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Lecture # 1

Curvature:

Curve

; "lm-!gl'mry circle
completing the
curve

More bending less curvature.

Less bending more curvature.

Centre, Radius of Curvature:

Yy

t

<

Let AP=s
QP = s
Z PNQ =¥
IfP—>QthenN > C
Also 8¥Y — 0

C is the Centre of curvature.

¥ Ay
A s~ s < (Kappa)
Radius of Curvature = %
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The curvature, radius of curvature, Centre of curvature, circle of curvature 1s
different at any points on the curve.

If we change the points. Then these all can be change. If the curvature is
constant at every point then it is called Circle.

) 1
Radius of Curvature = <

=p
Formula for Radius of Curvature:

Let tangent of curve at point makes angle ¥ with x-axis then by the definition
of the derivative

dy _
ol tan'V
2y 2
= Fy s secW¥ ny
dzy N 2 d\‘IJ dS
> 165 (1+tan='¥) I
N dy ~24. 1 dy 1 dy
e 1 f dy R
[1 (dx)].p. 1+(dx) S5 K
a2y | Y2 ds e
Ex T S ength of the curve
3
[1+E)%2 .
= T"y= Radius of Curvature
dx2

Centre of Curvature:

Let y = f(x) be the given curve. And ( o ,B3 ) be the Centre of the curvature.
Then at point P (x4, y;) of the curve the values of a and 3 given as

P+

Xl - d2y
dx?2

dy \2
[1+(5)°]
B ZYI+ dczly

dx?2

Circle of Curvature:
x—a)?+(y—Pp)*=p?

: . . dy dy d
If sometime parametric equations of the curve y = f(t), x = g(t) then d—z =gz

dt’ dx
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Question:

Prove that curvature of the circle x* + y? = a? is constant.

Given
X2 +y2? = a2
2x +2y =0
y
Xt =
Y~ 0
d
dy  x N d%y _Y_(_X)d_z
X y d2x y2
_ -y+x(—2) —y2—x2
- y2 — y3
d?y —a?
a2y
3 -l
[1+E)%2 [1+(- 5?2
— X — — y
a2y -a?
dx?2 y3
2 2 3 3
x2+y? |2
Ky \ LA CLD
(—a?) —a?
Question:

Prove that Radius of the curvature at point x = g then y = 4sinx-sin2x is p = -

d
Y — 4cosx-2c0s2x catx
dx
d?y . .
—= 4sinx+4sin2x catx
dx?2
dy \215 3
[1+(5 )12 [1+(2)?%]2
o dy T4
dx2
_5V5
4

Note:

Here (-) is neglected because radius cannot be negative.
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Question:

Find the Centre of curvature at point x, y of parabola y? = 4ax.

Solution
Given y? = 4ax.
2y L=da
% =2ay~!
2
d
i+EH3
R d?y
dx2
_ (2ay"H[1+(2ay ! )%
o= (—4a?y~3)
_ . Y[1+4a%y-?
o4=X- )
_ o [y*+4a?]
aA=X- TN
a=x+2x, 8
2a 2a
a=3x+2a
dy |2
[1+(5)°]
B - dzy
dx2
_ [1+(2ay 1 )?]
b=y- (—4a?y~3)
_ [1+4a%y—2]
b=y - Sy
1 4a%y~2
B=y-[ + ]

4azy—3 4azy—3

_ 1
B _y_4_azy—3_y

1 3

B = or - <

) 4a%y—3 " 4a?
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Question: Find the radius of curvature for the curve.

d
d—i’ = 3acost-3acos3t

dt?

sinA-sinB = cos2t.sint

Collected By

y = 3asint-asin3t

X = 3acost-acos3t

b

-3asintt+9asin3t ,
dy dy dt
dx dt  dx ’

d . )
=X = 3asint+3asin3t

dt

dy
dx

d
—)2( = -3acost+9acos3t
dt

3acost—3acos3t

—3asint+3asin3t

cosA-cosB = -25in(¥) sin(?)

sinA-sinB = 2cos(¥) sin(Az;B)

b

d

& — tan2t

dx

d?y

—2 = 2sec?2t.—
dx?2

@ _ 2sec?2t
dx? —3asint+3asin3t
@ _ 2sec?2t
dx2 3a(2cos2tsint)
d?y  sec?2t

dxz 3a(cos2tsint)

d 3
)
P= ey
dx?2

3

[1+(tan2t)?]2
sec22t

3a(cos2tsint)

sec32t
sec?2t
3a(cos2tsint)

p:

p= 3asint

: Muhammad Saleem

cosA-cosB = sin2t.sint

(3acos2t.sint) (sec2t)
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Question:

If p, and p,, be the radii of curvature at the Extremities of two conjugate
diameters then prove that

(1) + (9,)7) (@) =a? +1?

Solution: Use an equation of Ellipse

X2 y2 pz(olb)
Y = 1 —
az b2 1 (-aIM— p,(a,0)
2 2y d
(Ol'b)

y dy -x o dy  —xb?
b%z dx a2 dx ya?

[ d
a2y | b? |-
a2 az | ey 1

- )

2 2 —y+x(X—b) 2 2 [_a2u2_ 212
d“y b yaz d?y b a‘y Xb]
dx2 ~ a2 y2 dx2 a2 azy3

T b2 aZbZ] N d2y _ _b4-
a2 la2y3 X2 y3a2
3 —xb?2 3
[1+(ﬂ)2]5 [1+(C 2 )2]2
- dx® -~ ya
- d2y = —_b4%
dx? y3a2
—[yza4+X2b4ﬁ 2. 4, 2,4 3

_ 3,2 vyt _ 3,2 a2

p=y-a —b% = pTYya —bty3a6
3

B [y2a+x2b*|2

p= —b%a%
b2 a2
Atp,(a,0) = p;=— , Atp,(0b) = p, = +

2 2

((p1 )é + (p2 )é) (ab )§ =a?+b? = <(t;—2)§ + (i;)E) (ab )§ =a% + b?

2 b% a%
(ab)3<(_2)+(_2)>=az+b2 = a% 4+ b?% = a% 4 b?
b3 b3
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Lecture # 2

Curvature and Radius of Curvature in Polar Form:

Let r=1(0)

Let x=rcosH , y =1sinf
dx dr . .
— =— —rsin i
o 3 ecos@ sin@ (1)
dy dr . ..
— =—5sin0O + rcosO it
de de + (i)
d’ 0 0 0 e
— =—T — —sinB— — sinO+ —
e cosf—— “s m " s cos
d?x d?r dr .
— =—c0s0 — 2 — sinO—rcos0O 111
de? _ de? de (iii)
d? dr
—y = —rs1n9+cose— + sme +— c0s0

02 de

d?y 1 d?r . dr . )
— = ——=81n0+2—c0sO—1rsind v
de? | de? de (v)

Squaring-and Adding (i) and (it)

(%)z-i-(j—g)zz (3—9 c0sO —xsind )2 (% sin® + rcos0O )2

(&) +(®) -
- 2o (&Y

@@= =G ™)
Formula for curvature if

x =1(0) ; y =g(0)

dx dzy dy d2x

do'ge? do'ge?
K= de do =
dx\2 212
(@) (@)
do do

dr . d?r . dr . dr d2
K [(@COSG—FSIHG ).<W51n9+zﬁcose—rsme> (@sm9+rcose )<d92 cosO— 2— sinbO—rcos6 )]
— 3

oG T

2
E / dr _

r —
de ’ de?

