Unit 4: Partial Fractions
Exercise 4.2

Resolve into partial fractions.

x%-3x+1
(x-1)2(x-2)

x?-3x+1 _ A LB L ¢
(x-12(x-2)  (x-1) (x-1)? (x-2)

Let

Multiplying eq(i) by (x — 1)?(x — 2) on b/s

x?—3x+1 A B
(x - 1)2(x - 2) m= (x — l)z(x - 2) -1 + (x - 1)2(x - 2) m
C
o (x—1)3%*x—2)
x2—=3x+1=A(x—2)(x—1D+B(x—-2)+C(x— 1) -~ ------- (ii)

x2—3x+1=A(x?—-3x+2)+Bx-2B+C(x%2 —2x+ 1)

x? —3x + 1 =Ax? -3Ax +2A + Bx -2B +Cx2-2Cx +C

x? —=3x +1=x%A+C) +x (-3A+B-2C) + (2A-2B+C) - ------- (iii)
Eq(ii) is an identity which holds good for all x and hence for x=1 & x=2
Put x=1i.e., x-1=0 in eq(ii)

()2 =3(1) + 1=A(0) +B (1-2) + C(0)

1-3+1 =B (-1)

-1=-B

B=1

Put x=2 i.e., x-2=0in eq (ii)

(2)2 —3(2) + 1 =A(0) + B(0) +C (2-1)

4-6+1=C

C=-1

Equating the coefficients of x2 on b/s of eq(iii)

1=A+C
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Unit 4: Partial Fractions
A=1-C

A=1-(-1)

A=1+1

A=2

Put values of A, B, Cin eq(i)

x2-3x+1 2 1 . . .
Thus, Do o o e e the required partial fractions.
x2+7x+11
T (x+2)2(x+3)
x247x+11 A B C

- + T
(x+2)2(x+3) (x+2) (x+2)2 (x+3)

Multiplying eq(ii) by(x + 2)?(x + 3) on b/s

2 x2+7x+11 _ 2 A 2 B C
(x+2)*(x+3) G (x+2)“(x+3) ) +(x+2)°(x+3) e + 13 (x +
2)%(x + 3)

x% 4+ 7x +11=A (x+2) (x+3)+B (x+3) + C (x + 2)% ---------- (ii)

x2+7x+11=A(x?+5x + 6) + B (x+3) +C (x% + 4x + 4)

x? +7x +11=Ax? + 5Ax + 6A + Bx + 3B + Cx* 4+ 4Cx + 4C
x2+7x+11=x*(A+C)+x(5A+B+4C)+ (6A+3B+4C)-------- (iii)
Eq(ii) is an identity which holds good for all x and hence for x=-2 & x=-3

Put x=-2 i.e., x+2=0 in eq(ii)

(—2)2 + 7(—2) + 11= A(0) +B(-2+3) + C(0)

4-14+11=8B

B=1

Put x=-3 i.e., x+3=0in eq (ii)

(=3)2+ 7(—3) + 11 =A(0) +B(0) + C (=3 + 2)?

9-21+11=C(—1)?
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Unit 4: Partial Fractions

-1=C

C=-1

Equating the coefficients of (x)? on b/s of eq (iii)

1=A+C

A=2
Put values of A, B & Cin eq(i)

x24+7x+11 2 L3y
T (x+2)2(x+3)  (x+2) (x+2)2  (x+3)

Thus are the required partial fractions.

%
T (x—1)(x+2)2

t 9 _ A B C
€ —D(x+2)2  (x=1)  (x+2)  (x+2)2

L

Multiplying eq(i) by (x — 1)(x + 2)? on b/s

— BA
(x—1)(x+2)2

A
(x—1)

B c
(x+2)  (x+2)2

(x—1D(x+2)2
D(x + 2)?

