-5-5)
B 3 3
_(30—8) (—15+1) 22 —14
N 3 3 3 3
22+14 36
= =—=12 sq.unit

i LUTION:
ey SO

:(§+2)—(§+1) @ Given y = cosx
1

Q.3: Find the area below the curvey =

3+/x and above the x — axis betweenx = 1to x =
4

SOLUTION:
Given y=3Vx Asy=3Vx>0

n [1,4], therefore curve is above x — axis ‘

4 2
Required Area = f y dx = 3f Vx
1 -1

z-— (1)5) =2 ((22)% - 1)

:(gf(éﬁ —1)=28-1)=2(7)

sq.unit

Q.4: the area bounded by cos function from
x%— tox = E

Asy =cosx =
. mT T . .
0in [— E’E] ,therefore curve is above x — axis

T T
2 2 T
Required Area = fny dx = f cosx dx = Ismxlz_
2 2 2
. 1T 0 7T
= sin (E) —sin (— E) =1-(-1)
=14+1=2 sq.unit
Q.5: Find the area betweeen the x —
axis and the curve y = 4x — x%.
SOLUTION: Puty=0 4x—x?>=0
] 5 x(4—x)=0
Given y=4x —x x=0 or 4—x =0
Asy =4x —x? > x=4

0 in [0,4], therefore curve is above x — axis

4 4
Required Area = f ydx=| (4x —x?) dx
0 0

x% x3
=4 _Z_

2 330 3

4 0

=(2.42——|-(0%?——
_(32 64) © _96—64
- 3 -3
_ 32 .
?sq.unl
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Q.6: Determine the area bounded by the parabola y =
x? + 2x — 3 and the x — axis.
SOLUTION:

Given y=x*+2x-3
Asy=y=x?>+2x—3<
0 in [—3,1], therefore curve is below x — axis

1 1
Required Area = —f ydx = —[ (x2+2x—3) dx
-3 -3

Gre-s
=—f§+1—3)—@—+9+9ﬂ

=—[3+1-3+2-9-9

=_l+__20] Puty=o0 x>+2x—3=0
:§+27360 x> +3x—x—-3=0
- _ _] x(x+3)—1(x+3)=0
3

a3z 32 x+3)-(x—-1)=0
— =22 == sq.unit| x+3=0 orx—1=0
L 3 3 x=-3 , x=0

Q.7: Find the area bounded by the curvey =
x3 +1,the x — axis and line x = 2
SOLUTION:

Given y=x3+1 Puty=0 x3+1=0
(x + 1)(x? —
x+1)=0
x+1

0 or x>?—x+1=0 (Solveitself)

¥ =i~
After solving this equation gives i %ry roots
so neglect.
Asy=x3+12>
0 in [—1,2], therefore curve

2
Required Area = f %=

= x
4 -1

(@Hi) ()
Q —ern-f-)=0-{5

6 _6+ 2443
- 43_ 4 4
27

T square unit.

Q.8: Find the area bounded by the curve y =
x3 — 4x,and the x — axis.

SOLUTION: Puty=0 x3—4x=0
x(x?—4)=0
x(x—=2)(x+2)=0

x=0 o0orx—2=0 ,orx+2=0
x=0 orx=2 ,or x=-2

Given y =x3 —4x
Asy =x3—4x >

0 in [—2,0], therefore the curve is above x — axis
Asy=x3—4x <

0 in [0,2], therefore the curve is below x — axis

0 2
RequiredArea=f ydx—f y dx
2
=f (x3 —4x) dx—f (x3 —4xv
= Z_4
= 04 2(0)? 2(-2
: 7—() —( )
4
_<2 QL_MD

=w€glm m
- 0—0)]=0+4+4+0
Mquare unlt.

Q.9: Find the'a etween the curvey = x(x —

Dx+1), — axis.