(j; ) (cos?0 + sin?0)+r?(sin%0 + cos?0)

Replace
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K = [(r'cos®—rsind ).(r'’'sinf+2r' cosO—-rsin®)—(r'sin@+rcosd )(r'’ cosd—2r' sind—rcoso )]

[(r)2+(r’)2]%

K = (r' r''sin0cos0+2r'? cos?0—rr’ cosOsinf—rr’’sin?60—2rr’’' cosOsin®+r?sin?0)

3
(r2+r'2)2

(r' r'’sinfcos0—2r'? sin?0—rr’ cosOsin®+rr'’ cos?0—2rr’ cosOsin@—r?cos?0)

3
(rz2+r'2)2
K = 2r'2( cos?0+sin20)—rr’’ (cos20+sin20)+r? (cos?0+sin20)
= 3
(r2+r'2)z
2r'2(v)-rr'’ (D+r?a 2r'2—rr'" +r?
K = (1) ( Z 1) — K = .
(r2+r'2)z (r2+r'2)2
( )2 2+r 1
K= —3 =4 P =5
(r2+4r'2)z
3
(r24r'?)z [1’ +( ) ]

2(r")2-rr' +r?

Question:

am

M~ m S
For curve £ =a" cosm@ ‘then prove that! -1 p D1

Solution:

d2
de?

r'’™ =a"cosmb

Taking In on both side

Inr™ =1n a™cosm6
m Inr = In (@™) + In (cosm0)

Differentiate w.r.t O

1dr

r do cosmo

(—sinm6. m)

m dr msinme — 1 dr
r’ do cosm@ " de

dr
= -tanm0O or i -rtanmO

Again, differentiating w.r.t 0

d?r

— = —rsec?m0. m- taan—e = = —mrsec?m0. m-tanm0(-rtanm0)

de?

d?r

de

— =rtan’m6—mrsec’m0
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We know that

3
dr.5\2 3
B (1‘2+(@)2) N [r?+(-rtanm0 )?]2
P z(ﬂ)z_rd_zrﬂ.z 2(—rtanm8 )2-r(rtan?m6—mrsec?m6)+r?2
de do?
3
_ [r?2+r?tan®mo]2
r2—r2tan’?mO+mr2sec?mo+2r?tan?mo
3 3
_ [r?(1+tan’m#)]2 r3[(sec’m0)]2
rZ+mr2secZmoO+r2tan2mo rZ+mr2secZmO+r2tan2mo
rsec3mo@ r
= e— :> —
(1+m)sec?m6 (1+m)cosmo
r . m
= ——m since r'™ = a™cosmO or cosm0 = —
(1+m)a—m a
am
P = (1+m)rm=1
Question:
P .
Prove that If r=a (1+cos0) then — is constant.
Solution:
r=a (1+cos0) = r=atacosf
r . d?r
— = -asinf = — =-acos0O
do do?
[r +(de) ] [(a+acose)2+(—asin6)2]g
[0) =

( )2 r 2+r2

2(—asin0)?—(a+acos0)(—acos0)+(a+acos0)?

3
[a%2+a?cos?6+2a%cos?6+a’sin?0]2

a2+a2cos20+2a2cosf+2a2sinZ0+a2cosO+aZcosZ0

3
[a®+a%+2a%cos0]2

a?+2a2(cos?0+sin20)+3a%cosd
3 3

(2a%)2[1+co0s0]2

3a2(1+cos0)

Taking square on both sides
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3

[2a®+2a%cos0]2
— e ——
3a2+3aZcosb
L3 1
2a“)2[1+cos0]2
— _ (2a%)z] ]
3a2
2 _ (2a%)3(1+cos6)
p 9a4-
p 8a . .
= — =5 which 1s constant
r
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For Parametric Equations:

[P

Question:

If x = a(tt+sint), y = a(l-cost) then show that p = 4acos§

Solution:
X = a(t+sint) y = a(1-cost)
dx d .
— = a(1+cost) or (a+accost) = = asint
dt dt
d?x d?y
— = -asint —Fa t
T — T 4cC0s
We know that
_ @ ] 24 (asint)?]2
dt at = [(a+acost)“+(asint)~]2
T dxd?y dyd’x (a+acost)( acost) —(asint).(—asint)
dt’dtz  dt'dt?
3 3
_ [a?(1+cos?t+2cost)+a?sin?t)]2 H [a®Fa”cos?t+2a2cost+a’sin?t)]2
aZ(sin?t+cos2t)+a2cost aZ+a2cost
3 3 3
_[2a%+2a%cost)]? N (2a?)2[1+cost)]2
aZ+aZcost a2(1+cost)
R 1 ; E
22a3[1+cost)]2 3 t]2
= # =  2za [Zcos2 —]
a 2
t t
= ZZaCOSE = p=4acos;
Question:

Find the curvature at (%, 3—;) of x3+y3 =3axy
Solution:
Let f(x , y) = x3+y3 = 3axy
f.(x,y) = 3x? — 3ay

3a 3a

f(x, YIS =3(D)? —3a(D) =

10| Page
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fy(x,y) = 3y? — 3ax

sa3ay  _gda, g s %
fy(X7Y)/(27 2) 3(2) 33(2) 4

fxx (Xr Y) = 6x

3a 3a

fXX(X7Y)/(?’ ?) = 6(?) =0a

foy(x,y) = 6y

3a 3a

fry (Y2 =6(2) =%
fyy(x,y) = —3a

Now formula for Curvature

_ [Fx(fy)? m2fxfy iy +yy (£

K g
[(€02 +(Ey)2]2

(00 (22) -2 2 saprion (22

3

B

2 2
B (g) [9a+6a+9a] (#) (24a) o (24a)
2] W) 4
_ _wes) _ 2
22 (9a?) = K 3a
Question:

Show that the radius of curvature at point x=acos30 , y = asin®0 is equal
to three times length of perpendicular from origin to the tangent.

Solution:

x=acos30 , y = asin30
dx 20 dy . 9
— = -5aCo0s mn -_— = Sin
% 3a 0sin0O , % 3a OcosO
dy dy do N dy  3asin?0cos6
dx de’ dx dx  —3acos20sind
dy sin0 dy
dx cos6 = dx -tand

1l1|Page
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dzy . 2 do dzy . 2 1
dxz Sec e’dx = dxz ~Sec e'—3ac05295in9
dy_ 1
dx? 3acos*0sin0
We Know
[1+(5;)%)2 [1+(—tanB)“]2
p= —— = p= T
dax? 3acos?0sin@
3
p= [1+ tan?0]z. 3acos*0sind
3
p= [sec?0]z.3acos*0sin0 =  sec30.3acos*0sin0d
p= 3asinOcosH (1)
Now we find the equation of tangent.
Equation of tangent at (acos30 ,asin30)

Sincey —y; = m(X —X;)

y — asin30 = —tan®.(x — acos30)

_ s 03 - sin0® _ 3
y — asin®0 = - (x—acos>0)
ycosO — asin®0cos® = —xsin0O + asinOcos30

xsin® + ycos0 — asin30cos0 + —asinOcos30 = 0
xsin® + ycosO — asinfcosO(cos20 + sin?0) = 0
xsin® + ycosO — asinBcosO =0 (i1)

Let d be the length of perpendicular from (0,0) to the tangent line.

d= |AX1+BY1+c|
VA?+B?
|(0)(sin®&)+(0)(cosH)—asinbcosH)| |—asinfcoso)|
Vsin2 6+cos2 0 Vi

Since

d

d = asinBcosO
from (1) p= 3asinOcosO
p= 3d

Hence radius of curvature is equal to three times length of perpendicular from
origin to tangent.
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Lecture # 3

Space curve or Twisted curve or Skew curve:

When all the points denoted the curve lies in the same plane is said to be a plain
curve otherwise is called space curve or twisted curve or skew curve.

Tangent line:

The line which cut the curve at one point is called tangent line.

Normal line:

The line which is perpendicular to the tangent line is called Normal line.

Secant line:

The line which cut the €urve at two points is called secant line.

Equation of tangent of a point:

Let P and a be any two points,on.the curve ¢ Tangent

whose position vector are 7 and 7 + 67

T L OT
We note that the limiting value if Bols

unit vector and parallel to the tangent to the

curve at point P.

