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Chapter#7 Class 2"

Definitions >Theory - Exercise

Scalar:

A quantity which has magnitude only is called scalar. e. g
time, volume, speed and work e.tc the scalars are
denoted by letters.

Vectors:

A quantity which has both magnitude and direction is
called vector. e. g Velocity, displacement, force and
torque e.t.c. A vector say V is denoted by VorV etc.
or by bold face letter v.

Geometrical interpretation of Vector:

Geometrically, A vector is represented by a line segment
AB with A its initial point and B its terminal point. It is
often found convenient to denoted a vector by an arrow
and written either as AB or as a bold face symbol like

v or in underlined formv.

Magnitude of a vector.

Let v be a vector, then its magnitude is denoted by ||
or simly v.it is also called norm or length of vector
if the line AB represent a vector, then distance from
Point A to point B will be magnitude of AB and is
Denoted by |4B]|

Unit vector:

A vector whose magnitude is one (unity) is called unit
vector. Unit vector of v is written as ¥ (read as v hat)

and is defined as ¥ = —

s

Null vector:
A vector whose magnitude is zero but no specific
direction is called null or zero vector. It is denoted by
Negative Vectors:
Two vectors are said to be negative of each other if they
have the same magnitude but opposite direction.
If AB = v then BA = —AB = —v and |BA| = |-AB|
(+ the magnitude of a vector is a non negative member)
Multiplication of vector by a scalar: let k be a scalar
Number (k € R and v be a vector.then kv is a vector
Which is k times to vector ¥ .
(i) v and kv are in same direction if k > 0.

(ii) v and kv are in opposite direction if k < o
Equal Vectors:
Two vectors
AB and CD are said to be equal,if they have same

magnitude and same directioni.e |E| = |H))|
Parallel vectors:

Two vectors i, and ¥ are said to be parallel if U X k v
Orv X ku ifu X kvtheniu and v are same direction
if k> 0 also U and v are in opposite direction if

k<o
Addition of two vectors:
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Addition of two vectors is explained by following two
laws.

i.  Triangle law of addition:

If two vectors a and b are represented by two

Sides AB and BC of AABC s. that the terminal point
a coinside with the initial point of b.
Then the third side AC of the triangle gives
Vector sum AC of the triangle gives vector sum a + b

i,e AB+BC=4C =a+b=A4AC

& & B
iii. Parallelogram law of addition:
If two vectors u and v are represented by two
Sides AB and AC of ||gram as shown in figure.then

Diagonal AD give the sum of ABand AC i.e
AD=AB+AC =u+v

o
r

- A= AL+ AB

Subtraction of two vectors:
let ABCD be a ||gram.

In AABC

AC =
InAABD ,AB + BD = AD

= BD = AD — AB
>BD=b—d= DB=—-(b—a)
>DB=a-

Sy




Position vector:

The vector whose initial point is at called position vector
of point p.

Position vector of p = oP

=l ?l

I

- 8I8
a6
sl al

Vectors in plane:
let OP = a be a vector in xy = plane. we resolve x
and y be the horizonatal and vertical components
of arespectively.Thena
= [x,y] is a vector in xy — plane

F

Addition:
let d = [x1,y41], b= [x,,y,] be two vectors in plane
thend +b =[xy, y1] + [x2,¥2], [x1 + %2, y1 + ¥2]

Subtraction:
let d = [x1,y41], b= [x,,y.] be two vectors in plane
thend — b = [x1,y1] = [x2,¥2], [Xx1 — %2, y1 — ¥2]
Magnitude of a vector in plane:
Let d = [x,y] be vector in plane as shown in fig.
Then by pat agora’s theorem
2 2 =12
|oP|" = |04| + |AP|
jd|* = x? +y?
= a=./x2+y? whichis magnitude of a.

¥ plx ¥l

.
Another notation for represent vectors in plane:

let OA and OB be two unit vectors along x — axis
and y — axis respectively. then |ﬁ| =1 |ﬁf| =1
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The ratio formula
Statement:
let A and B be two points whose position vectors
a and b respectively.if a point p divides AB in the
ratio p: q then the position vector of pis given
By

_qa+pb
T g
Proof:
In fig.
0A=d, OB=b
OP =7
Given that
AP:PB =p:q :ﬁ__) :(l)
AOAP, OP = OA + AP
AP=0A-0P=7%—d
InAOAB, OB = OP + PB
PE=0B+0P=b—+
By (i) o
> =Py -a)=p(E-7)
b—r_)q .
= qFf —qd =pb—pr= qf + p¥ = pb +qa

= (q +p)7 = pb + qd

b+ qd
L a_Pbtad
(g +p)
. qb+pd
Hence > 17 = ———
(g+p)
Corollary:
if pisthe mid point of AB thenp:q = 1:1
atb
S0, 1" = ==

2

Exercise NO 7.1

Question No.1
Write the vector P—Q intheformxi+yj.

M P23), Q@6-2)
PQ=(x, —x1) i+ (v, — y1)J
PQ=(6-2)i+(-2-3)j
PQ=4i-5j

i P05, Q(-1,-6)



PQ=(x, —x1) i+ (¥, —y1)J

PQ = (-1-0) i + (-6-5) j

PQ=-1i-11j

Q.2: Find the r;magnitude of the vector u:

(fu=2i-7j
luf = V(@2 + ()2
luf = (@)? + (-7)2
lu| = V4 +49
lu| =53

(i u=i+j

lu| = V() + (»)?
lu| = V()2 + (1)
lul =vi+1
u =v2
(iii) u=[3,—4]
u=3i-4j
lu| = V()% + (»)?
lul = V3?2 + (=92
ju =37 16
lu| = V25
luf =5
Q.3:ifu=2i-7j ,v=i-6j , w=—i+j.Find the
following vectors_. ) )
(i) utv-w
(2i-7j)+(i-6j)-(=i+})
2i-7j+i-6j+i-]
ai-14j

(ii) 2u-3v +4w
=2(2i-7) -3(i-6 j) +4(~i + j)
=4i-14j-3i+18j-4i+4j
=-3i+8j
(iii) ludviltw

2= 2— 2—
=S(U+vHw) = S(2i-7j+i-6j -i+))
=2(2i-12j)=i-6j
Q.4: Find the sum of the vectors AB and CD, given the
four points A(1, -1), B(2,0), C(-1,3), D(-2,2) ..
SOLUTION: Given: A(1, -1), B(2,0), C(-1,3), D(-2,2)
AB=(x, —x) i+ (7, -y

AB =(2-1)i+(0+1)j=i+j

CD = (x; — x1) i+ (¥ -y
CD=(-2+1)i+(2-3)j=-i-j

NOW AB + CD= i+ j — i j = 0i +0j=0 (Null Vector)
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Q.5: find the vector from the point A to the origin where
AB=4i-2jandBis the point (-2,5).
SOLUTION: AO=? hereo=(0,0)
Giventhat: AB =4i-2j, B(-2,5) = OB =-2i+5j
AS we know that AB = OB - OA

= 0A=0B-AB

= 04d=(-2i+ 5j)- (4i-2j)

= —2_i+5_j—4_i+2_j
= -6l +7j

= -A0=-6i+7j = AO=6i-7j (= 0A=
_m)
Q.9: if “O” is the origin and OP= AB , find the point
when A and B are (-3,7) and (1,0) respectively. (2019 |
s.Q)
SOLUTION: NOW we find point P(x, Y). Given that
(-3,7) and (1,0) and here O(0,0).
As OP= AB
= x-0i+0-0j=>0+3)i+O0-7)j

xi +yj=4i -7j
Comparing both sides, we have
x=4andy=-7
Thus P(x,y) = P(4,-7)

Q.6: Find a unit vector in the direction of the vector
given below.

(i) v=2i-j
lv| =V@?+ (=12 =+5
NOW ==
= |y
Ao 2. 1
=TV O Bi VL
1 .
= F2i-])
(ii) v=1§+§j
1 V3 1. 3
ol =@+ (2 = 3451
NOW ¥ ==
= |yl
Gl 5
2= 2 2 VO
1 2£+2]_
3. 1
(iii) v=——i->j
2 2
3 1 3 1
b= {(-2) + () = fii=
NOW 9 ==
= |y
=_73__%i :_El _l]
1 2 - 2=

Q.7: If A, B, C are respectively the points (2,-4), (4,0),
(1,6).Use vector method to find the coordinates of the
point D

(i) ABCD is a parallelogram



SOLUTION: we find D(x,y)
Given: A (2, -4),B (4,0),C (1,6)
Since ABCD is a parallelogram, so
AB=DC and AB|| DC
AB = [4,0] —[2,—4] = [4 — 2,0 + 4] = [2,4]
DC =[16] - [x,y] = [1 —x,6 -]
=+ AB=DC =[24]=[1-x6—y]
>2=1-x, 4=6—y>x=1-2,y=6—4
=>x=-1y=2soD(xy)=(—12)
o C

A B

(i) ~ A(2,—4), B(4,0)and C(1,6)
Let D(x,y)be the req.pt
as ADBC is ||gram.
So from fig * AD=CB and ﬁ” CB
AD = [x,y] — [2,-4] =[x — 2,y + 4]

CB = [4,0] —[1,6] = [4,—1,0,—6] = [3,—6]
+ AD=CB = [x—2,y +4] =[3,-6]

2x—2=3, y+4=—-6=>x=5,y=-10

= so D(x,y) = (5,—10)
C B

/ /

A D

Q.8: If B, C, D are respectively the points (4,1), (-2,3), (-
8,0).Use vector method to find the coordinates of the
point:

(i) A, if ABCD is a parallelogram

SOLUTION: we find A(x, y) I.?