SOLUTIO

Giv =x(x—1Dx+1)=x3—x
S x>

1,0], therefore the curve is above x — axis

i
@y =x3-x<
% in [0,1], therefore the curve is below x — axis

0 1
Required Area = f y dx —f y dx
-1 0

= f_ol(x3 —x) dx—fl(x3 —x) dx

4 1

x 2

=<i:(2 C;;i;)ﬂ
(&-2)-(@-2)

=[O~ ”‘ﬁ‘ﬁ]

“[GG=2)-0-o)

X

x?
2

=0 1+1 1+1+0

B 4 2 4 2
—1+2-14+2 1

B 4 2

Q.10: Find the area above the x — axis,
bounded by the curve y?> = 3 — x from
x=—1tox=2
SOLUTION:

Given y?=3—-x =>y=+3—x Asy =

V3 —x = 0in[—1,2],therefore curve is above x —

axis
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2
Required Area = J y dx =
-1

2
j V3 —x dx
-1

2 1
_ _f (3 -7 (1) dx
-1

2

1
B (3 _ x)§+1 2

1

2+l |

= _g [((3 - 2)%) — ((3 - (—1))%>]

2= () =2

14 .
3 Sq-uni

2 3
—— (3 — 2
3|( 2

-1

Q.11: Find the area betweeen the x —
axis and the curve y = cos%x fromx = —mtom.
SOLUTION:

; 1
Given y = cos-x =

Asy = cos%x >
0 in [—m, ], therefore curve is above x — axis
Required Area = f_nny dx = f_nn cos%x dx
1 Vs
sinfx 1 1
= 1 =2 [(sinz (n)) - (sinz( - n))]
2 g
=2[1-(-D]=4
Q.12: Find the area betweeen the x —

axis and the curve y = sin2x fromx = 0 to g $

SOLUTION:
Given y = sin2x

Asy = sin ZQQ

. s .
in [0,5] ,therefore curve is above x — axi

Required Area = [?y dx = [?sin2x
_ [zeos2xfs _ -2 [(cos Z—H) — (cos \
o2 g7 2 3
1 1 3 .
= —5[—5— 1] =7 Sq.unit
Q.13: Find the area betweeen the x —

axis and the curve 2ax — x2 whena > 0.

SOLUTION:
Asy =sin2x =

Given y=s
. Vs . .
0in [O@e ore curve is above x — axis

L 2
@Ama = fozay dx = foza\/Zax —x2 dx =
< 2

—a?+ 2ax —x? dx

= foza\/az —(a? — 2ax + x2) dx
= (%2 [02 — (v — )2
= [, Va2 —(x—a)? dx
Using formula [Va?— x%dx
= Zsin~? (f) +ZVaZ —xZ+¢
2 a 2

>

>

>

> Differential equati
An equation cont%

>

= [Ssin (59 + (59 Ve =G -],
(a;Sm_l <2aa— a) N (Zaz— a) JZ = 2a= a)2>
(e (3
+ (o) W

(a;sin_l(l) + (2) \/W) - (a—s'

tleast one derivative of a
dependent var with respect to an independent
variable § l if ferential equation.e. g.
2
yZ—z 2x and x%+3—i—2x=0
Ord Differential equation:
r of the dif ferential equation is the order

+2x =0 (1storder dif ferential equation)

d?y
dx?

T
o%highest derivative in the equation.
/ \ dy
dx

x + % —2x = 0(2nd order dif ferential equation)

> Degree of Differential equation:

The degree of a dif ferential equation is the greatest
power of the highest order derivative in the equation.

4 2.4
% %—x (%) +%+2x= 0
(1st degree dif ferential equation)

4,73 2,04

x (%) +%—x (%) +%+2x:0

(3rd degree dif ferential equation)

General solution:

The solution of dif ferential equation which contains
arbitrary constants is called general solution.

Particular solution:

The solution obtained from general solution by
applying the initial conditions is called particular

solution.

Initial value conditions:

The arbitrary constants involving in the solution
of adif ferential equation can be determine by the
someven conditions. such conditions are called Initial 1
TIT BIT: General soltion of the dif ferential
equation of order n contains n arbitrary constants
which can be determined by n initial values
condtions.
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Exercise 3.8

Q.1:Check that each of the following equations
written against the dif ferential equation is its
solution.