> . o7
Let tangent=¢t = lim —
8s—0 65
. af .
F=— , F=7
das

Let R be the position vector of any point on the tangent line. If u is the variable
number +ve or -ve then we know that R — 7 is parallel to £ then

.
—r=ut

x|

=7+ ut

=]}

=

R=7 4 ur’ =7
which is equation of tangent. Similarly, equation of normal

isR=7+un and equation of binomial is R=# + ub. The line which is
perpendicular on both tangent and normal line is called binomial line.
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Question:
Find the equation of tangent to the curve whose coordinates are
X = acos0 , y = asin® and z=0

Let 7=xi+yj+zk

And R=Xi+Yj+Zk
x' = -asin0.d , y' =acos0.d , z'=0

We know the equation of tangent

X—acos® _ Y-asin® . Z-0
—asing.d/  acos6.d 0

=u

X—acosd __ Y-—asin0
—asind.d o acos0.d

cosO(X — acosH) = —sinO(Y. — asin0)

Xcos0-acos? ="-YsinO+asin? 0
XcosO + YsinG =a
Question:
Find the equation of tangent whose coordinates are
X =-bcosO ,y=DbsinO andz=0
Solution:
Given the coordinates are

=-bcosO ,y=bsinO and z=0

And R=Xi+Yj+Zk
x' =bsinb.d , y' =bcosd.d , z'=0
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We know the equation of tangent

R
R—7=ur'
X-x Y-y Z-z

:> x’ = y’ - Z’ = u

X+bcosO _ Y-bsinb _ Z-0
bsind.¢ ~ bcoso.d 0

=u

X+bcos® __ Y—bsin®
bsin6.d ~ bcos6.d

XcosO+bcos? 8= YsinO—sin? 6

YsinO-XcosO =b

Normal plane:

A plane passing through the point P and perpendicularto-the tangent at point P
is called normal plane.

Equation of Normal plane:

Let 7 be the position vector of point on the curve R —7is the position vector at

any line in the plane. Accordingto the definition of normal plane R—7and?
are perpendicular to each other. c |t

-

R—7.t=0

Which is the equation of normal plane.

Oscillating plane or plane of Curvature:
The plane parallel to the £ and normal Nat a point P on the curve c.

If R be the position vector of any point on the plane

the R — 7, t and 71 are coplanar vector.

/to €

[R—7,L,7]=0 (1)

or R—-7.txn=0

which is the equation of oscillating plane. It can also be p
to N

S
expressed as t =7

t'= 7" = Kn=#" t'=Kn
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O i
n= —
K

So, Equation (1) = [ﬁ—?,f,%]zo

Which is the equation of oscillating plane in terms of #* and its derivative.

In Cartesian form the equation of oscillating plane is

X—x Y-y Z-z

xl yl ZI — O
xII yII ZII
Question:

For the curve x =3t , y = 3t2 and z = 2t3. Find the equation of oscillating plane.
Solution:
Since 7 = [ X, y, Z]
7= [ 3t;382,2t3]
7'=13, 6t, 6]
r'=[0,6,12t]
X—x Y-y Z-—2z

Now | «x' y' z' |1=0

xll yll le

X—-3t Y—-3t2 Z7Z-—2t3
3 6t 6t |[=0
0 6 12t

(X-31)[72t2 — 36t2] — (Y — 3t2)[36t — 0] + (Z — 2t3)[18 — 0] =0
(X-3t)[36t2] — (Y — 3t2)[36t] + (Z — 2t3)[18] =0
36t2X — 108t3 — 36tY + 108t3 + 187 — 36t3 =0
36t2X — 36tY + 18Z — 36t3 =0
18[2t2X — 2tY + Z — 23] =0
202X = 2tY + Z = 2t3 =0
2t°X — 2tY + Z = 2¢3
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Question:

Find the equation of oscillating plane if
#(s) = acossi + asinsj + 0k
#'(s)= —asinsi + acossj + 0k
7"(s)= —acossi — asinsj + 0k

We know the equation of oscillating plane is

X—x Y-y Z-z

x' y' z' 0

rn 144 rn

X y z

X —acoss Y —asins_ Z—0
—asins acoss 0 -{=0
—acoss —asins 0

(X-acosx)(0-0)-(Y-asins)(0-0)+Z(a?sin’s + a*cos?s) = 0

a’z (sin%s + cos?s)y=10
a’z=0

z=0

17 |Page
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Lecture # 4

Frenet-Serret Formula: 7
(i) t' =Kn
(i) #'=1h —KE& i
(i) b'=—tt b
The vector £ , 71 and b are perpendicular to each other. From the right-handed
system. -
bxt=7
ixA=b t
Axb=t b
AndZ.7=l0" 1 L0 Ab=0 |, bi=0
=1 [apothBTRan o b.b=1
or [fil? = 1 T e T 5] =1
Axn=10. FxE=1., . bx b=1
Proof:
b' = —17
Consider b.b=1
Diff. w.r.t ‘s’
b. S+ b=0
2b . ‘;—f=o = B.j—§=0
b.b'=0 —  bandDb’ are L to each other.
Now £.b=0
Diff. w.r.t ‘s’
£ 248 50 —~  E.B+?.B=0
Asin (i) ' =K# = L.b+Ki .b=0
18|Page
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=+

b +K(0)=0

A7 b=0

— fisltob'

bis Ltob'and £is L to b'. But7 is L to tangent £ and 7.

b’ is parallel to 7

R
b'=—n

Where T measure the magnitude of arc rate of rotation of binomial and -ve sign
indicate that vector along the normal but opposite direction.

7i'=1h —K¢
Consider b X t =1

Diff. w.r.t ‘s’

b .j—i+3—f. ng
#'=b.t'+D.¢
=b . (KR) + (—1R). £
=K(b x ) = 2R X T)
=K(=f) = ©(=b)
7' =1tb —K¢f
Torsion:

Sl

X

S
Il

S

+
Il

Rate of turning of binormal is called torsion of the curve at point P.

Question:

Prove that tangent

(l) EII — FIII —
(11) F/v — i_’/// — (KII _ K3
Proof:
Since
o
o
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K'7i—K?f + Ktb

—K1?) 7 —3KK't+ (2K 't+Kt')b

7 =7(5)

-7 d'F_—’ .—>=d_'F
_ds_t St ds

P =t
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= 7=t (1)
?Hl — EII — KT_'L)’ + K’T_l)
=K(tb —KD) + K'# -+ ' =1b —K¢

7 =" = K'R—K?F + Ktb
Now again diff. w.r.t ‘s’
P =§" = K'fi' + K"R —2KK't — K€"+ K'th + KU'b + Ktb’

= K'(tb —K{) + K"'7t —2KK't — K2(Kit)+ K'th + Kt' b+ Kt(—17h)
=K'th— KK't+K"% —2KK't — K37+K'th+ Kt'b — K27

PV =" = (K" — K3 —K12) i —=3KK'#+ 2K't+Kt)b

Question:
Gy If b =—tn find b .and b"”
Gi) If 7' =1h —Ki find 7/ -and 7'/
Solution: (1)
bl =—1ii
b" =—1tn—1n’

= —t'# — (b —K¥)
= —U'R — 12b+Krt
= Kti—1'7i — t2b
Again diff. w.r.t ‘s’
b = K'tt+ Kt't+ Ket' — v'R — v’ —27t'b — t2b’
b = K'tt + KT'E + Kt(KR)—1"'% — T (tb — K©) — 2tt'b — 12(—7h)
b =K'tt +KUE+ K2ti — 1'% — Uth + TKE — 2tU'b + ©°74
b =2 KUL+K'tt + K2R —t'A + ©°7 — 3tv'h

b =Q KU+ K1) L+ (K2t —1'+)7 —31t'b
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Solution: (i1)
7' =1b —K&

— #"=vb+1h —KFf—Kt

)

=1'b +1(—tn) — K't — K(Kn)
=1Ub— %1 — K't — K7t
Diff. w.r.t ‘s’
T_l)’” = T”B + T’B’ — ZTT’?I, — Tzﬁ’ - K”E - K’E, — ZKK’T_l) — Kzﬁ,
=1'b + t'(—1R) — 21t/ — T2(th —KF)—K"f — K'(K#t ) — 2KK'7t — K2(th —K{?)
—'h — 31’7t = 13b+12 KE = K"£—3KK'7% — TK?b + K3%

