Complex Analysis Made Easy Proof of Mittag-Lefflers’ Expansion Theorem

Mittag-Lefflers’ Expansion Theorem

Let f(z) be a meromorphic function whose only singularities in the finite part of the plane are simple poles at
a, a,, as,, a,,, which can be arranged as 0 < |a;| < |a,| < < |a,| < with residues by, by, b3, -, by,
respectively. Suppose also that f(z) is bounded i.e; |f(z)| < M.

Consider a sequence of closed contours Cy, C,, C3, **, Cp,, in the form of concentric circles of radii Ry, R, R3,"
, R,,,, respectively, having centers at origin, such that, (i) C, encloses a4, a,, as,, @, and no other poles and
(ii) lim,_ R, = . Then for all values of z, except poles

@) = FO) + ibm( )
m=1

Z— 0y Ay

& 1 1
Or more generally, f(2) =f(0)+ Z by, ( + _>
e Z— 0, an
: . 1 f(tde
Proof: Consider the integral =5 )
2mi ) t(t—2)
Cn

where z is a point with in C,, other than poles of f (z). The poles of integrand are at
(i t=a, m=123,,n (simple poles)

(ii) t = 0 (simple pole)

(iii) t = z (simple poles)

The residues at poles are

= # b, is residue of f(z) atz = a,, = tliglm(t —ay)f () = by
=l
N

By Cauchy residues theorem

n
1
I=—|2ni z R,, + R(f,0) + R(f,2)
m=1
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Complex Analysis Made Easy Proof of Mittag-Lefflers’ Expansion Theorem

n

_ b O fiz  Fepa
I_Zlam(am—z)_ z + z )
Now consider:-
1 f)dt

2mi ) t(t —z)
N IR oL B O WAL f(©de O s

2mi ) tt—2)|  2mli] t(t—2) = 2n t(t—2z) ~ o |t| [t — z|

Cp Cn Cn Cn

But||t|—|z||§|t—z|=>ﬁsm ---------- 3)

Using (3), (2) becomes

1l <

“|f(®)] £ M and for C, (circle of radius R,, with centre at origin), |t|

" [
2n(Ry, |Ry — |z||)c ’
= Rn

_ M
27T(Rn |Rn - |Z||)

(2T Ry) = — 0 as R, — o (or equivalently as n — ) J-ldtl =2n R,

|Rn_|Z||

= [ -0 as R, » o (orequivalently asn — o0)

So, (1) takes the form, aslong as n = o

0= SO 1@

- am(am — ) z z

m@z b

z  z 1am(am—z)

)= fO+ 2

m(Z - am)

1] . z 1 1

=}
A Z— Qp am(z—ay) ay  Z—an

FD =0+ Y b+
m=1

1
Or more generally, f(z)=f(0)+ z ( + —) Hence the theorem.
—0n  am
m=—oo
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Complex Analysis Made Easy Solved Problems (Mittag-Lefflers’ Expansion Theorem)

1
tion1:  Provethat mt =—Z[ d deduce that
Question rove that mtan(mz) ArErEy; * 7t n and deduce tha

+1/2

2 _ ¢ 1
cos?(mz) (z—-n—-1/2)2
n=—o

Solution: Let, f(z) = tan(mz) = lirré f(z) = lirré tan(rtz) =0
VAnd VAnd

Since, lirré f(z) = 0(= defined), therefore, there is removable singularity at z = 0 (and hence no pole at z = 0).
Z—

1 1
Poles of tan(mz) are determined by cos(nz) =0 = nz = (n + E)n > z=n+ 5 n=0+1,+2,+3,

dod & (z—(n + 1/2 ))sin(nz) 0
R(f,n+ 1/2) = Zil:ln+% cos(nz) (6) form
" (Z —(n+ 1/2))11' cos(mz) + sin(mz) alden (=" _ 1
B Z_>1,rln+% —m sin(mz) o —n(-1" T

1
+ —

— Qan an

Mittag Lefflers’ Formula: f(z) = f(0) + z b, [Z

n= —oo

tan(rz) = 0.+ 2 <_ %) [z- (n1+ 12" n+11/2] ___________ ~ M

n=—oo

™ tan(mz) = _<nZO [z_ (n1+ YO n+11/2] +nzl[z— (n1+ 1/2) n+11/2 )