. dy
l)xE—1+y
Provethaty =cx—1

SOLUTION:
dy
XE =1+ y

Separating the variables:
X dy = (1 + y)dx
mdy == dx
Integratmg both sides

[—=dy= fdx

1+y

In|1 + y| = In|x| + In]|c|

In|1 + y| = In|cx]|

1+y=cx

y=cx—1

e 2 dy _ _

i) x (2y+1)a 1=0

provethaty* +y=c —%

SOLUTION:

Py +1DE-1=0

Separating the variables:
2 ay _

x“(2y+1) o 1

Ry + Ddy = xLZ dx

Integrating both sides

[Qy+1dy =[x 2 dx @
ey .
y +y—_1+c @\\

y +y=—;+c

soody o
m)ydx 1=0
prove that y*> +y =
SOLUTION:

22y + D EENS 0

S eparatm riables:

= dx
atmg both sides
y+ Ddy =[x 2dx

2 x—2+1
2L +y=

—-2+1
-1

y2+y=x_—1+c

yi+y= —§+ c
iv) -2 -2y=0
Prove thaty = ce*’
SOLUTION:

ldy _

x dx
Separating the variables:
% dy = 2x dx

Integrating both sides
f %dy = [2xdx

2
Inly| = 2%+ o)

Inly| =x%+¢ v

enlyl = ex2+c‘1 N
e Q‘l/:

17) dx e *

Prove y = tan(e* + ¢)

SOLUTION: ‘

y=e* +e
—_ ,x?
y=e* +c¢c

dy _y 241

dx e~
Separatmg the vagiables,

1+y2 %

th sides
= fex dx

@t SOLUTION:

dy _

w7y

Separating the variables:
1 —_— =

5 dy = —dx

Integrating both sides
f%dy =—f1dx
Iny=—-x+¢
elny = e ¥tC1
y=e *e<
y=ce™*
Q.3: ydx+xdy=20
SOLUTION:
ydx+xdy =20
Separating the variables:
xdy =—-ydx
1 1
; dy = —; dx
Integrating both sides

1 1
f;dy = — f; dx
Iny=—-Inx+Inc
Iny+1Inx =+Inc
In(xy) = +Inc
Xy =c

dy 1

—-X
Q4 Z="3

y
SOLUTION:
v _1-x
dx y
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Separating the variables:
ydy =(1—-x)dx
Integrating both sides
Jydy=J(Q-x)dx
yv:_ X

S =X +c
y2=2x—x%+2¢
yi=x(2—-x)+c

Ldy _y
Q.5. E—x_z
SOLUTION:
dy _ vy
ax  x?

Separating the variables:
lav=2>L4

y VT
Integrating both sides

f ;dy = [x"%dx

x—2t1

Iny = +c

—2+1
-1

1ny=x_—1+cl
1

Iny = —cta

1
elly — g7t
_1
y=e x e“
1
y =Cce x

. Gi dy _
Q.6: sinycscx i 1

. x2+1 _x d_y
Q-8 y+1  y ‘dx
SOLUTION:
x*+1 _x dy
y+1 vy dx
Separating the variables:
(x2 + 1)y dx = x(y + Ddy
x(y+1dy = (xz + 1)y dx
2
yTH dy = 2 dx
1 1
l1+=-dy=x+-dx
y x

‘bq’\/b‘

y+lny=xz—2+ln(xc) V
Iny — In(xc) = x?z —é%v

Integrating both sides
f(1+§)dy= f(x+%) dx

y+lny=xz—2+ln(x)+lnc

po=
xZ
% =cxez

1dy 1
SOLUTION: % 9= == 1+y?
sinycscx 21 @ SOLUTION:
| ax . 1dy 1 2
Separating the variables: rdr 2 1+y%)
siny sirl1x dy = dx Selparatinglthe variables:
siny dy = sinx dx Tyzdy =2 (x¥)dx

Integrating both sides . \
[siny dy = [ sinx dx @\

rating the variables:

—COSy = —COSX + C;
—cosy = —(cosx —¢y)
COSY = COSX — (1

Cosy =cosx + ¢

Q.7: xdy+y(x—1)dx =
SOLUTION: Q s

xdy +y(x —1)dx

1

;dfié. g

1 1

" —3) dx
t

ating both sides
1
Sdy = [-1 +-dx
ny=—-x+Inx+Inc
Iny =1In(xc) — x
Iny —In(xc) = —x

el (%) = *
l: e_x

xc
y=cxe*

Integrating both sides
1 1
J = dy =3[ xdx

1+y?