= (1" — 13 — K2 1)b +(Kt?+K? = K')t+( —311t — 3KK) 7

Question:
Prove that T=— [_” r 7
Solution:
Since r=7(s)
=1 d_T'-) _ d - . d_F
ds t ds
= =t =Kn
- ?III — Eu — ﬁl _|_KI,’7i
=K(th —Kb) + K'#t
=K'l +Kth — K%t
NOW [_’l =27 _’III] _,r X T_ZII . FIII

—fxKit.K'ii+K b — K%t
=K {Ex7).[K'R+K1bh— K]
=K () .[K'R+K1b— K]
=KK'Db. i + KKtb.b — KK2b. ¢
[#, 77" —KK(O)+KKI(1) KK2(0) =K1

—’l -’II -’III
T = [F ]
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Question: Prove that position vector on the curve satisfied the differential

equation.
a L Lodi,  p T
ds (P dsz)] ds[p ds] o ds2 0
Solution:
Since 7 =7(5)
R > dif
ro= . t t I
2 EI — K—> — ﬁ
= r n=—
d p N
LHS= = 0— (pKn)]+ —[— ]+ Kn
Since K =~ ¢ =2
p g
— L AL e L B
- das g das (Tl)]+ ds[p t] e
— a
= ds[a ]+ [0Kt]+rn
= L llo(h — KO+ S[oKT] + 1.7
ds[ar ] ds[a ] +tan
AV — oKDY oK E LR e or =
= " [ ()b — oKt)]+ ds[aKt] +1tn sot=1
_ B’, _ d(oKt) i d(oKt) n
ds ds
= —t+1tn
=0=R.H.S o b =—1R
Theorem:

If tangent and binormal at a point P of a curve make angle 6 and ¢ witha
a

fix direction then prove that C\ t
ind do K 0 i
EhLLLa . b
b

sing do T P
Proof:

Let ¢ be the curve with point P on it and d be a fixed direction

with magnitude making angle 0 and ¢ with tangent and normal respectively.
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Consider

-

t.d=|t||d|cos® = 1.1 cos®

t.d=cos0 (1)
Diff. w.r.t ‘s’
i - — > aé
t'.a+t.a = -sinb—
ds

rd - i d@
t'.a+t.0= -sinb—

ds

Now

—_

b.a= |B||Ei|cos¢= 1.1 cosd
b.d = cosd

Diff. w.r.t ‘s’

Divide (2) by (3)

Ki.d

- -
—Tmn.a

. do
—sin0 s

- —sind)@
ds

)

3)

-+ d'=0as d is fixed

' =Kn

since'd@’= 0 as d is fixed

sinddd K

Question: Prove that if K = 0 at all points then that curve is straight line.

Proof: We know that
t' =Kn
=(0)nn=0

On integrating

= ¢ =a(tangent is fix which is possible only when curve is straight line.

Question: Prove that if T = 0 at all points then that curve is plane curve.

We know that

—_

b=a

Proof:

On integrating

.
b'=—tn

= b'=—(0) =0

Binormal is fix which is possible only when curve is plane curve.
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Lecture # 5

Parameters other than ‘s’

If the position vector r is a function of any other parameter u then prove that

. = P! .. - s'#xs"'y
1 b= 11 n=— - —
( ) K(S’)3 ( ) K(S,)?’
|7 7" ) o (#'"2=(s")?
() K= (iv) K*=——¢—
|s"|3 (sH*
[T-EI ,FII ,f,”,’] )
(V) = K2(51)6
Solution:
Since 7 =7(u)
2 o 7 _giNde
T d ds du
- - - d? ds
r'=t.s' 1) '.'t=—sand—=s’
- dE dS’
44 I
=/ = g ——
= du du
dt 5
==listrlgl s
du
r =t s" 't s
P =Kn.s'"*+t . s" (2) t' =Kn

Again differentiating w.r.t. ‘u’
- — d.) — dE 2
7" =K'n. (s’)2+K£ s+ Ki.2s's"+—.s"+t . s""

ds

N dt ds -
s+ 2Kn.s's"+—.—s"+t . s""
du ds du

- — di
7" =K'nis"?+ K—.
ds
=K'7fis'?+ Kni'.s's'?4+ 2Kn.s's"+Kii.s's" +t . s""
= K'7is"?+ K(th — Kt).s"3+ 2Kni.s's" +Kii. s's""+t . s""
since 7' =1tbh —K¢t , t'=Kn
_ 1=> 12 7 13 2713 = 7 I, 7 nr
= K'ns'“+Ktbs'> — K“ts'">+3Kn.s's""+t s

Now

(i) b= = #x7'= (f.s")XKis?+s"

P X 7" =Ks3(E x 1)+ (£ X O)s's"
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7' xr" '3(b) + (0)s's" sincet X t=0

+
X
S
I
S

= PIxpl!
= b=—
K(s")3
.. - s'#xs"'?
(1) n=—-———
K(s')3

(Kni.s"?+t.s") —s"(t.s")
= Kns'3+ts's" —ts's"

s'7" x s"7=Kns"3

111

— ﬁ Sr XS
K(s’)3
I GE
(1) K= e
7 x 71 = |Ks73b] 0 17 IKIs 1B
r xr'"|=K|s since..|b|=
7" x 7| =K]s*] bl=1
R x|
= K= I
. 2 _ @")2-(")?
(iv) K T

= (#")?%=(Ki.s"?+t.s"). (Kii.s"?+f . s")
= K2(s")*(ii.7) + Ks'2s" (7. €)+ Ks's" (£.7) + (s")?(E.©)
=K2(s")*(1) + Ks's" (0)+ Ks'2s" (0) + (s")*(1)
=K2(s)* + (s")?

() = (s")? = K2(s")"

(T”)Z (SII)Z

2 _
= K 0T

[*l 144 %III]

M) T e
[F’,F”,F,”] _T' X 7 —’II —’III
= Ks"3b.[ Kiis'2+Ktbs'3 — Kfs'3+3Kiis's"+Es""]
=KK's'5(b. )+ K2ts'8(b. b) — K3s'6(b. £)+ 3K2s"*s" (b. #)+Ks'3s""(b. )

—_

As b.b=1 b.i=0 ,b.t=0
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= KK's">(0)+ K?1s'%(1) — K3s'%(0)+ 3K?s"*s"'(0)+Ks'3s""(0)
[->I =17 ->IH] _ KZTS

[le =11 7j:III]

= K2(s")6
Theorem:

For x=a(3u—u?®) =3au-au3, y=3au?, z= aBu+u®) =3autau’

Then prove that K = .

Solution:
We know that Note:
N 7 =7w)
I’ |3 df d7  ds
‘r‘_)’ = BB e
LA R d ds du
And T= TREGNS R .
P=t.s
[T’ 144 —’I//] l .
= K2(7)6 =|t.S’|=|t |.|S’|
I P |7'| =|s’| since |f |=1
K2| |6

-

Now 7 =(X,y,Z)
7 = (Bau-au?, 3au?, 3autau?)
Diff. w.r.t ‘0’
7'= (3a-3au?, 6au, 3a+3au?)
r'" = (-6au, 6a, 6au)
7" = (-6a, 0, 6a)

Now |#'| =+/(3a — 3au?)? + (6au)? + (3a + 3au?)?

=V18a? + 18a2u* + 36a2u? = /18a2(1 + u* + 2u?)