Replace n by - n in second summation, we get

ntan(ﬂZ)=_<z [z—("'*' 1/2) n+ 1/2]+Z[z—( —n+ 1/2) (—nil/Z)D

n=1

Now, replace n by n + 1 in second summation, to get

Ms

mtan(nz) = — ( [z—(n+1/2) n+1/2] Z[z—(n—l/Z) (n—1/2)]>

88

=0
o [ 1 1
B 4Lz - n—1/2 n+ 1/2 Z+n+1/2 n+ 1/2

n

T 1 1
e H d.
Z[z—n—l/2+z+n+1/2 enceprove

n=0
Differentiate (1) with respectto z, we get

ey = 1 1 2 N 1
= — = —_—
msecnz) =4 Z (z—n—1/2)2 cos?(nz) (z—n—1/2)2
n=-—o n=—oo

Hence proved.

Prepared by: Mr. Wasif Ali Guided and checked by: Dr. Amir Mahmood ageso
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tion 2: P that i —1+ 2 CL2
Question 2: Prove tha sin(nz) z 22 — n2

1 zm — sin(mz)

sin(mz) oz zsin(nz)

Solution: Let, f(z)=

zm — sin(nz) 0
AL Tl (5) form
] T — 1 cos(mz) 0
ks B—I;% nz cos(mz) + sin(nz) <6> form
n? sin(mz)
= lim

z-0 —m?zsin(nwz) + mcos(nz) + cos(nz)

Since, lir% f(z) = 0(= defined), therefore, there is removable singularity at z = 0 (and hence no pole at z = 0).
zZ—

The poles of f(z) are determined by sin(7z) =0, z#0 = mnz=nmr = z=n, =+1,42,43,
~ (z—n)(nz — sin(mz)) 0 )
R(f,m) = ;l—r};ll z sin(mz) (6 form
- (z—n)(m —mcos(nz)) + (mz = sin(mz))
= lim ;
z-n nz cos(mz) + sin(mz)
=gy e Ve
RGN NG ’
- 1 1
Mittag Lefflers’ Formula: f(z) = f(0) + Z bn[ + —
z —a, a,
n=-—oo
T 1 ! 1 1
=04 ) o=t -]
sin(mz) 'z e Z=mn mn
™ 1 < 1 < 1
= 1 [+ > eorf—+ -]
sin(mz) =z | z — n
n=1 n=-1
1 = -1 1 © 1 1 by replacing n
=—+Z(—1)" + —]+Z(—1)_"[ - —] (by—nin second)
z lZz—n n z+n n )
n=1 n=1 summation
—1+Z( ) B 1] (—D) == (<D™, V€ T
g ] lz—n n z+n n y S o
n=
—1+§( o)=L, ' CDn2z H d
°] lz—n  z+4 n] Sz z2 —n? ChreRIEAVAd
n=1 n=1
Question 3: Prove that tanz = Z e 1/2)21r2 2
Solution: Let, f(z) = tanz = f0)=0
1
Poles of tanz are determinedbycosz=0 = z= (n + E) n, n=0+1,+2,%3,-
age 4 o
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] (z—(n + 1/2)m)sinz 0
R(F, (n + (yiagrekes pAR ity cos z (6) oA
] (z—(n+1/2)m)cosz + sinz 0+ (—1)"
= lim ; E = -1
z-(n+1/2)m — Sinz —(—1)”

3 1 1
Mittag Lefflers’ Formula: f(z) = f(0) + Z bn[ + —
z —a, a,

n= —oo

tanz = 0+n:Z°O(_1) [z— (n +1/2)n+ (n +1/2)7T]

tanz = —(TZO [Z_ C 11/2)n+ o +11/2)”]+n2—:1[z_ (n1-|—1/2)7r_ (n +11/2)7T]>

Replace n by - n in second summation, we get

tanz = _<Zo [z— (n -1}-1/2)n+ (n +11/2)n] +;[z— (—n1+ 1/2)m (—n+11/2)”]>

Now, replace n by n + 1 in second summation, to get

‘it <2 [z—(n+1/2)n (n+1/2)n] Z[z—(nl—l/Z)ﬂ (n—ll/Z)nD

0
X 1 1 1
D ;[z (n+1/2)n (n+1/2D)m + z+m+1/2)1 (n+1/2)n]

= Z[Z—(n+1/2)n Z+(n41-1/2)n]:—nzo ZZ—[(n-li-l/Z)n]2

n=0

C 2z
= z VO T Hence proved.
n=0
tion 4: Prove that 1 1+1+OO_ZZ
estion 4: Prove tha = ——+ =
Qu 1 Vi ez —1 2 7 4 72 — An’m?