Given: B (4,1),C (-2,3),D (-8,0)

Since ABCD is a parallelogram, so
AB = DC
(X —=x) i+ (2 =y J =2 —x1) i+ V2 —y1) ]
(4-x) i+ (1-y)j =(-2+8)i+(3-0)j
(4=x) i+ (1- V)Z = 6i+ 3]_'
Comparing both sides
4-x=6 & 1l-y=3

= x==-2 & y=-2 Thus A(—2,-2)

(ii) E, AEBD is a parallelogram

Given: A (-2, -2),B (4,1),D (-8,0)

SOLUTION: we find E(x,y) .
Since ADBC is a parallelogram, so /

AE = BD
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=

(2 =x1) i+ 2=y j =2 —x) i+ (V2 —y1)J

(x+2) i +(y+2)j = (4+8)i+(1-0)j

(x+2) i+ (y+2)j = 12i+j

Comparing both sides
X+2=12 & y+2=1
=x=10 & y=-1 Thus E(10,—-1)
Q.10: Use vectors, to show that ABCD is a
parallelogram, when the points A,B,C and D are
respectively (0,0), (a,0), (b,c),(b—a,c).
SOLUTION: Given that: (0,0), (3,0), (b,c), (b —a,c)

AB=(a-0)i+(0-0)j =ai+0j o

DC = (b—b+a)i+(c-c)j=ai+0j I.-"I

AD = (b-a-0) i + (c-0) j = (b-a) i+¢j A
BC=(b-a)i+(c-0)j =(b-a)i+cj

As AB =DC & AD = BC

So ABCD is a parallelogram.

Q.11: if AB = CD. Find the coordinates of point A, when
points B, C, D are (1,2), (-2,5), (4,11) respectively.
SOLUTION: NOW we find point A(x, Y). Given that
B(llz)l C(_ZIS)I D(4111)

As if AB= CD
= (1-x) i +(2-y) j = (4+2) i + (11-5) j
(1-%) i+(2-y)j  =6i+6]

Comparing both sides, we have

1-x=6 and2-y=6

X =5 and y=-4

Thus A(x,y) = A(5,—4)

Q.12: Find the position vectors of the point of division of
the line segments joining the following pair of points, in
the given ratio:
(i) point “C” with position vector 2i — 3 j and point D
with position vector 3i + 2j in theratio4 : 3
SOLUTION: GiventhatOC=a=2i—-3j,0D=b=3i+2j,
p:q=4:3
Let OP = r=7?,
CDinratio4:3
Using ratio formula, we have

qa+pb _ 3(2i-3j)+a(3i+2j)  6i-9j+12i+8]

Let P be the point which divides

r:

P+q 3+4 7
18i-j 18, 1,
= = =—l—Z]
7 7- 71

(ii) point “E” with position vector 5i and point F with
position vector 4i +Z in the ratio 2 : 5.

SOLUTION: Given that OE=a=5j,0F=b=4i+j, p:q
=2:5

Let OP= r=7?



Let P be the point which divides CD inratio2:5 Using
ratio formula, we have

_qa+pp _ 5(si)+2(4i+))
r= p+q - 2+5

25j+8i+2j 8i+27j

Q.14: Prove that line segment joining the mid points of
two sides of a triangle is parallel to third side & half as
along.

SOLUTION: consider a triangle ABC, such that 0A= a,
0B=b,0C=c
Let D & E be the mid points of sides AB &

AC respectively. alp
oD=22 ; OE=2

NOW BC= 0C-0B=c-b - (i)

g4 el
AND DE= OF — 0D = &2 _2*c _ (@¥b)-Ga+o _

2 2
B2 2(c-b) (i)
From (i) & (||) itis cIear that BC & DE are parallel and DE

is half to BC.

Q.15: prove that line segments joining the mid points of

sides of a quadrilateral taken in order form a

parallelogram.

Q.15: prove that line segments joining the mid points of

sides of a quadrilateral taken in order form a

parallelogram.

SOLUTION: consider the quadrilateral ABCD, such that

O_A)=§,O_B)=Q,ﬁf=g,0_l))=g

Let E, F, G, H be the mid points of sides AB , B_(f, C_]j, AD

respectively. D(d)
a+b b+c

OF ===, 0F ===, 0G

_(b+c¢)-(a+b) b+c—a-b
B 2 B 2
c—a
2

HG=0G-0H = &4 _atd
HG=0G-OH = ==—=
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_(c+d)-(@a+d) c+d—a—d c-—a

2 dd‘ ] 2 2
_— —_— —_— _+_ §+_
EHZOH—OE :T—T
_(a+d)—(a+b) _a+d-a-b_d-b
2 2 )

—_— —_— — 9+9_E
FG = 0G-OF ===

_(c+d)—(b+c) c+d-b-c_d-b
oz 2 2
As EF=HG and EH=FG
= EFIHG and EH I FG
Thus EFGH is a parallelogram.

Concept of vector in space

If three dimensional space XO0X'and Z0OZ'are called
Coordinate axis.

The planes made by X0Y ,Y0Z and ZOX are called XY
Plane. YZ — plane and ZX plane.respectively

These planes are mutually orthogonal to each other.

Note:
If P is point in space then it will have three coordinates
along x — axis ,y — axis and z — axis respectively.

if a,b,care distance along x — axis,y — axis and
7z — axis respectively
Then coordinates of point p are p(a, b, c)as shown in
fig.let U be vector in space whoes position vector is
OP then =[x, z]
Now (i)Addition:
let U= [x1,y1,21] ,V = [x2,¥2, 2]
U+ 7 =[x, y1,21] +[x2,¥2 2]
U+ V= [x; + x5,V + V2,21 + 23]
(ii) Dif ference:
let U= [x1,y1,21] ,V = [x2,¥2, 2]
U—7 =[x, y1,21] — [x2,¥2,25]
U=V =[x — X, Y1 — ¥2,21 — 23]
(iii)Scalar multiplication:
if k be any scalr andu = [x,y,z] then ku = k[x,y, z]
= [kx, ky, kz]
Magnitude of vector (in space)
let u = [x,y, z] be a vector in space then its length
or norm or magntude denoted by |u| and defines as

[u] = /x?% + y2 + 22

Properties of a vector:
(i)Commutative property:
for any two vectors uand v
Uu+v=v+1u
Proof:



t U=[x,y1,21] , U= [x2,52 2]
U+ 7V =[xy, y1,21] + [x2,52, 22]
+ 0 =[x + %2, 71 + Y2, 21 + 23]
=[xy + 22,71 + ¥2,21 + 25]
=[xz + x1,¥2 + ¥1,22 + 7]
= [x2,¥2, 2] + [x1, 71, 1]
=v+uU
(in real numbers commutatives law hold)
Thus U+ v=v+1u
(ii)Associative Property:
for any three vectors u,vand w
(d+V)+w=u+@+w)
Proof:
Let
(U + D)+ W= (x1,¥1,21 + X2, Y2, 22) + (X3,Y323)
= (X1 + x3,y1 +¥2,21 + 23) + (x3,¥3,23)
= (X1, ¥1,21) + (xz + x3,¥2 + ¥3,2; + 23)
= (x1,)1,21) + ((le)’z'zz) + (x3;Y3'Z3))
=Uu+@W+w)
Hence (U +v)+w=u+ (V+ W)
Inverse property:
Foravectoru ,u+ (—u) =(-u)+u=0
Proof:
let U = [x,y,z] then
—U=[-x—-y —2z]
then U+ (—u) = [x,y,2] + [—x.—y, —Z]
=kx—-x,y—yz—2z|
(0,0,00=0
Similarly:
(_ﬂ)) +U = [—X, =Y _Z] + [x) YV Z]
=[-x+x,—-y+y,—z+z] =[00,0] =0
Thus for U its additive inverse is — U
(iv)Distrubutive Property:
if k be any scalar and U, v be two vectors then
k(u+7v) =ku+ kv
Proof:
let U = [x,y1,21], v[x2,¥2,2,]
k(U + V) = k[(x1,¥1,21) + (x2,¥2,22)]
= klx; +x3,¥1 + ¥2,21 + 7,]
= [kx, + kx,, ky, + ky,, kz; + kz,]
= k(x1,¥1,21) + k(x2,¥2,22)
=ku + kv
(v) Scalar Multiplication property:
for a,b being scalars and U be a vector.then
a(bil) = (ab) U
Proof:
Letd = [x,y, z]
= a (b)) = a(b(x,y,2)) = a(bx, by, bz)
= = [abx,aby,abz] = (ab) U
Another Notation for represented vectors in space:
Let m, OB and OC be vectors along x — axis,
y — axis and z — axis respectively.
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|&=

i

As ¥o-

£ 04 =11,0,0],0B = [0,1,0],0C = [0,0,1]
then i = [1,0,0],j = [0,1,0], k = [0,0,1]

)

where i, j,and k are called unit vectors along
X — axis,y — axis and z — axis.
Now if U = [x,y,z] then U can be written as
U = [x,0,0] + [0,y,0] + [0,0, z]
= x[1,0,0] + y[0,1,0] + z[0,0,1]
i =xi+yj+zk
Distance between two points in space:
if OP; nad WZ are the position vectors of the

points p;(xy,¥1,z1) and p,(x3, ¥2, Z5)
The vectors p,p; is given by

Pafe Palaa Va2
Wz = 0—19)2 + %}1
= [x2,¥2, 23] — [%1, V1, 21]

=[x —x1, Y1 — Y2, 21 — 2]
By

o ]

[tz T Tx)eg

L=]

Distance b\w p, and p, = |p.p,|

=t —x)2 + (2 — y1)? + (2, — 21)?