=V18a’(1+w?)? =  3W2a(lw?) (1)

Now
i j k
r'x 7" =(3a—3au? 6au 3a+ 3au?
—b6au 6a 6au
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7'x 7" = 18a?{(u? — 1)i — 2uj + (u? + 1)k}

x| =/ (18a?)?{(u? — D2 + (-2u)? + (u? + 1)%}

=18a\/{1 + u* — 2u? + 4u2 + 1 + u* + 2u?}

= 18av2(1+u?)
Sl 2l 2 2
K =] _,  lsalVaasw?)
7] | 3vZ a(1+u?)|
_ 18v2 N 18
27x2v2a(1+u?)? 54a(14+u?2)?
-1
- 3a(1+u?2)? (2)

= 1A

Now [, 7", 7" ln=7x 7" 7
=18a?{(u? — 1)i — 2uj + (u? + 1)k} .(-6a i+0j+6a k)
= 18a?{—6a(u® — 1) — 2u(0) + (u? + 1)6a}

— 18a%(122) = 216a°

1
[#1°=[3vZa(L +u?)]" = 729 (2%) a1 + u?)®
=29(2%)ab(1 + u?)®
=5832a%(1 + u?)°®

[?I FII ,FIII]
T=—
K2|#|6
_ 216a3 _ 216a3x9a?(1+u?)*
1 ’ 5832a6(1+u?2)6
> | .5832a%(14+u?)®
3a(1+u?)
_ 1944
5832a(1+u?)?
1
T= —o 3
3a(1+u?)? 3)
From (2) and (3)
K=1 Hence proved
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Lecture # 6

Question:
For x=4acos’u, y = 4asin3u , z=3ccos2u
Then prove that
7 = (sinu, cosu, 0) and K = m
Solution:
r=(xY,2)
= (4acos3u , 4asin3u, 3ccos2u)
Diff. w.r.t ‘s’
d—F=d—F.d—u sincef=d—F
ds du ds ds
N . d((4acos3u ,4asin3u,3cc052u). du
du ds
= (—12acos?usinu_; 12asin*ucosu , —6¢sin2u ). u’
= (—6acosu(2sinucosu) , 6a(2sinucosu)sinu , —6¢sin2u ). u'
= (—6acosu(sin2u)", 6a(sin2u)sinu , —6¢sin2u ). u’
t = 6sin2u (—acosu, asinu , —c ). u’ (1)

Taking magnitude on both sides

|E| =/ (6sin2u)2(a%cos?u + a?sin?u + c2)u’'?

1 = 6sin2u\/a2(coszu + sin?u) +c? .u' |f| =1

1 =6sin2uva?+c? .u'

1

14

u T e——
6sin2uva?+c?

. - 1
Putin (1 = t = 6sin2u (—acosu, asinu, —¢ ). —————
( ) ( ? ’ ) 6sin2uva?+c?

? . 1
t = (—acosu, asinu, —c ). Nroveh

Diff. wr.t ‘s’
dé _ df du since 7' — &
ds du’ ds ds
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—C )] I
"VaZ+c2 1 ds

-

d )
t' = = [(—acosu, asinu,

— _ (asinu,acosu,0) ' > -
Kn = NP . (2) t" =Kn
Put the value of u’ in eq (2)
Kit = (asinu,acosu,0) 1
Va2+c? " 6sin2uva?+c?
— _ (asinu,acosu,0)
Kn = 3
6sin2u(a?+c?) 3)
Taking Magnitude of both sides
|K7i| _|a%sin?u+a?cos?u+0
((a%+c?)6sin2u)?
K[| Ja2(cos2u+sin2u)
n =
(a%+c?)6sin2u
a =1 — —
= K= (a?+c2)6sin2u < Ink=1 K =K
From (3)
— _ a(sinu,cosu,0)
6sin2u(a?+c?)
K7 = K(sinu, cosu;/0)
n = (sinu, cosu , 0)
Question:

. . . Z
For a point of curve of intersection of surfaces x2—y? = c2 and y :Xtanh(z)

2 2
Then prove that p =0 = %

Solution:

As given that

x?—y? =c? (i)
y =xtanh(®) (ii)
x?—y?=c*(1)

x2—y? = c%(cosh? 6 — sinh? 6)
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x2—y? = c%cosh?0— c?sinh? 60

On comparing

x% = c2cosh?6 ,  y?=c?%sinh?0
x = ccosh® , y = csinhf
= coshO = z R sinh® = Y
c C
Yy
= tanh® = = (111)
From (i)

Y _ i (?
; = tanh(c)

= tanh6 = tanh(%)
= 0="2
¢
= z=c0
We know
r=(x,,2)
7 = (c coshO, ¢ sinh0, c0)
= 7' = (¢ sinh0, ¢ cosh, ¢)
= 7" = (c cos, ¢ sinh0, 0)
= 7" = (¢ sinh0, ¢ cosh, 0)
o kel
i ik
Now 7' X 7" =|csinh® ccoshd c
ccosh® csinh® 0

= (0—c?sinh6)i — (0—c?cosh0)j + (czsinh2 6— c2cosh® 6?) k

7 x 7' = —c?sinh @i + c2coshdj + c*k (iv)

> N .o g2 2
|7 x 7| = \/c451nh 0+ c*cosh” 0+ c*
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|7 x 7| = \/c4cosh2¢9+ c*(sinh*0+ 1)

Z\/C4C03h2:9+ ctcosh® @ = ,/2c4cosh20

=2 c?coshé

|7| = \/czsinh2<9+ c2cosh” 0+ c2

= \/czcoshz 0+ c2(sinh*6+ 1)

z\/czcosh2 6+ c2cosh” 0 = / 2c2cosh® 6

=2 ¢ cosh®
K= V2 c?cosh6 [, V2 c?coshd _ 1
(+/2 ¢ cosh@)3 (v2)3(c)3cosh36 2c cosh?6
1
p=z = 2ccosh?@
2 2
X X ) x
p=2 c(—) = 2c¢= ... (v)' since coshO =~
c c c
And
_ [?I'FII’,FIII]
K2|7|6

7 X 77" = (—c2sinh bl + ccoshd] + cZk). (c sinhBi+c cosh0j+0k)

= —c3sinh? 6+ c3 cosh?0+0

FI X FII FIH — C3
T= c3 N 42 cosh4 o.c3 _ 1
(— )2(\/? c coshé’)6 8¢6 cosh® 2c cosh26
2c cosh26‘
1 2 x? . X
== =2ccosh’0 =2¢c— since coshf ==
T c c
2X2 2X2
0= = = pTOo=—— Proved
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Prove that

G 7.7 =0

() 7.7 =—K*

Gii) 7.7 =-3KK

(v) 77" =KK'

v) #.7?=K(K' — K3 —Kt?)

(vi) 7.7V =K'Kt? + KZTT +2K3K'+K'K"
Solution:

We knOWthat/ Tanget

=t
=Kn
7" =Ktb — K’t+ K 1t
7V = (K" & K3 ~Kt?) it <3KK't+ (2K/t+HKt)b
i) #.7"=0

LHS=7.4"=t.Kn

= K(0)
=0=RH.S

7 =F . (Kth — K*t + K 70)
=Ku(t.b) — K*(.2) + K'(£.70)
=Kt(0) — K%(1) + K'(0)
- _K?
(i) 7.77=t.[(K" — K3 —-Kt?) A —3KK't+ (2K't+Kt')b]
- _3KK (%. B - —3KK
(iv) 7. 7" =Kn. (Krb K2+ K n)
-KK'(R.7) — K3(7.©) + KZT(E. 1)
=KK'
(v) 7.7V =Kn.[(K" —K?—Kt?) R —3KK't+ 2K't+Kt)b]

~+3

S|
Il

o

=

(i1)

= K(K" — K® —K7?) (iL.7) —3K2K (7.T)+K (2K t+Kr") (7. b)

= K(K" — K3 —K1?) sincen.n=1, #nt=0 b=
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(vi) 7.7V =(Ktb - K*E+K'R). [(K" — K3 —Kt?) i —3KK't+ (2K't+K1')D]
= Kt(K" — K® —K1?) (b.1) + Kt(=3KK') (b.£)+ K1(2K't+K1')(b.b)
—K2(K" — K3 —K1?) (£.7) +3K3K'(L.f) — K*(2K't+Kt') (£.b)

+K'(K" — K3 —Kt?) (. 7) + K'(—3KK") (.©)+K'(2K't+K1') (7. b)
Since (1.71) = (5 B) = (<. E) =1

And (ii.b) = (b.£) = (£.1) =0
= Kt2K't+Kt)(1) +3K3K' (1) + K'(K" — K3 —K12)(1)
=2KK't*> + K?tt' +3K3K'+K'K" — K'K3® — K'Kt?

