Unit 4: Partial Fractions

Exercise 4.4
Resolve into partial fractions.
x3
(x2+4)2
x3 Ax+B Cx+D .
Let G ey Grraz T ®
Multiplying eq (i) by (x? + 4)?> onb/s
2 2 x3 _ Ax+B 2 2 Cx+D 2 2
(x*+4) AR i) (x“+4)°+ Grap (x*+4)
x3=Ax+B)(x*+4)+(Cx+D)--------- (ii)

x3=Ax3+4Ax + Bx? + 4B+ Cx +D
x3=Ax3+Bx*+ (4A+C)x+4B+D--------- (iii)
Equating coefficients of x> on b/s of eq(iii)

A=1

Equating coefficients of x? on b/s of eq(iii)

B=0

Equating coefficients of x on b/s of eq (iii)

444+C=0
C=—44
C = —4(1) (~A=1)
C=—4

Equating constants on b/s of eq(iii)

4B +D =0
D =—4B

D = —4(0) (~ B =0)
D=0

By putting the values of A4, B, C & D in eq(i)
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Unit 4: Partial Fractions

22 (Dx+0 | —4x+0
(x2+4)2  (x244)  (x2+4)2

3

X X 4x . . .
Thus = - are the required partial fractions.
(x244)2  (x2+4)  (x2+4)2
x*+3x2+x+1
(x+1)(x2+1)2
x*+3x%+x+1 A Bx+C Dx+E 0
(+1)(x2+1)2 ~ (x+1)  (x2+41) = (x2+1)2

Multiplying eq (i) by (x + 1)(x%? + 1)2 on b/s
x*+3x24+x+41 A

(e+D)(x2+1)2  (x+1)
Dx+E

m(x + 1)(x? + 1)?

2 2 Bx+C 2 2
x+1Dx“+1) +—(x2+1) (x+ D+ 1D+

(x + 1)(x% + 1)?

x*+3x2+x+1=A*+ 1)+ Bx+O)(x+ D2+ 1)+ Dx+E)(x+1) --------
(i)
x*+3x2+x+1=AC*+2x2+ 1)+ (Bx+O)(x* +x+x2+ 1)+ Dx? + Dx+ Ex + E

X 4+ 3x% +x+1=Ax*+24Ax*> + A+ Bx* + Bx* + Bx®* + Bx + Cx® + Cx + Cx* +
C+Dx>+Dx+Ex+E

x*+3x2+x+1=A+B)x*+(B+C)x*+(2QA+B+C+D)x*+(B+C+D+E)x+

Eq(ii) is an identity which holds good for all x & hence for x = —1

Putx = —1li.e.,x + 1 = 0ineq(ii)

D*+3(-1D2=-1+1=A((-D?*+1)?+ Bx+ C)(0)(x*> + 1) + (Dx + E)(0)
1+3+0=42%+0

4 =4A

A=1

Equating coefficients of x* on b/s of eq(iii)

1=A+B
B=1-4

B=1-1 (~A=1)
B=0
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Unit 4: Partial Fractions

Equating coefficients of x3on b/s of eq(iii)

0=B+C
C=-B
C=0 (~ B =0)

Equating coefficients of x?on b/s of eq (iii)
3=2A+B+C+D

D=3-2A-B-C

D=3-21)-0-0 (+A=1,B=0,C=0)
D=3-2

D=1

Equating coefficients of x on b/s of eq(iii)
1=B+C+D+E

E=1-B-C-D

E=1-0-0-1 (+B=0,C=0,D=1)
E=0

By putting the values of A,B,C,D & E in e q(i)

x*+3x%+x+1 1 0x+0 (D)x+0
(x+1)(x2+41)2 (x+1)  (x2+1)  (x2+1)2

x*+3x%+x+1 1 n
(c+1)(x2+1)2  (x+1) = (x2+1)2

Thus

are the required partial fractions.

x2

"(x+1)(x24+1)2
x? A Bx+C Dx+E .
Let e+D(2+1)2  (x+1) | (x2+1) | x2+D2 ()

Multiplying eq(i) by (x + 1)(x? + 1)?onb/s

x2 A
(c+1)(x2+1)2  (x+1)

(x + 1) (x? + 1)? +%(x + D2+ 12+

(x + 1) (x? + 1)?