This is called distance formula b/w two points

p; and p, in R

Distance angles and direction cosine of a vector:

letC = OP = [x,y,z] =xi+yj+zl?beavector
s.that it makes angles a, f and y along

coordinates

axes the a, f and y are called dire ction angles

Of vectors

7 while cosa ,cosp and cosy are called direction

cosines of 7

Y
Mx, v,z

~
N

Important result
Prove that cos?a + cos?f + cos’y = 1



Proof:
let # = [xq,y1,271] = xi + yj + zk

= |7 = x% + y? + 22
= r=x2+y%2+42z2

> r* =x%+y*+ 2% - (i)

inright AOAP
cosa=22=" ? x "
“oP r

similarly cosf =

So cos’a + cos?B + cos*y = ’r‘_ +2 42
2

N
=
=

_xt+yP+zt r
T 2 2
cos’a + cos*B + cos*y = 1 hence proved.

=1

Exercise NO 7.2

Q.1:LetA=(2,5),B=(—1,1),C=(2, —6). Find

(i) AB=?

AB= (x; —x) i+ (¥ — y1)J
AB=(-1-2)i+(1-5)j

AB=—3i—4j

(i) 2AB-CB = ?

2AB-CB =2[ (x, — x,) i + (¥ =y Jjl =[xz =
x1) i+ (V2 = y1) J]

2AB - CB = 2[ (-1-2) i+ (1-5) j ] - [ (-1-2) i+
(1+6) ]

2AB - CB = 2[—3i-4j] — [—3i + 7j] = —6i —8j+3i —7]
= —3i-15] i i S
(iii) 2CB - 2CA = ?

2CB - 2CA = 2(CB - CA) = 2[{(x, — %) i + (¥, —
Y1) J_} —{l=x1) i+ 2 —y1) J_}]

2CB - 2CA = 2(CB - CA) = 2[ {(—1-2) i + (1+6) j } —{
(—2-2) i +(5+6) j 1 = 20 {(~3i+7)} {(0i+11))}]
2CB - 2CA = 2(CB - CA) = -6i+14j —0i —11j =

—6i 3] i i

Q.2: Let_g= i+2j—k , v =3i —2j+2k , w = 5i —j+3k.
Find the indicated vectors or numbers:

(i) u+r2v+w=?

U+ 2v+ w = (142 — k)+2(3i —2j+2k J+( 51 — j+3k )
= 1+2] — k+61 —4]:+4E +5i —]_'+3_E =12i —3]_'+E5E
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([ijv-3w=2?
V—3w = (3 —2j+2k) - 3(5{ — j+3k) = 30 —2j+2k -
15i+3j —9k = —12i +j — 7k
(iii) |3v+w| =?
3v+w=33Bi—2j+2k)+5i—j+3k=9i —
6]_'+6§+5£‘—]_’+3&=14§—7]_’+9E
3v+w|=JADZ+ (=7)% + (9)% =
V196 + 49 + 81 = /326
Q.3: Find the magnitude of the vector v and write
the direction cosine of v:
() v =2i +3j + 4k
MAGNITUDE
lv| = V()2 + ()% + (2)2
v = V(@)% + (32 + (D?
V| =VET9F 16 =20
DIRECTION COSINE

Direction ratio

Direction cosine = -
magnitude

*+ direction ratio=2, 3, 4

" . . 2,3,4
So, Direction cosine = oo
Direction cosine = —2 -2 &
irection cosi e—m, =’ 755
(ijv=i-j—k
MAGNITUDE

lv| = V()2 + ()% + (2)?
v = V(D + (D% + (-1)2
v|]=vi+1+1=+v3
DIRECTION COSINE

Direction ratio

Direction cosine = -
magnitude

+ direction ratio=1, —1, —1

N . 1,-1,-1
So, Direction cosine = ~—
Direction cosine = —, —, =
3’3’3
(iii) v = 4i —5j
MAGNITUDE

lv| = V()2 + ()2 + (2)?
lv] = V®? + (=5)%(0)
lv| = VI6+ 25+ 0 = V41

DIRECTION COSINE

Direction ratio

Direction cosine = -
magnitude

+ direction ratio=4, —5, 0
4,-5,0

V29

So, Direction cosine =



. . . 2 -5
Direction cosine = —, —,
29’ /29

3=
el

Q.4: Find a, so that
|oci + (o + 1)j +2k| = 3
SOLUTION:
| + (+ 1)j + 2k| = 3
J@2 + (a+ 1)2 4+ (2)2 =3
Va2 + a2 +1+2a+4=3
Squaring on both side
+a?+1+2a+4=9
2024+ 20+5=9
2024+ 20+5-9=0
2024+ 20—4=0
Dividing by 2
+a—2=0
a?+20—a—2=0
a(a+2)-1(a+2)=0
(a+2)(a—1) =0
Either a+2=0 or oa—1=0
Q.5: Find a unit vector in the directionof v=i+2j -k
SOLUTION:
Let V be unit vector in the direction of v
Then,v=i+2j-k

lv] = V(1)2 + (2)2 + (1)?
v|=vi+a+1i=v6

Required unit vector is:
~ V L+2] k 1

T C Witk

Q.6: if a=3i-j-4k , b = -2i-4j-3k , ¢ = i+2j-k.find a

unit vector parallel to 3a-2b+4c.

SOLUTION:

Let v =3a-2b+4c = 3(3i-j-4k)-2(-2i-4j-3k)+4(i+2j-k)
v =9i-3/-12k+4i+8j+6k+4i+8j-4k = 17i+13j -10k
lv| = V(17)% + (13)2 + (-10)% =

V289 + 169 + 100 = v/558

Let u be a unit vector parallel to v, then

v 17i+13j =10k 17 P+ 13 . 0,
|1,| /558 = Vst Vessl  Vess~

Q.7: Find a vector whose:

i) Magnitude is 4 and is parallel to 2i-3j+6k (2019 1 5.Q)
SOLUTION:

U=? Given: |u|l=4 , v=2i-3j+6k

As ullv
So u=v
u v
—1 _— = —
[ul  |v|
U=lul L = (&) 2i-3j+6k a[2i-3j+6k]  8i-12j+24k
= u —_— = — — -
vl 22+(-3)2+62 V49 7
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8. 12 . 24
U=si-T+7k

ii) magnitude is 2 and is parallel to-i + j + k
SOLUTION:
U=? Given: |ul=2 ,v=-i+j+k

As ullv
So u=v
u v
p—t _=
[ul  |v|
U=l = (2) —itj+k 2[—z+1+k] ~2i+2j+2k
lv I_ ‘/22+( 3)2+62 vas 7

U=—Zi+3j+3k
Q.8:if u = 2i+3j+4k , v = -i+3j-k,
w = i+6j+zk represents the sides of a triangle. Find the

value of Z.

SOLUTION:

As u, v, w represents the sides of triangle

Sou+v=w

2i+3j+4k - i+3j-k = i+6j+zk

i+6j+8k = [+6j+zk

By comparing

=7=3

Q.9: The position vectors of the points A,B,Cand, D
are2i—j+k,3i+j,2i+4j—2kand —i—2j+k
respectively. Show that AB is parallel to CD.
SOLUTION:

Giventhat: OA=2i—j+ k,0B=3i+j,0C = 2i +
4j -2k ,0D=—-i—-2j+k
AB=0B-OA=(3i+j)—(2i—j+ k)=
j-k=i+2j—k

3i+j— 2i+

CD=0D-0C=(—i—2j+k)— (2i+4j— 2k) = —i—
2j +k—2i—4j+ 2k =-3i—6j+ 3k =—-3AB
= AB || CD Hence AB is parallel to CD.

Q.10: We say that vectors v and w are parallel if there is
a scalar c such that v = cw. The vector point in the same
direction if ¢ > 0 and the vector point in the opposite
direction if c< 0.

a) Find two vectors of length 2 parallel to vector v =
2i—4 + 4k

SOLUTION:

Given:|u| = 2,v=2i —4j +4ku="?

As u |



2i—4j+4k

V=120 e

2[2i-4j+4k]
u:_—_
= 6
2i-4j+4k
u=+—>-——
= 3
u=zt(3i-3j+3k)
= 3= 3L7T3%

b) Find the constant a so that the vectorsv=i — 3j +
4k & w = ai + 9j — 12k are parallel.
SOLUTION:

As vilw
a 9 . . .
“IES (Direction ratio are same)

=a=-3
c) Find a vectors of length 5 in the direction opposite
thatof v=i— Zj + 3k (2019 5.Q)

SOLUTION: u =
Given: |u|—5 , v=i—2j+3k
As ullv
S0 u=-v
u v
ﬁ — T — ——
Jul v
_ v
u=-lul 5
. ( ) i- 2]+3k
u= i+ (22132
_ _Sli-zjvan]
bW=—"uz
_ —5i+10j-15k
1= Vi
u= i+ — =k

7~ Tk
d) Find a & b so that the vectors
3i—j +4k,ai+ bj — 2k are parallel.