7.7 = K'Kt® + K21t +2K3K'+K'K"

Question:
Prove that n
[ttt = [, 7,77 =K® % (%) t
Solution:

We know that

7 = = Kii = 0F 4 Kt + 0b b

=P LK 2E + K'Y Kb
PV =" = —3KK't +(K" — K3 —K1?) fi+ (2K't+K1')b

-

[El, EII’ t‘:’///] — [F!I’ T"”, ,",.’IU]

0 K 0
=| —K? K Kt
—3KK' K" —K3—Kt* 2K't+Kt

= 0—K[—2K?K't — K3t + 3K?*K'1] + 0
= —K[K?K't - K*c] =K. K?[KT — K'1]

K2K3[kt'—K 1]
K2

-2

Hence proved.
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Question:

Prove that n
e R 51 K t
[b’b ’b ] T ds(T) ‘
Solution:
We know that
B’:—T‘r_iZOI_I)—TT_I,)+OE b
b =Ktt — 17 — TZE
b"" = (2Kt + K,r)f +HK*t—1"+)n— 3tt'b
0 T 0
[E’, B//’ BIH]Z Kt —‘[I —7°
2Kt + Kt K?t—1v"413 -3t
= 0—t [-3Kt?t +2Ke?t HK 1]+ 0
- o [KR K B R TR — Ko
=T TZ [K,T i KT,]
_ 1218 [K't—K7']
- 2
23
ds \t
Hence proved.
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Lecture # 7

Equation of the Centre of Curvature:

Curve

. “Imaginary circle
completing the

curve

Let ¢ be the position vector of Centre of curvature. And 7 be the position vector
of point p on the curve ¢’ with respect to Centre O.

Then c =7+ pn

Theorem:

Prove that tangent to its locus lies in the normal plane.

Proof:

We know that equation of center of curvature

¢ =7+pn
Diff. w.r.t ‘s’
dé df  di  dp
ds ds ’Ods dsn
ZF,+pT—i,+p’ﬁ
={+p(tb —KE)+p' R
dE rid 7 2 ] =
E=t+prb—pKt+pn
- - 1->
=t+p’n+prb—p.;t
=f+p' A+pth—1t
c_
—=p'n+ptb

Collected By : Muhammad Saleem
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Moving Trihedral:

The triplet (£ , 7, B) of unit tangent, unit principle normal and unit binormal are

called Moving trihedral.
Equation of binormal
R =#+ub
R =7+u(xn)

=1

_ =z r O
=7+ u(t % K)

=]}

=g - - 7!
R =r+‘u(r’><r7)

"

=7 += (X T

~ ==

R=7+v(F x )

Theorem:

b=tx
S - 7
"= Kn = n=—
K

t= 7'

U

v ==t

K

If the radius of curvature is a constant for'a given curve C then prove that

(i)  The tangent toyits locus ofits center is\parallel to the binormal at point

PonC.

(11)  Curvature of locus c¢; is same as curvature of the given curve.
(ii1)) Torsion of locus of centre of curvature vary inversely as the torsion of

1
T, X =

the given curve c. -

Proof: (1)  As we know that
¢ =7+pn
Diff. w.r.t ‘s’

dé _ dr

+p—+—
ds ds P ds ds n

=7+ pn' +(0).71

=7+ p(tb —K7)
¢ _ - 7 >
E—t+prb pKt

=+ pth— p=t

|-
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=t +ptb—t
dé >
E = p’l:b
dé . _
= =4b pTt=4
dé - 5 - 5 N
E//b a// b = a=A1b
(i1))  As we know that
¢ =7+pn
Diff. w.r.t sy’
dé _dé as
ds; ds  ds;
_ 8 gy s
y ds(r +pn) . dsi
2 E %
ty= pt i b (1)
Taking magnitude both side
- a E by
AT
ds - 7
e st =1, ] =1
ds- 1
N VE (2)
Puteq (2) ineq (1)
i i—’
t; = pt e b
£&,= b (3)
Now diff. (3) w.r.t “s;’
@i, a5 as
ds; ds  ds;
2 7 E
ty =b". o
=i .— b =—1n ,E—i
pT ds; pt
K1n1 - _ﬁK t, = Kﬁ) ) K :%
Taking magnitude on both sides
Ky I, |=]-1|K = K, =K Proved
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(111))  As we know
t, =b (1)
n, =-n (2)

Taking cross product of (1) and (2)

tyx ny bx (1) =—(bxn)
= by :_(_E)
= b=t
Diff. w.r.t ‘s;’
db, df ds
ds; ds  ds;
2y 2 ds
b; =t ¥y
T =K. =
1M ot
=Kn'.=
T(—ny) =K <
T, o¢=
1 T

Hence proved

Theorem:

If s; is the arc length of locus of centre of curvature then show that

ds _ 1 2.2 N2

. Kz\/KT + (K"

ds _ (e L o2
Or dSl_ (0') +(p)

Proof:

As we know that

¢ =7+pn
Diff. w.r.t ‘s;’
d¢ _dé ds
ds; ds  ds;
d, - - ds
=—(r+tpn). —
ds( p ) dsq

Collected By : Muhammad Saleem
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b =—tn,,t'=Kn ,—=—
1 171> >ds;  pt

1
Kl 4

p
—ny; = (n,)
K? is constant
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ds ds ds dsq

— (F+p(tb —KB) + p' 7}) =
dSl

= (£+ptb — pKE+p’ ﬁ)E
dSl

i ;] = i 1—)d
=(t+p n+prb—p.;t)d—:1
EC TS S .1
=({t+p' n+ptb t)dSl
- _ ) _S
L =(p'ntph) -

Taking magnitude on both sides

> n ds
|t1| =\/(,0 )2+ (PT)Zd_Sl

1=+ (P02 o

ds 1

dsy) || @D (PO?

=@ (D

_1_ 51

K
Taking derivative
pl — _K—ZKI

P oK'

K2

Putin (1)

2
ds, (—K’) 1.,
— _T
ds \/ K2 +(K )
K/Z TZ
K* K2

K'2+K212 ds

N Kk

(1

:> —_—
dSl KZ

\/KZTZ + (K')? Proved
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Lecture # &
Helix:

A curve traced on the surface of a cylinder and cutting the generator at a
constant angle is called Helix.

Thus, the tangent to the Helix is inclined at a constant angle to a fix direction. If

t is on its tangent to the Helix and d is a constant vector parallel to the generator
of the Helix then

= t a=|f||a|cosa

=1.1 cosa
= t.d = cosa Xt?gem
Since o is fixed so the £./d is constant

Constant
angle

Question:

Prove that necessary and sufficient condition for the curve to be Helix is that
K
— = constant
T
Solution:
: . K
Let the curve is helix. Then we have to prove that — = constant

Since for a helix we know that tangent at any point to the curve makes a
constant angle o with the fix direction of the cylinder.

Let d@ be the unit constant vector along the direction (generator). Then
f.c’i=|f||d’|cosa |E| = |al=1
t.d = cosa "+ o is constant

Diff. w.r.t ‘s’

t0 =0 -+ d is constant

_|_

>
—.a

=]

= . .d=
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Kii.d=0 ot =Kn

K#0, n.a=0

u

nldbutn Lt
= a will lies in the plane formed by the tangent

and binormal.