_ 1 x2
tanTly=-—+c

xZ
y = tan (T + c)
Q.10:2x2y 2 =x2 -1
SOLUTION:
2.4y _ 2
2x V=X 1

Separating the variables:

-1
ydy =——-dx

1 (x%-1
ydy:E(xe )dx

Integrating both sides

[ydy==[ (1—i) dx
2 x2

[ydy=sf A—x")dx

y2_1(,_x"
7_z(x —1)+C
y2=x+§+c
ﬂ 2xy
Q.11: dx+2y+1_
SOLUTION:
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dy 2xy

dx = 2y+1

Separating the variables:
dy 2xy

ax 7 2y+1

dy _ xQy+1)—2xy

E - 2y+1

dy _ 2xy+x—2xy

dx  2y+1

day _ x

dx  2y+1

2y + 1)dy = xdx
Integrating both sides
JQy+1dy =] xdx

23/2—2 +y= x2_2 +c

yiy+1) = x2_2 +c

Q.12: (x% - yxz)% +y* +xy

SOLUTION:

(% = yx?) 2 +y? + xy?

Separating the variables:
x2(1-y) = —y*(1+x)
x2(1—y)dy = —y*(1 + x)dx

2

gy = -y

y2 2

iy @ ==(5+3)d
(y_z—i) dy——(x_2+ )dx

Integrating both sides

f(y_z —%) dy=—/ (x_z +1) dx
—241 _( -2+

+lnx +C1 ::
2+1 \

-1

y——lny——(x—+lnx + ¢ \

1 - 1
_i—lny:—(—;+lnx)+c1 @

lny+i= (—%+lnx)—cl

lny+l=1nx—l+c
y X,
Q.13: sec’x tany dx tanx dy =0
SOLUTION:

sec’?x tany @eczy tanx dy =0
Separatl ariables:

sec? =sec?x tany dx
c’y ec x
tanx

tlng both sides
dy — —f sec X dx

tanx

n(tany) = —In(tanx) +Inc
In(tany) +1In (tanx) =Inc
In(tanytanx) =Inc
tanytanx = ¢

018 (3 8237 +2)
SOLUTION:

(r-x2)=20r+3)

X

Separating the variables:
y— xZ—i’ =2y%+2 Z—z
W W2

x dx 2 dx Zy y
Multiplying both sides by — 1

Z—z+2%=y—2y2
(x+2) 2=y -2y

(x+2)dy =y(1—2y)dx v
1 _ N
1

f[_ (1- 2y) &&
f dy — f$d}’{bz

In (y) +In(2y —1) 2) +1n(c)

In (ﬁ) = 1%
&

y(1-2y) Y= x+2
Integrating both sides

(1- 2y)+2y 1
f y(1-2y) - f x+2 dx

f[(l 2y) +

y(1- 23’) Y(l 23’)

2y 1

Q. 156 tan y d

S N:
@xtany T =0
aratmg the variables:

cosxtany— =-1

dx
Cosx
Integrating both sides
[V Gy = [ secx dx

cosy
In (cosy) =In(secx +tanx) +Inc

In (cos y) =In[c(secx + tanx)]
cosy = c(secx + tanx)

Q.16: y — xdy 3(1+x%)

tanydy = —

SOLUTION.
dy _ d_y
yox o= 3(1 +xdx)

Separating the variables:
W y
yox o= 3+ 3x Tx

y—3=3xd—y xZ

dx
y — 3—4x—
dy_ _
4xa—y 3
1 1
Edy—é}—dx

Integrating both sides
1 1,01
In(y—3) = %lnx +Inc
1
In(y—3)=Inxs+1Inc
1
In (y - 3) = In (cx?)