Dx+E
(x2+1)?

(x + 1)(x? + 1)?

Composed by: Maryam Jabeen Page 3



Unit 4: Partial Fractions
x2=A?+ D2+ Bx+ O+ DE*+ 1)+ Dx+E)(x+1)------- (ii)
x2=A*+2x2+ D)+ Bx+ O3 +x2+x+ 1D+ Dx+C)(x+1)

x> =Ax* + 2Ax> + A+ Bx* + Bx3 + Bx?* 4+ Bx + Cx3 4+ Cx* 4+ Cx+ C + Dx*> + Dx +
Ex+ E

x2=A+B)x*+(B+C)x>*+QA+B+C+D)x*+(B+C+D+E)x+(A+C+E)--

Eq(ii) is an identity which holds good for all x and hence for x=-1
Put x=-11i.e., x+1=0 in eq(ii)

(D2 =A((-1)?+1)? + (Bx + €)(0) + (Dx + E)(0)

1=A(1+ 1)
1= A(2)?
1=144
A=1

4
Equating coefficients of x* on b/s of eq(iii)
0=A+B

B=-A4

=t (s

Equating coefficients of x3 on b/s of eq (iii)

0=B+C
o=-ire  (a=-)

Equating coefficients of x? on b/s of eq (iii)
1=2A+B+C+D

1=%—%+%+D (-.-Azi,Bz—%,cz-)
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Unit 4: Partial Fractions

p=1-2
4
Dot
4
p=2
4
D=-

Equating coefficients of x on b/s of eq(iii)

0=B+C+D+E

By putting the values of A, B, C, D & E in eq(i)

1 1

1 1

1
x — 4 Py 27 2
(x+1)(x2+1)2 (x+1)  (x2+1)  (x2+1)2

2

2 x—1 x—1
x _ 1 P >

(e+1) (2412 4(x+1)  (x241)  (x2+1)2

x? _ 1 (x-1 (x-1)
e+ (x2+1)2  4(x+1)  4(x2+1)  2(x2+1)2

are the required partial fractions.

x2

(x—1)(1+x2)2

x2 A Bx+C Dx+E

Let (x—1)(1+x2)? - (x-1)  (14+x2)  (1+x3?)? ®

Multiplying eq (i) by (x — 1)(1 + x?)?on b/s

x2

_ A _ 2N\2 Bx+C
(x—1)(1+x2)2  (x—1) (x 1)(1 tx ) + (1+x2)

(x — 1)(1 + x?)?

(x—1)(1+x?)?
Dx+E
(1+x2)2

(x—1DA+x2)*+

x2=A1+x)2+Bx+O)x—1DA+x))+Dx+E)(x —1)------- (ii)
x2=A0+2x*+x)+Bx+CO)(x+x3—-1-x?)+Dx>?—Dx+Ex—E

x%2 =A+24x% + Ax* + Bx? + Bx* —Bx —Bx®+ Cx + Cx® —C — Cx? + Dx* — Dx + Ex
—F
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Unit 4: Partial Fractions

x>*=(A+B)x*+(CC—-B)x*+(2A+B—-C+D)x*+(C—-B—-D+E)x+A—-C—E----

(iii)
Eq(ii) is an identity which holds good for all x & hence for x = 1
Putx =1i.e.,x —1=01eq(ii)

(D2=A40+WH?+Bx+C)(0)(A +x%2) + (Dx + E)(0)

1=A4(2)2

1=4A

A_1
4

Equating coefficients of x* on b/s of eq (iii)
0=A+B

B=-4

(4=

4
Equating coefficients of x3 on b/s of eq(iii)
0=C-B

C=8B

(-a--3)