SOLUTION: As viw

.a_ b -2 a_ b -1
37 -1 4 3 -1
a 1 b -1

=-=—and —=—
3 -1 2

=a= —% and b =%
Q.11: Find the direction cosines for the given vector.
i) 3i—j+ 2k
SOLTION:
letv =3i—j+2k
lv] = V32 + (-D? + ()2
o] =VSF 174 =ia

Direction ratioofvare3,-1, 2
Direction ratio

Direction cosines of v =
magnltude

Directi f L 2
irection cosines of v = \/_ \/_ \/_

ii) 6i —2j + k (20175.Q)

SOLTION:

letv =6i—2j+k
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lv| = V(6)% + (=2)2 + (1)?
lv| = V36 F 4+ 1 = VAl

Direction ratioofvare6,-2,1

Direction ratio

Direction cosines of v =
magnltude

Direction cosines of v = 2 1
G T

iiii) PQ ,Wherep=(2,1,5) & Q=(1,3,1)

PQ=(x; —x)) i+ (v, — y1) j*+(z; — z1)k
PQ=(1-2)i+(3-1)j +(1-5)k

PG =i+ 2j-ak

PQ| = (=D2 + ()% + (—4)?
|PQ| =vI+4+16=+21

Direction ratioofvare-1,2, -4
Direction ratio

Direction cosines of v =
magnltude

2 -4

Direction cosines of v = \/_ \/_ \/_

Q.12: Which of the following triples can be the direction
angles of a single vector:

i) 45°, 45°, 60° (20185.Q)

SOLUTION:

Leta=45° ,B3=45" ,y=60°

Ifa, B,y are direction angles of a single vector, then
cos2a+cos2B+cos2cos’*a + cos*B + cos’y =1
L.H.S = cos?a + cos?B + cos?y

= c05%45° + c0s?45° + cos260°

() + (@) +06)

1 1 1 24+2+1 5
_E+E+Z_ —ZiR.H.S

4
Thus , B, y are not the direction angles of a single

vector.
ii) 30°, 45°, 60°
SOLUTION:
Leta=30° ,B=45" ,y=60°
If a, B,y are direction angles of a single vector, then
cos’a + cos*B + cos*y =1
L.H.S = cos?a + cos?p + cos?y
=c05230° + c0s?45° + cos?60°
2 11\2 N2
] ?G) 1+ (175)3 -l; (15) 3
+2+
=Z+E+Z= 7 =E¢R.H.S
Thus , B, y are not the direction angles of a single
vector.
iii) 45°, 60°, 60°
SOLUTION:
Leta=45° ,B=60°,y=60°
If a, B,y are direction angles of a single vector, then
cos’a + cos*B + cos*y =1
L.H.S = cos?a + cos?p + cos?y
= c05%45° + c0s?60° + cos260°




2 4 4 4
Thus, B, are the direction angles of a single vector.
The Scalar product of two vectors (Dot product)
Definition:
The scalar product of two non-zero vectors U and v is
denoted by u. ¥ (read as U dot v ) and defined as ;
u.v = |||l v|cosh
Where 0 is angle fromito vand0 <0 <t
Note: the dot product is also referred to the scalar
product or the inner product.
Deduction of the important results:
For unit vector i, j, k we have.

(@) i.i=|i||i|coso® =1
Ji=
k.k = |k||k|coso® =1

]_| |]_| coso® =1
|

(b) ij =i |]_| c0590° = 0
jk= |]| |k|cos90° =
k.i = |k||i|cos90° =0
(c) prove thatu.v =
= |u||v|cos6
|g| |g| cos(—0)
= [v|[u|coso
uv=vu
Hence dot product of two vectors is commutative.
Perpendicular (orthogonal) vectors
Two non-zero vectors u and v are perpendicular if
andonlyif u.v=20

u
v

.
u.
u.v
u.

e IS

- > . [ T
(v angle b\w U and v is o) S0 cosz =0)
- — - T — o
thus u.v = | u|| v|cosf cos==>u.v =20

2

Properties of Dot Product:
Letu,v and w be vectors and let c € R
then(()u.v=0 > u=0o0r v=0
(ii) u.v = v.u(Commutative Property)
(@i u.(v+ w) = u.v+u w(dis.property)
(iv) (cw).v = c(u.v) (cis scalar)
W) uw v=|ul
Analytical Expression of dot product u. v:
(Dot product of vectors in their components from)
let u=ayi+byj+c, kand
v=aitbyjtc k
Be two vectors
Now
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u.v= (a1£'+b1]_'+c1 E)-(azi+bzl_'+cz E)
= (a1-a2)(£'-£') + a,b, (LJ_) + aﬂz(i-@) + bia, (]_L)
+biby (1) +bicy (Jk) + crap( ki) + esbz ( k)
+c16,( k-k)
= UW. v =a.a, +bib, +ccy

Angle b\w two vectors:
For two vectors u and v

(@) u.v =|ul|lv|cosb v 0<6<m
u.v
~ cosf =
|| »|

() if u=a;i+bj+ec kand
v=ayitbyjtc k

= U B = aqa, + blbz + C1Cy

lu| = faf+b12+cl2 . lv| = ’a%+b§+c22

Since
Uu.v
cosf =
|u|| vl
aia,+bib,+cqc
|:> C059 - 142 192 162
Jateviect [agrnzecs
Corollaries:

if 8 =0° orm thevector u and v are collinear.
(ii) ifezg, cos6 =0 2u. v=0
Then vector u and v are 1 or othogonal.
Projection of a vector upon another vector:
Let 04 = u and 0B = v
let 6 be the angle between then such that

0<60<m DrawBM L1 OA then OM is called the
projectionof v along u Nowin A OMB.

cosf = |O__M| = |0M| = |0B|cos6
05

[0M| = [Blcos® = cosd = L2

|| 2]
u. v
projction of v along u = ﬁ

u
Similarly,

u. v
projction of u alongv = W

Exercise NO 7.3

Question Nol

Find the cosine of angle 8 between u andv
i) u=3i+j-k, v =2i-j+k (2016 S.Q)
SOLUTION:

u=3i+j-k,v=2i-j+k



If O is the angle between u and v, then

uv
cosf = =—
|| [v]
(3i+j-k).2i-j+ko)
cos O = = =
V3Z+12+(-1)2./22+(-1)2+12
cos @ = 6-1-1
T VOF1+1. VA+1+1
cos O = r __ ¢
T Viive V66

ii)u=i-3j+4k, v =4i-j+3k
SOLUTION:
u=i-3j+4k , v =4i-j+3k

If 8 is the angle between u and v, then

cosf = —2
|ul|v]
(i-3j+4k).(4i-j+3k)
cosO = = =
V1Z+(—3)2+42.,/(4)2+(—1)2+32
0= 4+3+12
cost = VI+9+16 V16+1+9
p—_19 _1
COSY = Zevze 26
ili) u= [_3; 5]I v= [6' _2]
SOLUTION:

u=-3i+5j , v=6i-2j

If 8 is the angle between u and v, then

cosf = =2

|u|v|
cosd = (-3i+5§).(61-2))

T JEHEHEES (074 (-2)?
g = 1810
cos T V9425 A/36+4
Cosg — 28 _ =28
oSt = V34440 /1360
28 —28 -7
cosf =

V16 .4/85 4485 /85
ivyu=[2,-3,1],v= [2,4,1]

SOLUTION:

u=2i-3j+k, v=2i+4j+k

If © is the angle between u and v, then

uv
cosf = ==
4]
(21-3j+k).(2i+4j+k)
cosf = = =
V224(=3)2+12./(2)2+(4)2 +12
4-12+1
0SS =————
V4+9+1 AN/4+16+1
-7 -7
0S8 = 7t = or
-7 -7 -1
cosf = = =

Q.2: Calculate the projection of a along b and b along a
when:

i) a= i-k, b=j+k

SOLUTION:
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- ~ b _ab _(i-k).(+k)
Projection of a alongb=a.b =a . B o - Ve
0+0+1 _ 1

vZ V2
a _ba

Projectionof balonga=b.d=b .= ===

1o
1o

(j+K) (i-K) _0+0-1 _ 1

JZ+(-DZ V2 V2
i) a= 3itj-k, b=-2i-j+k (20185.Q)

SOLUTION:

. . N b ab
Projectionof aalongb=a.b=a. |;T| = ﬁ =
(3itj-k)(-2i-j+k)  _6-1-1 8

J(=2)2¢12412 Va+1+1l V6
b.a

Projectionof balonga=b.G=b.7 =77 =

(—2i-j+k) (3i+j-k)  _e-1-1
J3Zr(2+(-1)?  Vo+l+1 V11

Q.3(7.3): Find a real number ‘o’ so that the vectors u
and v are perpendicular.

i) u=2ai+j-k, v =i+aj+dk
SOLUTION:

Since u and v are perpendicular, so
uv=0

(2ai+j—K)( i+aj+4k) = 0
20+0-4=0

3a0=4 > a =§

i) u = ai+20j-k , v = i+aj+3k
SOLUTION:

Since u and v are perpendicular, so
u.v=0

(ai+20y-k)( i+aj+3k) =0
a+2a?-3=0

2a* +a-3=0

2a® + 30— 20-3=0

a(2a+3)-1(2 a+3) =0
(2a+3)(a-1)=0

200.3=0 oro-1=0

3
==z ora=1

Q.4: Find the number ‘Z’ so that the triangle with
vertices A(1,-1,0), B(-2,2,1), C(0,2,2) is a right triangle
with right angle at C.

SOLUTION:

A(ll_llo)l B(_zlzll)l C(OIZIZ)

CA=(x, — x;) i+ (v — 1) j+(z — z1)k .
CA =(1-0)i+(-1-2) j +(0-2) k
CA=i-3j-zk

CB=(x; —x1) i+ (2 — y1) j+(z2 — 2 )k



CB =(-2-0)i +(2-2)j H1-2) k
CB = -2i +0j+(1-2) k
As m£ACB =90°, so CB LCA

= ﬁ . ﬁ =0

(i -3j-Zk).( -2i +0j+(1-2Z) k) =
-2-0-2(1-2) =

-2-7+7%=0

72 —-7-2=0

Z2-27+72-2=0
20z-2)+1(Z-2)=0
(Z—2)(Z+1)=0

7-2=0 orZ+1=Z=-1

Q.5: if vis a vector for whichv . i =
Findv. (2018 5.Q)

SOLUTION:

Let the required vector v = xi+yj+zk (i)

I~
| &
T
o

Asv.i=0 = (xi+yj+zk)i=0 =x=0
Asv.j=0 = (xi+yj+zk).j=0 =y=0
Asv.k=0 = (xi+yj+zk). k=0 =7=0

Putting the values in (i)
v = 0i + 0j + Ok = O (Null vector)

Q.6: Show that the vectors 3i-2j+k , i-3j+5kkand 2i+j-
4k form a right triangle.