1 z—e’+1
z -1 z z(e?-1)

Solution: Let, f(z) = D

z—e?+ 1 0
llmf(Z)—llom (6) form
. 1— e? 0 ¢
_zl—%zez+ez—1 <6) oy
i —e? _ 1
T 250 ze? + eZ + eZ 2

-1
Since, lirré f(z) = - (= defined), therefore, there is removable singularity at z = 0 (and hence no pole at z = 0).
Z—

The poles of f(z) are determined by e? = 1 = e?™™, z#0 = z=2nmi, n=+1,42,43,
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] o (-2nmi)(z—e*+1) 0
R(f, Zomizie z—l>12r¥11ni z(eZ —1) (6) fogth
- (z-2nmi)(1—e®)+ (z—e”+1) 2nmi
- z—>12r1rllni ze? +e? —1 T 2nmi
< 1 1
Mittag Lefflers’ Formula: f(z) = f(0) + Z bn[ + —
z —a, a,
n=-—oo
1 1 1 N ! [ 1 N 1 ]
-1 z 2 S~ z — 2nmi 2nmi
s Fheci °°[ 1 1 [ ]
i dad2 ] zZ — an 2nmi zZ — 2nm 2nmi
n=

e 1 by replacing n
2 ] by —nin second

[ee]
- zZ — an 2nmi zZ+ an 2nmi .
summation
(o)

_ 1+ +Z[ i 2 by 1 1 ]_ 1"‘1"‘2[ 1 4 1 ]
T2z 4 7z — 2nmi @ 2nmi z+2nmi 2nmil 2z ] z — 2nmi z 4+ 2nmi
n= n=

1d b Ve 22
= —E + E + 2 m Hence pI‘OVEd.
n=1
. sin(az) 2 nsin(an)
Question 5: Prove that - Z( 1" S
sin(mz) - n

n=1

Solution: This is exactly the solved example 6 on page 293 of the book “Fundamentals of Complex Analysis” by
“Dr. Igbal”. You may see solution there.

Question 6: Construct a function f(z) which is holomorphic except at the poles z = +1,+2,+3,--- and is
such that f(z) — cot(mz) tends to zero at each of these poles.

. ) _ z cos(mz)
Solution: Consider the function, f(z) = zcot(nz) = ————
sin(mz)
1 () = l z cos(mz) (O) ¢
1mf z) = lim Sin(2) 0 orm

- —mzsin(nz) + cos(mz) 1

= lim =—

z—0 7 cos(mz) T

1
Since, lir% f(z) = - (= defined), therefore, there is removable singularity at z = 0 (and hence no pole at z = 0).
VAd

The poles of f(z) are determined by sin(nrz) =0, z#0 = mnz=nmr = z=n n==+1,+2,43,-

~ (z—n)zcos(mz) 0
R(fim) = ll—?vlq sin(mz) (6) form
- (z—n)(—nzsin(nz) + cos(nz)) + zcos(mz) n(—1D" n
= lim = s i
zZ-n 7 cos(1z) n(-1)" =«
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Complex Analysis Made Easy Solved Problems (Mittag-Lefflers’ Expansion Theorem)

- 1 1
Mittag Lefflers’ Formula: f(z) = f(0) + Z bn[ + —

zZ—a, a,

n= —oo

[ee)
!

f(Z)=ZCOt(nz):%+2 2[ 1 +l]_

wLZ — n n
n=—oo

1 1 ! 1 171 . . .
a Z n [ + —] is the required function.
mn ZEA Gy Oy

1 <« 2z
Question 7: Prove that mcot(mz) = 7 + Z p g and deduce the following results:
n=1

[oe]

2
(D) sin(nz):nzn<1—%> and (ii) \/§=EEEEEE

n=1

sin(mz)