4
Equating coefficients of x? on b/s of eq(iii)
1=2A+B—-C+D

D=1-2A-B+C

p=i-2@)-@)+()  (a=ho=-ie=-)

2-1
p=22
2

D=-
2

Equating coefficients of x on b/s of eq(iii)
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Unit 4: Partial Fractions

0=C—-B—-D+E

E=B-C+D
1 1 1 1

E__Z_(_Z)-I__ ('B___rC__ZrD E)
£ 1+1+1

4402
E=-
By putting the values of A, B,C,D & E in eq (i)

o _ 3 el b
(x-1)(1+x2)2 ~ (x-1)  (1+x2) = (1+x2)2
2

Thus ad = X L the required partial fractions.

(x—-1)(1+x2)2 4(x-1) 4(14x2)  2(1+x2)2
x4

(x2+2)2

By long division,

x* 4x2+4
Frr i ecre @A)
Let 4x2+4 _ Ax+B n cx+D )

(x2+42)2  (x2+2)  (x?+2)?
Multiplying eq(i) by (x% + 2)? onb/s

4x?+4 _ Ax+B
(x2+2)2 (x2+2)

Cx+D
(x® +2)% + (xj‘T)z(xz +2)2

(x? + 2)?
4x2+4=(Ax+B)(x?+2)+Cx+D

4x% +4 = Ax® + 2Ax + Bx* + 2B+ Cx + D
4x> +4=Ax3+Bx*+ QA+ C)x +2B+D
Equating coefficients of x3 on b/s of eq(iii)
A=0

Equating coefficients of x? on b/s of eq (iii)
B =4

Equating coefficients of x on b/s of eq (iii)
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Unit 4: Partial Fractions

0=24+C
C=-24 (~A=0)
C=0

Equating constants on b/s of eq(iii)

4=2B+D
D=4-2B

D=4-2(4) (~ B =4)
D=4-8

D=—4

By putting the values of A, B, C & D in eq (i)

4x2+4 _ (0)x+4 |, (0)x—4
(x2+42)2  (x2+42) = (x2+2)2

4x2+4 4 4
(x242)2  (x2+2)  (x2+2)2

By putting this value in eq (A)

x4 4 4
(x2+2)2 1= ((x2+2) B (x2+2)2)

x* 4 4 . . .
Thus G 1- 212 + 2y Are the required partial fractions.
x5
(x2+1)2

By long division

x5 2x34x
Erz X T ez T (A)
Let 2x34x _ Ax+B n Cx+D (1)

(x2+1)2  (x2+1)  (x2+1)2
Multiply eq(i) by (x? + 1) onb/s

Cx+D
(x24-1)24-a§%5;(x24-1)2

2x34x _ Ax+B
(x2+1)2 (x2+1)

(x? + 1)?

2x3+x=(Ax+B)(x*+1)+Cx+D
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Unit 4: Partial Fractions

2x3+x=Ax>*+Ax+Bx*+B+Cx+D
2x3+x=Ax3>+Bx*+(A+C)x+B+D-------- (i)
Equating coefficients of x3 on b/s of eq(ii)

A=2

Equating coefficients of x? on b/s of eq(ii)

B=0

Equating coefficients of x on b/s of eq(ii)

1=A+C
C=1-4 (A=2)
C=1-2

C=-1

Equating constants ob b/s of eq (ii)

0=B+D
D=-B (+~B=0)
D=0

By putting the values of 4, B, C & D in eq (i)

2x34x  2x+(0) | (-1)x+0
(x2+1)2 ~ (x2+41)  (x2+1)2

2x34x  2x x
(x2+1)2  (x241)  (x2+1)2

By putting this value in eq(A)

x5 _( 2 x )
w2 Y T Gy a2

5

Thus —— = x

2x
(xZ+1)? ~ e T e

are the required partial fractions.
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