SOLUTION:

(i) Let u=3i-2j+k , v =i-3j+5k , w = 2i+j-4k

Since v+ w = i~3j+5k+2i —4k = 3i-2j+k = u

Therefore u, vand w are the sides of a triangle.
Sinceu.w = (35'—2!'+k).( 25'+]_'—4E) =6-2-4=0

= ulw=0

~ u,vandw are the sides of a right triangle.

(ii) Show that the set of points p =(1,3,2), Q=(4,1,4),R
= (6,5,5) form a right triangle.

SOLUTION:

Letp=(1,3,2),Q=(4,14),R=(6,5,5)

PQ=(x; —x) i + (v, — ¥1) J+(za —z1)k
PQ=(4-1)i+(1-3)j +4-2) k

PQ =3i-2 j+2k

QR=(x; —x;) i+ (v, — y1) J+(za — z1)k

QR = (6-4) i + (5-1) j +(5-4) k

QR = 2i +4j+k
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PR= (x, — x1) i+ (72 — 1) J+(za — z1)k
=(6-1) i +(5-3)j +(5-2) k
PR=5i +2j+3k
vPQ+QR = 3i-2 j+2k+2i +4j+k = 5i+2j+3k = PR
~ P, Q, R are the vertices of_a triangle._
+ PQ. QR = (3i-2 j+2k).( 2i +4j+k) =6—8 + 2 =0

~ P, Q, R are the vertices of a right triangle.

Q.7: Show that mid point of hypotenuse of a right
triangle is equidistance from its vertices.
SOLUTION:

Consider a right triangle AOB such that 0(0,0) , A(a,0),
B(0,b).
Let M be the mid point of hypotenuse ABsuchthat M

(5559 =m(3)

We want to prove: |AM| | | |OM|

B(0,b)

&M = (-2 + ()
|m| \/—+——\/a2:b2

AM| = Va7 b2
|AM| =

B3] = (&) + (-2

|§M| = a—z b—z = Ja2+b2




[OM| = 2VaZ 757
Clearly |m| = |W| = |W
result.

Q.8: Prove that the perpendicular bisectors of the sides
of a triangle are concurrent.

, which is the required

SOLUTION:

Consider the triangle ABC such that D, E, F are the mid
points of sides ﬁ, BC , AC respectively. C(c)

Then O—A)=g, @;Q, O_C)=c,ﬁ))=%g, ﬁ=%

2
AB=0B-OA=b-a , BC=0C-OB=c-b, AC=
0C-0A=c-a

Let OD L AB , OEL BC be the right bisectors which meet
at ‘0’

Clc)

4 . A 5
Ala) (2]

As OD L AB, so

OD.AB=0

(£2).b-a)=0

(Q"ZQ) .(b—a)=0
b%? —a? =0 - (i)
As O_E)J_B_C),so
OE.BC=0

(229).(c- D) =0

2
(c+b) . (c~b)=0

c? — b?% = 0 —(ii)
Adding (i) and (ii)

b2 —a?+c>-b*2=0
= c?-a’2=0
= (c+a).(c—a) = 0
Divide both side by 2
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=) c-0)=

= OF.AC=0

=0OF L AC

So, OF is also a right bisector of AC.

Thus all the right bisector are concurrent at ‘O’
Q.9: Prove that the altitudes of a triangle are
concurrent.

SOLUTION:

Consider the triangle ABC such that

Then ﬁ=g,ﬁ=h, a}):g
AB-OB-OA- b-a , BC=0C-OB=c—b , AC=
0C-0A=c-a

LetAM 1 BC , CL L AB be the altitudes of a triangle which
meet at ‘O’

€(c)

A

Ny A\ M

A(a) L B(b)

As AM 1 BC

so OA 1L BC

= 0A.BC=0
a.(c-b)=0

= 0B L AC
= BN LAC& passing through; O’
So altitude of the triangle are concurrent at ‘o’

Q.10: Prove that the angle in a semi circle is a right
angle. (2017 L.Q)



P(x,ly)

B2 0) 00 A@O’

Consider a semicircle APB with center at origin O(0,0) and
A, Bare ends of diameter having position vectors a, -a
respectively.

Let C be any point on semicircle having position vector c.
Clearly |g| = |—§| = |g| (radii of semicircle) (i)
Now AC= OC-0A = c-a

And BC =m—@)=g—(—§) =c+a

Consider AC.BC = (c-a).(c+a)

AC.BC=c.(c+a)-a.(c+a)

AC.BC=c.c+c.a-a.c-a.a

AC.BC=c?4+a.c—a.c—a® wa.c=c
.a

AC.BC=c?2 —qg?

AC.BC=c? —c? |a| =
<]

AC.BC=0
= A_C)J_B_C)

Thus the angle in a semicircle is a right angle

Q.11: Prove that cos(a + ) = cosacos 8 —
sinasinf§

SOLUTION:

Consider two unit vectors OA and OB in XY-plane
making angle a, —B with positive axis respectively
So that m£AOB= a + f8

¥
' A
I"".‘I i+ ﬁ
- 5 -‘:Iuﬁl - X
0(0.0)] -5
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ﬁ)=cosa§+sinai
OB = cos(—P) i +sin(—=P)j = cosBi —sinfBj
Taking dot product of OA and OB

ﬁ.@:( cosai+sinaj).(cosBi—sinfj)
|ﬁ| |ﬁ3)| cos(a + ) =cosacosf —sinasinf
1.1cos(e¢+ B) =cosacosf —sinasinff = |O_A)| =
|0B| =1

cos(a + ) =cosacosf —sinasinf
Q.12: Prove that in any triangle ABC
i)b=ccosA+acosC
SOLUTION:
Consider a triangle ABC such that
BC = a, CA-= b, AB = C

Taking dot product with b
b.b=(-a-¢.b
b*=-ab-cb

b? = —|a||b| cos(m — €) — |c||b]| cos(m — 4)
: cos(m — C) =(—cosC)

v cos(mr — A) = (—cos A)

b? = —ab (—cos C) — cb(— cos A)
b%? = abcosC + cbcos A

Taking b common

b? = blacosC + ccos A]

Cancel b on both sides

b=acosC +ccosA
iijc=acosB+bcosA

SOLUTION:
Consider a triangle ABC such that

—_—

BC:g,ﬁ:h,ﬁ:c

+b+c=0

|
l=x
[g}

€=—a-

lop

Taking dot product with c

c.c=(-a-b).c

c?=-ac—b.c

 cos(m — B) = (—cosB)

v cos(mt —A)=(—cosA)

c? = —|a||c| cos(mr — B) — |b||c| cos(m — 4)
c? = —ac (—cos B) — bc(—cos 4)

2

c“ =accosB +bccosA



Taking c common

c? = c[acosC + ccos A]
Cancel c on both sides
c=acosB +ccos4

iii) b2 = ¢ + a® —2cacos B
SOLUTION:

T(—C,‘C

R C

b, a
1 i — A : B T[ _bB
JT—A ¢ B

Consider a triangle ABC such that
BC=a, CA=b,AB=
~a+b+c=0
b=-a-c=-(a+c)

Squaring on both sides

2 =[-@+9)’

()? =(@+9)?
b.b=@+9.@+9)

b? =a.at+ac+ca+tcc

b? =a®? + ¢+ 2a.c

b? = a? + ¢% + 2|a||c| cos(m — B)

+ cos(m — B) = (—cosB)

b? = a? + ¢? + 2ca (—cosB)
b? = a®? + ¢? — 2ac cos B

iii) ¢ = a® + b? —2ab cos C
SOLUTION:

Consider a triangle ABC such that
BC = a, CA= b, AB = [
~a+b+c=0
c=-a—-b=-(a+b)
squaring on both sides
©*=[-@+b]’

(©2 = @a+b)?
c.c=(a+b)(a+b)
c?=aa+ab+b.a+b.b
c?=a%?+b*+2ab

¢? = a® + b? + 2|a||b| cos(m — C)
w cos(mr — C) = (—cos ()
c?=a?+ b%+ 2ab (—cosC)
c?=a?+b%?—-2abcosC
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The cross product (vector product)

let u and v be two non — zero vectors.The cross or
vector product of u and v writtenas u X v is define

asu X v = ([u| |v|sin0)n

Where 0is the angle b\w the vectors s.that

0 < 0 <mand A is aunit vector L ar to the plane
of u and v written direction is given by the right hand
rule.

|

u
Right hand rule:
UXv
-~
n
Fiath :
Py i
ru'jh
U h
‘. and

if the figure right hand point along the vecors

u and the curl towards the vector

v, then the thumbs will give

The direction of i which is

uxy "

In fig.(ii) the right hand rule F‘J (n)
N ]

Shows the direction

of v x u hand

I

P2

vXuw

Derivative of uses full results of cross products:
For unit vector i, j, k we have.