. 1 mcos(mz) 1 mzcos(mz) — sin(mz)
Solution: Let, f(z) = mcot(mz) — ; -~ "7 ; —

z sin(nz)
i — i nz cos(mz) — sin(mz) 0 ¢
0 fz) = P z sin(mz) (6) R
 —mn?zsin(mz) + wcos(mz) — m cos(mz) — 2z sin(nz)
= lim - = - (—) form
z-0 nz cos(mz) + sin(mz) z-0 1z cos(mz) + sin(mwz) 0

_ — n?[rz cos(nz) + sin(nz)]
= lim - =
z-0 —m?zsin(mz) + mcos(nz) + m cos(mz)

Since, lir% f(z) = 0(= defined), therefore, there is removable singularity at z = 0 (and hence no pole at z = 0).
VAd

The poles of f(z) are determined by sin(rz) =0, z#0 =

nz=nw = z=n n==+1,+2,+3,
R(F,m) = lim (z—n)[nz co?(nz) — sin(mz)] (9) form
z-n z sin(mz) 0

~ (z=n)[-n?zsin(nz) + n cos(nz) — m cos(mz)] + (mwzcos(nz) — sin(nz))
= lim ;
zon nz cos(mz) + sin(mz)

_one(=1)"

= D

- 1 1
Mittag Lefflers’ Formula: f(z) = f(0) + Z bn[ + —

2= Z — Ay an

ncot(nz)—%: 0+ z, [ ! +l]

1 w1 Mahxropd1 1
mcot(mz) = —+ Z[ + —]+ z [ —]
z Lilz-n nl Lalz—n n
- 1 1 oo 1 1 by replacing n
:E+2[z—n+ﬁ]+z Z+Tl_£] by —nin second
n=1 n=1 summation
z lz=n " m z+n n ) (=Dn o
n=

Prepared by: Mr. Wasif Ali Guided and checked by: Dr. Amir Mahmood age 7o
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1 g 1 1 1 2z
m cot(mz) = —+ Z [ + ] =Ly R Hence proved.
z z—n z+nl =z z2 —n?
n=1 n=1
. L b 1 cos(mz) 1 N i 2z
rom (1), we have sin(mz)  z 7% — n?

Integrating above equation (on both sides), with respect to z, between the limits 0 to z, we get

[log(sin(nz))]z = [lOgZ]Z + i [log(zz = nz)]
2=0

z
z=0 n=1 z=0

= log(sin(nz)) — ;1_r)r(1) log(sin(mz)) = logz — ;1_r>r(1) logz + z [log(z? — n?) — log(—n?)]

n=1

- sin(mz) 1—[ . z? )
= -_ ! —_——_——_——— e — — — — — —— -
Z n? M
n=1
= sin(nz) = nz 1_[ <1 — F) Hence proved.
n=1

Put z=1/2 in (1), we get,

) - ﬁ(l - (2:1)2)

T
27 n=
2
T

- (1 B &) (1 b (41)2> (1 m (61)2) (1 1 (81)2> (1 B ﬁ) (1 ic (12)2> (1 r. (11)2> Viahmood - @

Put z =1/4 in (1), we get,

o (o) - ﬁ (1 - (4:1)2)

s
4 n=1
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= % =(uie %) (1- &) (1- (12)2) (1- (12)2) (1- ﬁ) (b @) N -

Dividing (2) by (3), we get

(%) <@> - (1 N (21)2) (1 N (61)2> (1 N ﬁ) (1 N @)
VZ (22 =1\ [(6)2=1\/(10)2 =1\ /(14)?* -1
2 ( 2 )( (6)? )( (10)? )( (14 )

1 (2-1D@E+D16-1)64+1)77(10 — 1)(10 + 1)11(14 — 1)(14 + 1)
__[ 2)(2) H 6)(6) ” (10)(10) H (14)(14) ]

5=
Taking reciprocal on both sides of above expression, we get

ﬁ_[ (2)(2) H (6)(6) ” (10)(10) ] (a9 (14 ]
le-De+Dll6e-D6G+DILEA0-1)10 + 1] 1(14 —1)(14 + 1)