=(x=1(x+2)> + (x — 1)(x + 2)? (x—

9=A(x+2)?+Bx—-1Dx+2)+Clx—1)-------- (ii)
9=A(x*+4x+4)+Bx*+x—-2)+C(x—1)

9=Ax?+4Ax +4A+Bx*+Bx— 2B+ Cx—C
9=x?(A+B)+x(4A+B+C)+(4A—2B—-C) -------- (iii)
Eq (ii) is an identity which holds good for all x and hence for x=1 & x=-2
Put x=1i.e., x-1=0in eq (ii)

9=A(1+2)%+B(0) + C(0)

9=9A
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Unit 4: Partial Fractions
A=1
Put x=-2 i.e., x+2=0in eq (ii)

9 =A4(0)+B(0) + C(-2 — 1)

Equating coefficients of x? on b/s of eq (iii)

0=A+B

Put values of A, B & Cin eq (i)

9 1 1

Tm”'@—n@+nz:(»q)_(mm)_(mmy

are the required partial fractions.

x*+1
T x2(x-1)

By long division,

x*+1 x%+1

x2(x-1) =x+1+ x2(x-1) (A)
Consider,
x*+1 A, B c

x2(x-1) x  x2  (x-1)

Multiplying eq (ii) by x?(x — 1) on b/s

2 _ x2+1 _ 2 _ é 2 _ E 2 _ C
x“(x—1) i (x—1) ~tx (x—1) S tX (x—1) oD
x*+1=x(x—1DA +(x—-1B +x?C -------- (ii)

x>+ 1=x?A—Ax + Bx — B+ x?C
x2+1=x*(A+C)+x(—A+B)—B --------- (iii)

Eq (ii) is an identity which holds good for all x and hence for x=0 & x=1
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Unit 4: Partial Fractions

Put x=0 in eq (ii)

(0)2+1=A(00) +(0—-1)B +C(0)
1=-B

B=-1

Put x=1i.e. x-1=0in eq (ii)

(D2 +1=A(0) +B(0) + (1)2C
2=C

C=2

Equating coefficients of x2 on b/s of eq (iii)
1= A+C

A=1-C

Put values of A, B & Cin eq (i)

x4 11, (2
x2(x-1) x x| (x-1)
Eq (A) =

x*+1 1 1 2 . ] ]
2a-n X +1-— STt e e the required partial fractions.

7x+4
"Bx+2)(x+1)2
7x+4 _ A B c

Gx+2)(x+1)2  (3x+2)  (x+1)  (x+1)2

Multiplying eq(i) by (3x + 2)(x + 1)? on b/s

Tx+4 A 2 B
(Bx+2)(x+1)2  (3x+2) Gx+2)(x+1)" + (x+1)

(Bx + 2)(x + 1)?

Bx+2)(x+ 1) +

Cc
D Bx+2)(x + 1)
7Tx+4=A(x+1)?>+BBx+2)(x+1)+CBx+2)------- (ii)
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Unit 4: Partial Fractions
Tx+4=Ax*+2x+1)+BBx*+5x+2)+ C(3x +2)

7x +4 = Ax* + 2Ax + A+ 3Bx* + 5Bx + 2B + 3Cx + 2C

7x +4=x%(A+3B)+x(2A+5B+3C)+(A+2B+2C)------- (iii)
Eq(ii) is an identity which holds good for all x and hence for x=-2/3 & x=-1
Put x=-2/3 i.e. 3x+2=0in eq (ii)

7(=2) +4=A(—=+1)% + B(0) + C(0)

-14+12 _ , —2+43

—— = A’

T =46

Put x=-1i.e x+1=0 in eq(ii)
7-1)+4=A0)+B(0)+C(3(-1)+2)

—74+4=C(-3+2)

Equating coefficients of x? on b/s of eq (iii)

0=A+3B

Composed by Maryam Jabeen Page 6



Unit 4: Partial Fractions

Put values of A, B & Cin eq (i)

7x+4 -6 2 3 , , ,
Thus, i) (GxD) + e + ez 2Te the required partial fractions.