(@) ixi=|[i||i]sino®n =0



(b) ixj=|i||j| sin90% =
jXk= |]_| |k|sin90%t =1
kx i=|k|i|sin90% = j

(c) Provethatu X v =—-v Xu
UXv= |u||v|sin9ﬁ
u.v=|u ||v|51n( o)n
| ||u|sm9n

v=-v
uxXu=|ul|lu |sm0°n—0

Note: 3
The cross product of i ,j and k { }
L

are written in cyclic patteren J
It is helpful to remember. N »

Properties of cross product:
D uxv=0ifu=0o0rv=0

({Duxv=-vxu
(iiDux(vxw)=uxv+uxw (distributive property)
(iv) ux (kv) =k(u) xv =k(uxv)

(W) uxu=0

Analytical Expression of u X v

Let
u=ayi+bj+c kand
v=ait+byjtc k
ux 2:(a1i+b1]_'+01 E)X(a2£+b2]_'+c2 E)

= (a1az)(ix i)+ asby (1% j)+aycy(i % k)
+byay (j % i)

+biby (1% j)+bicy (% k) +cray (ke x ©)
+clb2(Kx]_')+c1c2(Kx k)

= ap;byk + ajcyj — biazk + byazi + ciayj — byl

Rearrange we have,
2 ux v=(bic; = e1by)i — (a1, — c1az)j +
(a1b; — azby)k

ij k
a; by | = (bica —e1by)i — (ay¢; — €1a3))
a; b; ¢

+(a1b; — azby )k
=2 (bicz = ¢1by)i — (a1, — c1a3)j +
(a1b; — azby)k
Parallel vectors:
If u and v are ||vectors 6 = 0,sin0° = 0 then
ux v= |g||y|sin9ﬁ=0 >ux v=_0
and if u X v = 0then either sinf =0
oru=0o0ru=20
(i) if sind =0 = 0 =180° or 0° which shows
That vectors u and v are parallel.
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if u =0 or vthensince zero vector has no specfic
direction, so zero vector is ||to every vector.

Note:

Zero vector is both | |to L ar to every vector.

Area of parallelogram:

Exercise NO 7.4

Q.1: Compute the cross product a X b and b X a. Check
your answer by showing that each a and b is
perpendicularto a X band b X a.
a=2i+j-k,b=i-j+k

SOLUTION:
i ]k
axb=2 1 -1
11 1
=i1(1-1) = j (2+1)+ k (=2-1)
=0i —3j —3k
ioj k-
Now bxa=|1 -1 1
2 1 -1
=i (1~1)—j (~1-2)+ k (1+2)
=0i+3j+3k
As
a.axb=(2i+j—k).(0i -3j—3k)
=0—-3+3=0
Soa Laxhb
As
a.bxa=(2i+j—k).(0i+3j+3k)
=0+3-3=0
So albxa
As
b.axb=(2i+j—k.(0i—3j —3k)
=0-3+3=0
Soblbxa
As
b.bxa=(2i+j—k).(0i+3j+3k)
=0—-3+43=0
Soblbxa
ila=i+j,b=i—j
SOLUTION:
ik
axb=[1 1 o0
1 -1 0
=1(04+0) = (0-0)+ k (—1-1)
=0i —0j —2k
ij k-
Now bxa=|1 —1 0
1 1 0



=i(0—0) —j (0 —0)+ k (1+1)

=0i —0j+2k
As
a.axb=(i+)).(0i—0j—2k)
=0—-0—-0=0
Soa Laxb
As
a.bxa=(i+)).(0i—-0j+2k)
=0+0+0=0
So albxa
As
b.ax b =(i-j).(0i — 0j —2k)
=0+0—-0=0
Soblbxa
As
b.bxa=(i~j).(0i - 0j +2k)
=0+0—-0=0
Soblbxa
iiija=3i—-2j+k,b=1i+]
SOLUTION:
ij ok
axb=3 -2 1
1 1 0
=1(0-1) = j (0-1)+ k (3 +2)
=—1i +j +5k
ioj k-
Now bxa=[1 1 0
3 -2 1
= (14+0) —f (1-0)+ k (=2-3)
=1i—j =5k
As
a.axb=(3i—-2j+k).(=1i+j+5k)
=—-3-2+4+5=0
Soa Laxhb
As
a.bxa=(3i—-2j+k). (1i —j—5k)
=3+2-5=0
So albxa
As
b.axb=(i+j).(~1i + +5k)
=—14+140=0
Soblbxa
As
bbxa=(i+})) (1i—j—5k)
=1-1+0=0
Soblbxa
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Q.2: Find a unit vector perpendicular to the plane
containing a and b. Also find sine of the angle between

them:
i)g=2§—6l'—3k,g=

SOLUTION:
tj k
axb=12 -6 -3
4 3 -1

=i (6+9) — j (—2+12)+ k (6 + 24)

= 15i — 10j +30k

la x b| = /152 + (—10)2 + 302

la x b| =225+ 100 + 900 = V1225 = 35
. . axb

Required unit vector = laxb]

_ 15i—10j+30k 15
nN=s———=—

35 35— 35—

If 8 is the angle between a and b, then

sin@ = laxb| _ 35
lallb] — \22+(=6)2+(=3)2 \[42+32+(-1)2
sin® = 35 35 35
T VA+36+9 V16+9+1 V49426 7426

i) = —i—j—k,b=2i-3j+4k
SOLUTION:

ioj k

-1 -1 -1
2 -3 4

axb=

j(=4+2)+k(3+2)
= —7i +2j +5k

=/(=7)% + 2% + 52
=149+ 4+ 25 =+/78

la x b|

la x b|

X

Required unit vector = —

Q
o

B
s

A~

—-7i+2j+5k 7 | 5
n=——— k

2 .
7is vkt sl T sl

If 8 is the angle between a and b, then

i+3j — k(20195.Q)

5
V26

sin@ = laxb| _ V78
lallo] — VEDPHEDZHD? V224 (-3)7 442
sin@ = V78 — =/26.

VI+1+1V4+9+16 V3429 A 3 V29

1

V29

—]+ k——l+ ]+ k

26

29



iii) @ = 2i — 2j + 4k b = —i + j — 2k (2016 5.Q)

SOLUTION:
i j k
axb=|2 -2 4
-1 1 =2

=1(449) —j (-4+4)+ k(2 -2)

=0i+0j+0k =0 (null vector)

|g X Ql =02+ 0+ 02

laxb|=0
Asaxb=0
= a and b are parallel.
Alsoa = 2i —2j + 4k = =2 (—i+j - 2k) = —2b
= a and b are parallel but opposite in direction.
Thus the angle between them is 180°

~ 0 =180°
=sinf =0

vja=i+j,b=i-j

SOLUTION:
ij k
axb=|1 1 o0
1 -1 0
=i(0+0) —j (0 —0)+ k (-1 -1)

=0i—0j — 2k

|ax b| = /02 + (=0)2 + (-2)?
laxb|=vV0+0+4=vV4=2

. . axb
Required unit vector = laxb]
. 0i-0j—2k . .- . ,
n=—-—— =91+9]+—2k=01—0]—k=—k
2 2= 2L 2="" "= "1 = -

If 8 is the angle between a and b, then

laxb| _ 2

sin@ = =
|g||2| \/12+12+0.\/12+(—1)2+02

2 2 2 2
=2=1

sinf = VIF1i0 ViFid0 VZvz (V2?2 2

Q.3: Find the area of the triangle, determined by the
points P, Q, R.
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(') P(ololo) ’ Q(2,3,2) ’ R(_11114)

SOLUTION:

P
PQ =, —x1) i+ (72 — y1) j+(z; — z)k

P =(2-0)i+(3-0)j+2 -0k

—_—

PO =2i+3j+2k
PR =(x, —x;) i + (2 — y1) j+(z, — z1)k

PR=(-1-0)i+(1-0)j+(4-0k

—_—

PR =—i+ j+4k

i

2
-1 1 4

j k
PQ x PR = 3 2

=i(12-2)—j (8 +2)+ k(2 +3)

=10i — 10j + 5k

|PG x PR| = /107 + (=10)2 + 52
|PG x PR| = V100 + 100 + 25 = v225 = 15

1157 .58 _ 1 15 .
Area of APQR =3 |PQ X PR| =3 15 = ~ square unit
(ii) P(ll'll'l) ; Q(zrol'l) ; R(Olzll)

SOLUTION:

PQ =(x; — %) i+ (2 = y1) j+(z2 — 2k
PG=2-1)i+0+1)j+(-1+ 1Dk
PQ = i+ j+0k

PR =(x; = x1) i+ (v2 = 1) j+(z, — 2Dk

PR=(0-1)i+@2+1)j+1+ Dk

PR=—i+3j+2k



ij ok
PGxPR=|1 1 o0
13 2

=i(2-0) —]_'(2 +0)+k (3+1)
=20 —2j + 4k
PG x PR| = 7+ 2P + 4
PG x PR| = VAT 4+ 16 = V24 = V2% 6 = 216
Area of APQR = % |ﬁ2) X ﬁﬂ = % 216 = /6 square unit
Q.4: Find the area of the parallelogram whose vertices
are:

SOLUTION:

AB =(x; —x) i+ (v, — y1) j+(zz —z)k
AB=(1-0)i+(2-0)j+3 -0k

AB = i+2j+3k

AD =(x; —x;) i+ (v, — y1) j+(zz —z)k
AD =(3-0)i+ (1-0)j+(4 -0k

AD =3i+ j+4k

AB x AD =

W = I~
=N I~
S W E

=i(8-3)—j(4-9)+k(1-6)

=5i+5j -5k
| 4B x AD| = 57+ 57 7 (-5
| 4B x AD| = V25 ¥ 25 ¥ 25 = V75 = 513
Area of APQR = |ﬁx E| =5v3 sq. unit
i) A(1,2, —1) ; B(4,2, —3) ; C(6, —5,2) ; D(9, —5,0)
SOLUTION:
AB =(x, —x1) i+ (y2 — ¥1) j+(zz —z)k
AB =(4-1) i+ (2-2)j+(-3+ 1k
AB=3i+0j—2k
AD =(x; — x1) i+ (y2 — y1) j+(zz —z)k
AD =(9—-1) i+ (-5-2)j+(0+ Dk