5226610 10 14 14 & 5
1357 911 13 15 ERESIREeRES

1 2z
Question 8: Deduce from the result of question 6 that T cot(mz) = p + z P R——)
n=1
. 1 1 ! 1
Solution: In question 6, we have proved that: mcot(mz) =— + —2 n [ + —]
T T zZ—n n
n=—oo
ad by (K& 117 < 11 1
= zcot(mz) =—+ — Zn +—]+Zn[ +—]
T T z n n Z—n n
n=1 n=-1
1 1/< 1 1 > 1 1 by replacing n
=—+4— n +—]+Z(—n)[ ——] by — nin second
T T Z—n n z+n n .
=1 n=1 summation
1 1 1 1 1
L5 .
T T ra 7z —F n Z +n n
1+1i nz+n)+Gz+n)(z—-n)—nz-n)+ z+n)z—-n)
7wl n(z+n)(z—n)
n=1
1 1 nz+n?+z2—-n? —nz+n?+z2-n? 1 1 222
g z%2 —n? TEEL z2 —n?
n=1 n=1
1 2z
= nzcot(mz) =1+ Z - = mcot(mz) =—+ Z - Hence proved.
— -n z &az-n

Question 9: Expand cot(mz) by Mittag Leffler’s theorem and deduce the following results:

T2

1
N L d
Oy e Z (z— n)z and  (iD) cos2(nz) , (z—n—1/2)2
e 11 A AT A AT M e T 11 Td 1Al T A TR . k. xf L 3rage 9 of 11
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Complex Analysis Made Easy Solved Problems (Mittag-Lefflers’ Expansion Theorem)

. 1 mcos(mz) 1 mzcos(mz) — sin(mz)
Solution: Let, f(z) =ncot(mz) - —=———— — =

z sin(mz) z z sin(nz)
nz cos(mz) — sin(mz) 0
lim f(z) = lim : ( ) form
z>0 z>0 z sin(mz)
~ —mn?zsin(nz) + mcos(mz) —m cos(mz) —m?zsin(mz) 0
= lim - = - (—) form
20 nz cos(mz) + sin(mz) z-0 1z cos(mz) + sin(mz) 0

— m[nz cos(nz) + sin(rz)]
= lim
z-0 —m?zsin(nz) + wcos(nz) + cos(nz)

Since, lir% f(z) = 0(= defined), therefore, there is removable singularity at z = 0 (and hence no pole at z = 0).
zZ—

The poles of f(z) are determined by sin(rz) =0, z#0 = mnz=nmr = z=n n==1,+42,43,

z —n)[nzcos(mz) — sin(nz 0
R(f,n) = lim( )l ,( ) (n2)] (—) form
z-n z'sin(mz) 0
_ (z —n)[— n?zsin(mz) + m cos(nz) — m cos(nz)] + (mwz cos(nz) — sin(mz))
Pt wz cos(mz) + sin(nz)
_one(=1)" 1
(-1
= 1 1
Mittag Lefflers” Formula: f(z) = f(0) + Z bn[ + —
z—a, a,
n=-—oo
1 ! 1 1
ncot(nz) — —= 0 + Z [ +—] ——————————————— - (1)
z Z—n n
n=-—oo
1 v 1 11 <1 1
meot(mz) ==+ Z[ +—]+z [ +—]
z zZ—mn n z—n n
n=1 n=-1
1 a7 (e 1 by replacing n
=—+Z ]+ [ ] by —nin second
z i z+n )
n=1 n=1 summation
_1+Z'1 1 1 1 (e1) = 1 D" vnez
Cz z—n n z+n n ' NG A
n=1
1 1
e
z lz—n_ z+n 72 —n2 n2
n=1 n=1
1 1w 22 _ _
= cot(mz) = —+— z 3 > is the required expansion of cot(mz)
mzt o z2—n
n=1
1 ! 1 1
From (1), we have: mcot(mz) = —+ z [ + —]
z Z—n. n

n=—oo

Differentiating above equation (on both sides) with respect to "z", we get
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[0

T2 1 1
~ Sin2(n2) = z [— @ = n? ], where the term — s corresponds to n = 0 in the summation sign.
—_— _— L, —m—_——— —— — — — — — — —— N
Sin?(712) Z - n)? ence prove (2)
n=—oo

Replace z by z—1/2 in (2), we get

2 [ee)

. Z 1 i Eoo S S H P d
I = = .
sin?(nz — /2) (z—1/2 = n)? cos2(1z) @AoDY e ence Prove
n n=-—oo

=—00
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