_r
T (x—-1)2(x+1)

1 A B Cc

Let = + = (i)

(x-1)2(x+1) (x-1) (x-1)2  (x+1)

Multiplying eq (i) by (x — 1)?(x + 1) on b/s

(x — 1)? (x+1) 1)2(x+1) o 1)(x—l) (x+1)+ 1)Z(x—l) (x+1)+( +1)(x—
Di(x+1)
1=Ax—-1Dx+1D)+Bx+1)+C(x—1)%--------- (ii)

1=Ax*-1)+Bx+1)+Cx*—-2x+1)
1=Ax>—-A+Bx+B+Cx*—2Cx+C
1=x2(A+C)+x(B—2C)+(-A+B+C)---------- (iii)

Eq(ii) is an identity which holds good for all x and hence for x=1 & x=-1
Put x=1i.e., x-1=0 in eq(ii)

1=A0)+B(1+1)+C(0)

1=2B

-

Put x=-1i.e., x+1=0 in eq (ii)

1= A(0) + B(0) + C(—1 — 1)?

1= C(-2)?
1=4C
c=:

4

Equating coefficients of x2 on b/s of eq(iii)

0=A+C
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Unit 4: Partial Fractions

Put values of A, B & Cin eq (i)

1 _ 1,1 1
(x—1)2(x+1)  4(x—-1)  2x-1)2  4(x+1)

Thus,

1 1 1 1 . . .
- + are the required partial fractions.

Or (x—1)2(x+1):4(x+1) 4(x-1)  2(x—1)2

3x2+15x+16
(x+2)2

3x2+15x+16 _ 3x2+15x+16
(x+2)2 T X2+4x+4

By long division,

3x2+15x+16 3x+4 (A)
(x+2)2 (x+2)2
. 3x+4 A B .
Consider, = ——iiiaa e (i)

(x+2)2  x+2 = (x+2)2
Multiplying eq (i) by (x + 2)? on b/s

3x+4 B

2 3x+4 A 2 2
(x+2) e (x+2)"+ =12 (x+2)
3x+4=Ax+2)+B--------- (ii)
3x+4=Ax+2A+B---------- (iii)

Eq(ii) is an identity which holds good for all x and hence for x=-2
Put x=-2 i.e., x+2=0 in eq(ii)

3(-2) +4=A(0)+B

—-6+4=B

B=-2

Equating coefficients of x on b/s of eq(iii)

A=3

Put values of A & B in eq(i)
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Unit 4: Partial Fractions

3x+4 _ 3 2

(x+2)2  x+2  (x+2)2

Hence, eq(A) =

3x2+15x+16 _

3 2 . . .
YR 3+ et are the required partial fraction.

1
T (x2-1)(x+1)

1 1
(2-D(x+1)  (x+1)(x—1)(x+1)

1 _ 1
(x2-1)(x+1) o (x=1)(x+1)2

1 A B C

Let (x=1)(x+1)2 = (x=1)  (x+1) (x+1)2

Multiplying eq(i) by(x — 1)(x + 1)? on b/s

(x—1D(x+ 1) (x—1)2x+1)2 = (x:) (x—1Dx+ 1%+ (xil) (x—1D(x+ 1%+ m(x -
D(x + 1)?

1=Ax+1D?*+B(x—Dxx+1D)+Clx—1)---------- (ii)
1=A(x?*+2x+1)+B(x*—-1)+C(x—1)

1=Ax*+2Ax+A+Bx*-B+Cx—C
1=x2(A+B)+xQRA+C)+A—-B—-C)-------- (iii)

Eq(ii) is an identity which holds good for all x and hence for x=1 & x=-1
Put x=1i.e., x-1=0in eq (ii)

1=A(1+ 12+ B(0) + C(0)

1= A(2)?
1=44
A=2

4

Put x=-1i.e., x+1=0 in eq(ii)
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Unit 4: Partial Fractions
1=A0)+B0)+C(—-1-1)
1=-2C

C=-—-=-

Equating coefficients of x? on b/s of eq(iii)

0=A+B

A=-B

B=--=
4

Put values of A, B & Cin eq (i)

1 1 1

Thus, x-D(x+1)2  4(x-1) 4(x+1) 2(x+1)2

are the required partial fractions.
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