5
b
Then
- d .
a= |t|cosoc + |b|sm0c
- -
d= tcosa + bsina
Diff. w.r.t ‘s’
dad - =2, . .
== t'cosa + b'sina -7 o is'constant
. - —
0 = K7 cosa + (=+71) sina. =Kl b' =—1n

0 = 1i(Kcosa—T sina)
Taking dot product with ' 7 both sides

0. 1 =n.n(Kcoso—t sina)
0= (1) (Kcosa—Tt sina.)
0 =Kcosa—1 sina

= constant * o 1s constant
Sufficient Condition:

Let g = constant

We have to prove that curve is helix. For this it is sufficient to prove that

t. d = constant

K 1 .
Z=- orK=:Z (1) "+ c 1s constant
T c c
Now we consider
t' =Kn (2)
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Puteq (1) ineq (2)

= ¢ =§ 7 (3)
As b =—1R

Divide both sides by ‘¢’

B, . T -
= - Tz n (4)
Adding (3) and (4)
p+l-Iig IR
c c c
ct’'+p’ _ 6
c

dt db, =
= c—+=E0
ds das

d - - _—>
= — (ct+b)=0
Integrate both sides

d N — —
= = (ct + b)=/0

of + b=ad "+ a s constant of integration

e
~+y
+y
+
[yl
~+y

I
Q
~
S
+y

Il
o
+y
o+

Il
[E—

= t.d=c
=  f.d=constant
Spherical indicatrices:

When we move all unit tangent T of a curve ¢ to points their extremities then
describe a curve ¢; on the unit sphere. This curve c; is called spherical images
(indicatrices). There is on-one corresponding between c and ¢;. We can
similarly obtain image of ¢ when its normal and binormal move to a point to
construct the spherical indicatrices of tangent line parallel to the positive
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direction. If the tangent at the points of the given curve from the center ‘0’ of
unit sphere.

Let ty, t,, ts,...... where those line meets are spherical indicatrices of the
tangent.

Definition: f
(i) Spherical Indicatrices of tangent:

The locus of point where position,vector is equal to unit tangent at
any point of the given-curve.

(ii) Spherical Indicatrices of Normal:
The locus of point where position vector is equal to unit normal at
any point'of the given curve:

(iii) Spherical Indicatrices of Binormal:
The locus of point where position vector is equal to unit binormal
at any point of the given curve.
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Lecture # 9

Question:
Let x=3cosh2t , y = 3sinh2t ,
Find arc length from ‘0’ to ‘w’.
Solution:

Diff. the above w.r.t ‘t’

&X — 6sinh2t

dt

v _ 6¢cosh2t

dt

L_6

dt

Formula forarc length

) ae S ) (%)

dr
dt

Now |%| =/ (65inh2t)? + (6cosh2t)? + (6)2

) \/(6)2(sinh22t Ycosh?2t+1)

= 64/ (sinh22t + 1) + cosh?2t

=6V cosh?2t + cosh?2t
= 6V2cosh?2t
= 6v2cosh2t

Taking integration from ‘0’ to ‘m’.

Iy

dr
dt

dt =6V2 [ cosh2tdt
T

_ sinh2t
= 6vZ 2 (|)
= 3+/2 (sinh27 — sinh2(0))

= 3+/2 (sinh2% — 0)
34/2 sinh2n

Collected By : Muhammad Saleem

z =6t
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Question:

a+b

Given that x = (a+b)cos6—bcos (%)6 , V= (a+b)sin6—bsin(7)9 ,2=0

Find arc length from 0 to 6

Solution:

Diff the above equation w.r.t 6

dx _ _ in0—bsin (&2 atb
= (atb)sinO—bsin( - )6 . .

= — (atb)sind+(a+b)sin(=2)0

= (a+b) (—sin® + Sin(aTTb)e)

dy _ bess( &g et
0 = (at+b)cosO—bcos( ” )0 . -

a+b

= (a+b)cose—(a+b)cos(T)6

= (at+b) (cose—cos(aTer)e)
dz
0 0

Formula for arc length

1 a0 =g (L) + (2) + (%) a0

dr
ao

Now

dr

2ol \/((a +b) (—sin® + sin(abLb)e))2 + ((a + b) (cosd — cos(abLb)e))Z +(0)2

= \/((a + b) (—sin6 + sin(abLb)e))2 + ((a + b) (cosb — cos(abLb)e))2

_ \/(a + b)2 [(—sin@ + sin(%f’)@)2 + (cose — cos(%)@)z]
=(atb)x

\/sinz 0+ sin? (aTJ:b) 0 — 2sinBsin (aTTb) 0 + cos20+ cos? (aTTb) 0 — 2cos0Ocos (a%b) 0

= (atb) \/1 +1 - 2cos(0— 2 0)
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= (a+b) \/ 2 — 2c05(*—2)
= (atb) \/ 2(1 - cos(%g)) " cos(-0) = cos0O
= (atb) \/2(1 — cos(% 9) “» 1-cosO = Zsinzg

= (atb) /2(251'112 (% 0)
= (a+b) /4sin2 (% 0)

= 2(a+b)sin(% 0)

Now integrate from 0 to 0

N

d

r
ao

do= [, 2(ar b)sin(z- ) do
0

a
—cos(EH)

G

= 2(atb).. % (—cos (% 6?) ~(=cos (% O))

=2(atb)

= 2(atb) . 2 (—cos (5 6) + 1)
= 4(atb) .2 {1 - cos (% 9)}
Question:

x =2a(sin"1t + tV1 — t2) , y=2at? and z = 4at find arc length from O to t .
Solution:

Diff. above w.r.t ‘t’

+ VI = €2 + t(—— (—20)]

dx a [ 1
dt V1-t2

2V1-t2
—a[ == +VI— 2 — ]
N N
P — 2
- 22l + VI - 7]

=2a[ V1 —t2+V1 — ¢?]
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&~ 2a2V1 — £2)

dt
=4av1 —t2
d
=2 = 4at
dt
L —4a
dt

Now

Formula for arc length

P& ae= g J(2) + (@) + (&) a

= \/(4am)2 + (4at)? + (4a)?

dr
dt

dr
dt

=J (1 —t2 +t2+1)(4a)?
= 4av2

Integrate from O to t

[y |5 dt =4avz2 [, dt
= 4a\/2(t—0)
= 4av/2t

Theorem:

Show that the curvature of spherical indicatrices of the tangent is the ratio of
skew curvature to circular curvature of the curve that is

VK2 412

K1= K

also prove that
= Kt'+tK'
L K(K2+72)
Proof:

Let 73 be the position vector of a point of the spherical indicatrices
of the tangent to the curve then

-

f=t (1)
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Diff. eq (1) w.r.t °s’

any _ di
ds ds
d? ds - - -
L= =t t' =Kn
ds; ds
- ds —
,1 —1 = Kn
d
So that
ds
=1 =K
ds
= =0 (2)
Diff. eq (2) w.r.t s’
at, | \ai
das ds
dt; ds; 1
ds; ~ ds
t',. (K)= tb =K¢& o 7' =1b —K¢t

(K,7',)K = th +KE
Divide by K

e A TB—KE
Kin'y =

Taking square

2p.b—K2EL

2> = _
K (n’l.n’l)— 2
‘EZ—KZ
Klz -
K2
VK2+12
K= ——

Now equation of osculating sphere
R* =p* + (0p')? (3)

As the indicatrices lies on the sphere of unit radius since R =1

1= p21 + (Glpll )2
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1 1 -Kq 1 -K
l=—+(—. =— ,0, =— '=—
K12 (Tl K12) pl Ky s V1 T, ap 1 K12
=L 1 —K;'?
K12 T12 K14
1 K;'?  Ki%-1
T12 K14 K12
K,'?
= T12 = 2
2
K1°(Ky —-1)
K,
- y-—2 @)
2
K1,/(K1 —-1)
Also
K.— VK? 47?2
1 K
Diff. w.r.t ‘s;’
ak, _ 4Ky ds|
dsq ds ~dsi
2
K r_d K*“+472 ds
1 ds K “ds;
! !
k() VR K
_ 2V K2 +72 1
K2 'K
2KK' +277’
K(—)—\/K2+TZ.K’
_ _\2JK?+7?
K3
_ K?K'+K1t'-K?K'-K'7?
K3VKZ572
K. = Ktt'-K'z?
| ==
K3VKZ 412
Put the value of K;' in equation (4)
Ktt'-K' 2
T, = 1{3\/1{2+‘r2
=
2
K1,/(K1 —-1)

Collected By : Muhammad Saleem
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Ktt'—K't? 1