—_

AD =8i—7j+k
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=i (0—14) —j (3 +16)+ k (21 — 0)

= —14i - 19j — 21k

| AB x AD| = \[(=14)2 + (=19)? + (=21)2
| 4B x AD| = vT96 + 361 + 441 = 998
Area of APQR = |ﬁ>< E| =+/998 sq. unit
iii) A(-1,1,1) ; B(-1,2,2) ; ¢(-3, 4, -5) ; D(-3,5, —-4)
SOLUTION:
AB =(x, —x1) i+ (2 — y1) j+(z2 —z)k
AB =(-1+1)i+(2-1)j+@2- Dk
AB = 0i+ j+k
AD =(x; —x;) i+ (2 = y1) j+(z2 —z1)k
AD =(=3+1)i+ (-1 j+¢A -1k
AD =—2i+ 4j -5k
i

AB xAD = | ¢
-2

N T
==

-5
=i(-5-4)—j(0+2)+ k(0 +2)

=—9i — 2j + 2k

| AB x AD| = \[(=9)% + (—2)% + 22

| AB x AD| = V81 + 4 + 4 = V89

Area of APQR = |Ex E| =+/89 sq. unit

Q.5: Which vectors if any, are perpendicular or parallel:
Ju=5i-j+k; v=j—5k ;w=-15i+3j -3k
SOLUTION:

As u.v=(5i—j+k).(j—5k)=0-1-5=—6%0

So u_and v are not perpendicular.

As u.w =(5i—j+k).(—15i+3j—3k) =—-75—-3-3=—81#0

Sou and w are not perpendicular.

As v.w=(j—5k).(—15i+3j—3k) =0+3+15=18 #0
Sou and w are not perpendicular.
Noww = —15i + 3j — 3k

w==-3(5{—j+k)



w=-—3u
sullw
iju=i+2j—k ,y:—i+]_+5,y=—§§—n]_+
L
SOLUTION:

Asu.v=(i+2j—k)(-i+j+k)=-1+2-1=0
So u_and v are perpendicular.
As w.w =(i+2j—k).(=Ji-mj+7k)=—>—2n—7=-31#0
So u and w are not perpendicular.

_ meamem

As vow=(—i+j+R).(=Ti-mj+2k) =2 —n+7="""0=0

Sou and w are perpendicular.

—mMi-27mj+1k

Noww=—£i—nj+£k=
- 2= LT 2= 2

w=-2@+2j-k

w=-Ju
= u |l w but opposite in direction.
Q.6:Provethata x (b+c)+bx(c+a)+cx(a+b)=0
SOLUTION: (2015 S.Q)
LHS=ax(b+c)+bx(c+a)+cx(a+b)
=(axb)+(axc)+(bxc)+(bxa)+(cxa)+(cxbh)

X

S

=-(axb) & ¢ xa=—(axc) & ¢ xb=-(b x¢)

1]

(axb)

+

(axc)+(bxc)-(axb)-(axc)=(b xc)

Q.7:If

(1]

+b+c=0,thenprovethatax b =b Xc=c xa
SOLUTION: Asa+b +c=0

0 =R.H.S

Taking cross product with a

ax(a+b+c)=0xa
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axb=cxa ()
From (1) & (2), we conclude that axb=b xc=c xa

Q.8: Prove that sin(a — ) = sinacosf +
cos asin 8 (2015 L.Q)

SOLUTION:

F

Consider two unit vectors OA and OB in xy-plane making
angle a,  with positive x-axis respectively.

Such that m£ZAOB=a — 8
04 = cosai+sinaj
0B = cosfi+sinfj
Taking cross product of OB and 04
i J k
cosf sinff o
cosa sina 0

OB x 04 =

|7§| |0741 sin(a — ) k =i (0-0) —j (0 —0)+ k (sin & cos f§ —

cos a sinf)
11sin(a — B) k =k (sina cos f — cos a sin 8)
sin(a — ) = sina cos 8 + cosa sin B

Q.9:ifa x b = 0and a.b =0 what conclusion can be
drawn about a or b

SOLUTION:
X g X Q — 0
= | al||p|sind = 0= sind =0
= §=sin"10=0
= 6 =0,m soaandb areparalllel.
And a.b=0
= |a||b |cos® = 0= cosd =0

= 6 =cos 1(0) =90° = 9 =90°
soa and b are perpendicular.at the same time ||and
linear not possible so one vector should be zero or
null.



Triple product of vectors:
There are two types of triple product of vectors:
(a) Scalar triple product:

(g X g).m or u. (2 X g)
(b) Vector triple product:

u x(v.xw)

in this section we shall study the scalar triple product
only.
Definition:

Letu = ayi + byj + 1k
y_: azi + byj + c;k and
w = azi+ bsj + c3k be t_hree vectors ,the scalar
Triple product of vectors u, v and w id defined by
(uxv).w oru(vxw)orw(uxuv).the scalar

product u. (v X w) is written as;
w(vxw)=|wyw]

Analytic Expression of u. (2 X E)
letu = ai+ byj + c1k
v =ayi+byj+ck and

w:a3£+b3j+C3k

i j k
VXW=la; by c;
a3 b; c3

= i(bZCS — C2b3) — j(azc3 — cpa3) + k(azbs — b2a3))

u. (v xw) = a;(by¢3 — €3b3) — by (a3 — c2a3)
+ ¢1(azbs — byasz))

a, by
a, b, c,
az; bz c3
Which determine fomula for scalar triple produc of
u,vandw

Prove that:

w(wxw)=rv.(wxu)=w(uxv)
Proof: we know that
letu = a;i + byj + 1k

w(vxw)=

v =ayi+byj+ck and
w = azi+ bsj +c3k

a, by ¢

a, b; c;

a3 b; c3

w(vxw)=

Writen by Amir Shehzad 03434443214 msc mathematics

a; by c
=—|a; by cq| interchange R, and R,
az bz c3
a; by ¢
= |az bz c3| interchange R, and R,
a; by ¢
u(zxw) = v (wxu)
Now
a; by c
v.(wxu)=|ag bs c3
a; by ¢

a, b, c
by ¢
b; c3
as bz ¢
a; by ¢
a, b, c;
v (wxu)=w. (uxXp)

interchange R, and R,

interchange R, and R,

Henceu.(vxw) = v.(wxu) = w.(uxv)
Note: (i) Dot and cross may be interchnaged
with out altering the value
le(uxv)w=u(@xw)=[uvw]
(wxw)u=v(wxu)=[vw yl
(wxu)yv=w(uxv)=|wuy|
(i) the value of the product changes if the order is non
cycle.
(iii) u.v.w and u.(v X w) are meaningless.
the volume of parallelepiped
consider 04 = u ,0B = gandO—C) = w be the
adjasecent adges of parallel piped OAFCDEGB
*gﬁ!

N

let 0 be the angle b\w w and (g X g)
As |g X y| = area of ||gram OAGB
area of base of ||parallelepiped

Resolve w in components in ACOM, cosf = ﬁ
= |07/ﬂ = |56|cos@
= |W| = wcos6
As |W| = height of ||piped



As Volume ||piped = (area of base)(height)
= |u X v|.|w| cosd

= Volume of ||piped = w. (g X g)

. _ s w (uxv)

cw(uxy)=u(zxw) <Iz « o], |w] coso )
so Volume of ||piped = u.(v X w)

The Volume of Tetrahedron:

Volume of tetrahedron ABCD

1
=3 (AABC)(height of D above the place ABC)

D

2

’ "l"!,’l’ .

Thus, Volume = %(g Xv).w= %[g v w|

Properties of scalar triple product:
1.if u, v and w are coplaner, then the volume of

||piped so formed is zero.i.e the vector u,v,w
are coplaner < (uxv).w =20
if any two vectors of scalartriple product are
equal,then its value is zero. i.e
[uvwl=[uvwl=0
Application of vectors in physics and Engineering

(a)Work done:
if disdistplacement from A to Bwhen froce

Fis appplied on the particle then,
Workdone = (force)(Displacement)
= W=F.AB=F.d d= AB

. |
]

B
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Exercise NO 7.5

Q.1: find the volume of the parallelepiped for which the
given vectors are three edges:

u=3i+2k
v=i+2j+k
w=—j+4k

Volume of a parallelepiped = [gy w]

30 2
-1 2 1
0 -1 4
=32, al=ole gl *2le S

=3(8+1) —0(4—-0) +2(—1-0)
=27-0-2=25 cubic unit
iu=3i-4—k
v=i—j-2k
w=2i-3j+k

Volume of a parallelepiped = [gy m]

1 -4 -1
=1 -1 -2
2 -3 1

o Y LU PR e P
= 1(—1—6)+4(1+4)—1(—3+2)
=—7+20+1=14 cubic unit
iii)u =i —2j + 3k
v=2i—-j-k

w=j+k

volume of a parallelepiped = [gy y]

1 -2 3
=[{2 -1 -1
0 1 1

o PO RO L

=1(—-1+1)+2(2+0) +3(2 +0)
=044+ 6=10 cubicunit

Q.2:verifythat a.bxc=b.cxa=c.aXxb.if

1Q

a=3i—j+5k;b=4i—2j+4k;c=2i+5j+



3 -1 5
a.bxc=14 3 -2
2 5 1

o G Y R
=3(3+10)+1(4+4) +5(20 —6)

=39+8+70 =117

4 3 =2
a.bxc=12 5 1

3 -1 5
=4|—51 é|_3|§ é|+(_2)|§ —51|

= 4(25+1)—3(10-3)-2(-2 —15)

=104-21 + 34 =117

2 5 1
a.bxc=13 -1 5

4 3 =2
23 Zl-sly S+l 3

=2(2—15)—5(—6-20) +1(9 +4)

=—26+130+13 =117
Q.3: Prove that the vectors i — 2j + 3k ; -2i+3j—4k
and i — 3j + 5k are coplanar.