1
— 3 =cx+
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1
y=3+cxs
Q.17: secx + tany% =0
SOLUTION:
dy _
secx +tany_~ = 0
Separating the variables:
dy _
tany—— = —secx
tany dy = —secx dx
Integrating both sides
[tany dy = — [ secx dx

[ Gy = [ secx dx

cosy

In (cosy) =In (secx +tanx) +Inc

In (cosy) = In [c(secx + tan x)]

cosy = c(secx + tanx)

Q.18: (e*+e™™) :—z =e*—e*

SOLUTION:

(e*+e™) Z—Z = e* — e ¥ Separating the variables:

X -X
e*—e

dx
eX+e ¥

Integrating both sides

Jldy=[ F—=dx
y=In(e*+e™)+c
Q.19: Find the general solution
of the following equation

% — x = xy%. Also find the
Particular solutionify=1
whenx =0

SOLUTION:

Separating the variables: * &
dy N\

= yv2
gx—xy +x
av _ 2

=X+ 1D
1
y2+1dy—xdx

Integrating both sidﬁ

1
fﬁ dy = f X %
Tan~ly =%

y=3
(General Q (D
Atx =\' 1
ta 1 % +c
& Put in 1)
4

¥, m
2 4
(Particular solution)

Q.20: Solve the dif ferential
equation % = 2x given that

dy =

ex_e—x

tah 1y =

x=4 whent=0

SOLUTION:
&x_ o
ax <X

Separating the variables:

dx = 2x dt

~dx=2dt

Integrating both sides
1

Jody=2[1dx

Inx =2t+¢
elnx — g2t+c
x =e?t e

x = ce?t Where et = ¢

(General solution) (1) Nv
4 = ce?©® (b

4 = cel
0:

4=c Putin(1) s e
x = 4e?t v
(Particular solution) D

Q.21: Solve the diff%
equation % + 2st)3,0. Also find the

Integrating both sides
1 —_— =
Jods=—[ 2tdx

2

t

Ins = —2;+C1

Ins = —t?+¢
42

s=e¢e t“+cq

s=etec
s=ce " Wheree® =c
(General solution) (1)

Ats=4e , t=0

4e = ce~(©’

4e = ce®

4e =c¢ Putin (1) v e¥=1
s=4e.et’

s=4el t’

(Particular solution)
Q22. In a culture, bacteria increase number of bacteria
present. If bacteria are 200 initially and are doubled in 2
hours, find the number of bacteria present four hours
later.

Solution:
Let P be numbers of bacteria then
dp
I x P
> L gp
dt
> — dP = kdt
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take integral
1
f;dP =k[dt
InP = kt + Inc
Inp —Inc =kt
In2 =kt
c
P _ okt
c
p = ce*t - (i)
put p=200, t=0 (condition1)
200 = cek® = ¢e0
= ¢ =200 '.'30:1
So (i)p = 200e*t — (ii)
Putp = 400 when t = 2 (conditionlI)
so(i) = 400 =200e*t
= 2 =el = n2 = ne?*
=2 2k =1In2
> ko ==In2

4 4 380 8

llnz
So (ii) = p = 200e2
in2

2 p= 200e z P fort =4
= p = 20022 = 200e!"2”* = 200e!™*
= p=200(4) = p =800
Which is required number of bacteria present four
latter.
Q.23 a ball is thrown vertically upward with a
velocity of 2450cm/sec neglecting air resistance,
find

i.  Velocity of ball at any time t

ii. Distance traveled in any time t
iiii. Maximum height attained by the

Solution: o
Let v is velocity and g is acceleration\x
_dv
i) -9 for r

=2 dv=—gdt
2 [dv=—g/[dt

2 v=—gt+c
Putv =2 =0\so
2450 9(0) + ¢c; = ¢, = 2450

—gt + 2450 + g =9.8m/sec
Th —980t + 2450 = g =980cm/sec
i) let h@v
. \ _dh
S‘\ LT
h
— =7

=
=
=
=

— = —980 + 2450

dh = —980tdt + 2450dt

[ dh = —980 [ tdt + 2450 [ dt

h= —9802—2 + 2450t + ¢,

puth=0,t=0
0 = —490(0)2 + 2450(0) + ¢,
=c=0
so h = —490t? + 2450

&
et

(iii) For max.hight,v =0

So 0 = —980t2 + 2450 from (i)

= 980t = 2220
980
5

= t= >
So h = 2450 (g) — 490 (g)2
= 6125 — 30625

= h =3062.5 b‘
So max. hight = 3062.5cm
= maxhight = 30.6m (= by 100)%
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