SOLUTION:
Letu =i—2j +3k; v=—2i+3j-4k; w=i-
3j + 5k
v 23 3 —4 2 -4
[uvw]=|-2 3 -4 =1|_3 _5|—(—2)|_1 _5|+
1 -3 5

3[7 3| =105-12)+2(-10+ 49 +3(6-3) =3 - 12+
9=0

Thus the vectors are perpendicular.

Q.4: Find the constant ‘a’ such that the vectors are
coplanar.

i)i—j+k ; i—2j—3kand3i—aj+5k

SOLUTION: (2017 5.Q)

letu=i—j+k; v=0-2j-3k w=3i—0j+5k

The vectors u,v,w are coplanar if [u v w| = 0

1 -1 1
1 -2 -=-3|=0
3 —a 5

1(-10-30) +1(5+9) +1(—a+6) =0
-10-3a+14-a+6=0

—4a+10=0
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10 5
=0 =— == o =-
4 2

ii)i—2aj—k ; i—j+2k andi—2j+k

SOLUTION:

s v=i-j+2k w=i-2j+k

are coplanar if [Egm] =0

The vectors u,v,w
1 -2a -1
1 -1 2|=0
a -1 1

1(-142) = 1Q2a—1) —a(4a—1) =0
21420+1—4a’—a=0=>—4a’+a+2=0

4’ —a—-2=0

Using quadratic formula ~ x = %‘j_w
—(-D+J(-D2-4@4)(-2) 1+V1+32
a = =
2(4) 8
1++33
> =——-
8

Q.5:(a ): Find the value of i) 2i x ZZ.K i) 3_' kxi iii)

[kij| @ossq) w[ii k]

SOLUTION:
2 00
i)2ix2j.k=10 2 0/=2(2-0)-00-0)+00-0=4-0-0=4
- 00 1
03 0
ii)3j.kxi=[0 0 1/=00-0-3(00-1)+00-1)=0+3+0=3
- 100
0 0 1
megz]=51x1= 1 0 of=0(0-0)-0(0-0)+1(1-0)=0-
0 1 0
0+1=
1.0 0
wlii k]=iixk=|1 0 o/=1(00-0)-0(1-0)+0(0-0)=0-
0 0 1
0-0=0

(b) Prove that
u.@xwHr.(wxw+w. (uxv)=3u.@xw)
SOLUTION:

L.H.S
=u.(wxwHv.(wxw+w. (uxv)
Tu.@xw) =v.wxw = w.(uxp)
=u.(uxw)+u.(vxw)+u.(wxw)
=3u.(@xw)

=R.H.S



Q.6: Find the volume of the tetrahedron with the
vertices.

i)(0,1,2), (3,2,1),(1,2,1), and (5,5,6)

SOLUTION:

Let A(0,1,2), B(3,2,1), C(1,2,1), D(5,5,6)
AB=(3-0)i+Q2-1j+Q-Dk=3i+ -k
AC=(1-0i+Q-Dj+A-Dk=i+j—k
AD = (5—0)i+ (5 —1)j + (6 —2)k = 5i +4j + 4k

Volume of the tetrahedron ABCD = % [E AC AD ]

13 1 -1
=-11 1 -1
5 4 4

=[3(4+4) —1(4 +5) + (-1 (4 - 5)]

N

[24—9+1]=%.16=§ Cubic unit

ii) (2,1,8), (3,2,9),(2,1,4), and (3,3,10) (2015
$.Q)(2018,19L.Q)

SOLUTION:

Let A(2,1,8), B(3,2,9), C(2,1,4), D(3,3,10)
AB=(3-2i+Q-1Dj+0O-8k=i+j+k
AC=(2-2)i+1A—-1)j+@4—8)k=0i+ 0j—4k
E:(3—2)g+(3—1)1_'+(10—8)K=£+21_'+2E

Volume of the tetrahedron ABCD = % [/TE AC AD |

1 1 1
=-10 0 —4
1 2 2

=2[1(0 +8) — 1(0 +4) + 1(0 — 0)]

[N

[8—4+0]:%.4=§Cubicunit

Q.7: Find the work done, if the point at which the constant
force F = 4i + 3 j + Skis applied to an object, moves from P4 (3,1, —2)
to P,(2,4,6).

SOLUTION: Given:  F = 4i+3j+5k, Pi(3,1,-2) ,
Py(2,4,6)

Displacement: d=PP,=2-3)i+@4-1Dj+(6+2)k=

—i+3j+8k

We know that Work done = F . d=(4i+3j+5k).(—i+

3j+8k)=—-4+9+40 =45 Units
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Q.8: A particle, acted by constant forces 4i + j — k and 3i —
Jj — ks displaces from A(1,2,3) to B(5,4,1). Find the work
done.

SOLUTION: Given: let 1=4i+j—k ;F,=3i-j-k and
A(1,23) , B(541)

Totalforce:  F= Fi+ Fy=4i+ j—k+ 3i—j—k=7i+0j- 4k

Displacement: d= AB = (5— i+ @4 - 2)1 +(1-3)k=

4i+2j-2k

We know that Workdone=ﬁ.g=(31‘—]_'—K).(4£'+2j—

2k) = 28 + 0 + 8 = 36 units

Q.9: A particle is displace from the point A(5,-5,-7) , to
the point B(6,2,-2) under the action of constant forces
defined by

10i — 6j + 11k ,4i+5j + 9k, —2i + j — 9k. Show
that the total work done by the forces is 67 units.
SOLUTION: Given: Let F, = 10i— 6j+ 11k, F,=4i+5)+9%
Fy= —2i+ j =9k and A(5,-5,-7), B(6,2,-2)

Total force : F= Fi+ F+F=10i - 6j + 11k +4i+ 5 + 9k + (
=2i+ j—-9k) = 12i +0j + 11k

Displacement: d= AB = (6 — 5i+ 2+ 5)1 +(—2+7k=

i+7j+5k

We know that Work done = F . d=(12i+0j +11k).(i + 7 j +
5k) =12+ 0 + 55 = 67 units

Q.10: A force of magnitude 6 units acting parallel to 2i — 2j + k

displaces the point of application from (1,2,3) to (5,3,7). Find the work
done.

SOLUTION: Let F =7, ﬁ|:6 Given vector: v =
2i — 2]_' + k and let A(1,2,3), B(5,3,7)

As F v
So F=9% ﬁi_i =>ﬁ:|ﬁ|£=
71~ Tl lel
2i-2j+k  2i-2j+k i— 2i+k)=4i— 4]+
6. Vata+ri 3 _2(2£ 2]—+_)_ t -
2k

Displacement: d= AB = G-1Di+@B- 2)]_' +
(7-3)k =41+ j+4k

We know that
Work done = F . d

=(4£'— 4]_'+2§).(4g+]_'+4g)



=16—-—4+8=20 Units

Q.11: A force F = 3i + 2j — 4k is applied at the point

(1,-1,2). Find the moment of the force about the point
(2,-1,3).

SOLUTION: Given: F = 3i+ 2j—4k andLletA(1,-
112) ’ B(21_113)

B,

A F

r=AB=(1-2)i+(-1+1j+Q@-3Dk=—i+

—0j—k
ij ok
Moment of force about A=r X F =|_1 o —1|=
3 2 —4

i(0+2)—j(4+3)+k(-2-0)=2i—7)—2k

Q.12: A force F = 4i — 3k passes through the point
A(2,-2,5). Find the moment of F about the point B(1,-
3,1).

SOLUTION: Given: F = 4i —3k and A(2,-2,5),B(1,-
3,1)

r=AB=Q2-1Di+(-2+3)j+G-Dk=i+j+
4k

Moment of force about B =1 X F=

O I~

I

w B | ==
I

|| o

i(—3-0)—j(-3-16) + k(0 —4) = —3i + 19 — 4k

Q.13: Given a force F = 2i + j — 3k acting at a point

A(1,-2,1). Find the moment of F about the point B(2,0,-2). (19
s.Q

-

SOLUTION: Given: FF = 2i + j—3k and A(1,-2,1),

B(2,0,-2)
a,
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r=AB=(1-2)i+(-2-0)j+1+2k=~i-
2j+3k

Lo

Moment of force aboutB=7 xF = [_1 _»

2 1 =3

i(6-3)-jB-6)+k(-1+4)=3i+3j+3k

w =

Q.14: Find the moment about A(1,1,1) of each of the
concurrent forcesi —2j ,3i+ 2j -k, 5j + 2k,

where P(2,0,1) is their point of concurrency.

SOLUTION: Given:

let Fi=i-2j, F,=3i+2—k F=5+
2k and A(1,1,1), P(2,0,1)

-

Totalforce: F= Fi+ Fo+F=i-2j+ 3i+ 2j-
k 4+ 5j+2k=4i+5j+k

r=AP=Q2-Di+0-1Dj+(1-Dk=i—j+
Ok

J k
-1 0
5 1
i(-1-0)—j1-0)+kG+4) =—i—j+9

Moment of force about B =1 X F=

N T

k

Q.15: A force F = 7i + 4j — 3k is applied at P(1,-2,3).
Find its moment about the point Q(2,1,1).

SOLUTION: F = 7i+ 4j — 3k

Q,



r=QP=(1-2)i+(-2-1)j+@B-1k

=—i—3j+2k

Moment of force about B =7 X F= -1 =3
7 4 =3
iO-8)—-jB3—-14)+k(-4+21)=i+11j+ 17k

ij k
2:
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