= T= .
b JkEe [k ) K3VKZ+72
( )%-1)
K K
T Ktt'-K't? K?
= = )
L VkZ+2(JK2+12-K?)  K3VKZ+12
= T, = Ke'-K'z roved
1~ kz4)g P
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Lecture # 10

Theorem:

Prove that the curvature and torsion of the spherical indicatrices of the binormal
is

Nreres] K -t'K
T

K= and T; = (k2100

Proof:
The equation of spherical indicatrices of the binormal is
7 =b
Diff. eq (1) w.r.t ‘s;’

dfy, | db | ds

ds; ds ' dsq

ar 7 ds I ¢ —
FERL A wibl=—T
1 |t1|= —‘l.'Tld—S1
i — ds
ty = —Th.— PRIy
S1 _Tdsl n
- — ds
t =N L. 1 & ¢ T— = 1 = ﬂ
1 ( ) dSl 1 Tdsl
Diff. eq (1) w.r.t sy’
=, N
dt,  -dm th = Kiny
dsq ds, ds 1
E, _ _d,r—i ﬁ d51 T
1 ds " ds;
rd A —7 das
t 1~ - d_
S1
P 7 1 -/ e 2
Kin,= —n'.-  n'=1b —Kt
T
— _ g -1
(Klnl) = — (Tb _Kt) ;
— KE—TB
Kiny =
Taking square on both sides
o, - T2tE+1%b.b—2Kitb > >
Kl Tll.nl = ‘[2 % t. b - O
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_ K%41?

2
K, 2
Nrea
Ki= —— 2)

As the indicatrices lies on the sphere of unit sphere ( R =1)

R? = p?, +(op")?

_ 2 ! 2 .o _
1= p* +(o1p'y) s R=1
1 1 -k 1 1 —Ky'
l=—+(—. =— 04 =— ==
K12 (tl K12) pl Ky s Y1 T, ap 1 K12
=L 1 -K;'?
Klz T12 ’ K14
1 K%/ Ki%-1
T12 K14 K12
K12
:> le = K 2
Ki?(K; 1)
K,
= T = —TF7—= (3)
Kl‘/(Klz—l)
Also
VK2 412
K= ——
T
Diff. w.r.t ‘s;’
ak, _ dK; ds_
dsq ds ' ds;
) a K+ g
K, =23+ &
ds T ds,
! !
<2KK +2tt )_ K2472.1'
_ 2V K2+72
12 ‘T
<2KK’+21:1:’)_ K2+72.1
2V K2 +12 '
3
52| Page

Collected By : Muhammad Saleem Composed By: Muzammil Tanveer




2t +7KK' 121" -t'K?
3VK2Z+12
_ K(@K'-t'K)

K !
1 3VKZ+12

Put the value of K, in equation (3)

K@K -t'K)

__13VK2472

=> T = »
K11/(K1 -1)

K(tK'-1'K) 1

:> Tl - .
VK2 +72 \/(x/K2+1,-2 )2-1) VK2 472
T T

_WKG@EK'-UK) T
t2(K2+12) 'K

= T, = KK roved
1 T(K%2+712%) P

Question:

Find out spherical indicatrices of circular helix.

Solution:
As 7 = (acos0, asin0 , c0) ;

Diff. w.r.t ‘s’

af _ df  de

ds do " ds
24 - ag
T de(acos@, asind,cO) T
- . ao
t = (-asinB , acos0 , c) . = (1)
Squaring both sides

5 o . o

t .t =(a’sin?G+a’cos?O+c?) (E)Z
. d

1 = (a?(sin%e+cos?6)+c?) (d—i )2

1= (a%+c?) (5)

1
a2+ c?

do\p _
ds)

c#0

R
7=t
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do 1
Y=l v (say) A =+va?+ c?

Put in (1)

- . 1
t = (-asinB , acos0 , c) . r

Diff. w.r.t ‘s’
i _di
ds B do " ds
27 _i _ . l @

_dH( asme,acose,c),/1 —
Kﬁ:(—acos@,asin@,O)l.l ﬁ:l

A A ds— A

= K;Z:(—aCOSQ,—aSiHQ,O)(;—Z) ..... (4)

Squaring ' both' sides

K? (n.n) = (a*cos> 04 a*sin? 9)./1—14

K? = (a*(cos” 0 + sin” 9)).%

a

K:?

put in (4)

/{Lz n= a(—cos@,—sin@,O).%

n =(—cosd,—sind,0) (5)

Now b=txn

i ik
_ |—asin@ acosf c
T A A

—cosd —sinf 0

= i(0+£sin9j—i(0+£cos9)+ /’c(ﬁsin2 49—|—£cos2 9)
A A A 4

= singi - £cost9}' + ﬁ(sin2 0 + cos” 49)12
A A A
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Question:

= b= (isinﬁ, _—ccosﬁ,gj
A A A

Spherical indicatrices for tan gent is

_ _asind
A
_acost
A
c
z=—
A
Spherical indicatrices for normal is
x=—cosd
y=—sin@
z=0
Spherical indicatrices for binormal is
¢sin@
xXxX=
A
__ccosd
A
a
z=—
A

Find the equation of tangent plane and normal to the surfaces z = x?+y? at point

(1,-1,2)

Solution

Collected By : Muhammad Saleem

Given that z = x2+y?
Let F[x,y,z] =z—x?% — y?
= F/[x)y,z] = —2x
At(1,-1,2) = EJ[xyz]= —2(1)=-2
= EFxyz]= -2y
At(1,-12) = E[xyz]= =2(-1)=2
= E[xyz]=1
At(1,-1,2) = E[xyz]=1
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As equation of tangent is

(X=x) E+(Y—y) E,+(Z—2z) F, =0

X=1) (=2)HY+1) (2)+(Zz=2)(1)=0
—2XA2+2Y+2+72—-2=0
—2XH2Y+Z+2=0
—2X2Y+Z = -2

Now equation of Normal is

X-%) _ (Y-y) _ (Z-2)
Fy Fy F,

(X-1) _ (Y+1) _ (z-2)
-2 2 1

=X\

Question:

Find the equation of tangent plane and normal to the sutfaces
a?/3 = x?/3+y?/3473/3 at point (1,2,2)

Solution ~ Given that —a?/3|=5 x2/34y?/34:22/3

Let F[x,y,2] =%/ 3 y?/342%3+ \q?/3

2 -1 2 -1 2 -1
Fx[XaYaZ]zgx /3 > Fy[X,YaZ]zgy /3 > Fy[X,y,Z] =§Z /3

AT (1,2,2)
2 -1/ 2 2 -1/ 23
Fx[Xa}IaZ]:;(l) /3:§,Fy[x,y,Z]:§(2) /3=T’
- 2/

Elxyz=2(2) /5= 27
As equation of tangent is

(X_X) Fx+(Y_Y) Fy+(Z_Z) FZ =0

2 22/3 22/3
X=1) QHY=2) 5I)HZ-2) (5 =0

2 2(X-1)+ 2°/3(Y-2)+ 2°/3(Z-2)] = 0

2X-1)+ 2%/3(Y-2)+ 2°/3(2-2) = 0
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Now equation of Normal is

X-%) _ (Y-y) _ (Z-2)

Fy Fy F,
XD _ (D) (22
3 3

is the equation of normal.

Surface:

A surface is said to be a locus of a point whose cartesian coordinate (x,y,z) are
function of independent parameter u and v 1.e.

x = f(u,v)
y =g(u,v)
z=h(uv)

Another definition of Surface:

A surface S is locus of point whose coordinates can be expressed as the function
of two independent variables'i.e.

x =%v)
y =y(u,v) ...(1) wherea<u<b and c<v<d
z =2z(u,v)

In vector form 7 = 7 (u,v) denotes the equation of surfaces. Equation (1) called
Gaussian form of the surface. Sometimes it is possible to eliminate u and v to
get functional relation

f(x,y,z) =c¢ ...(2)

which is called implicit form of surface. It is possible only if the matrix

ax oy oz
M= g’; g” g“ has rank 2 those points where matrix M has
@ oz
v dv Ov
rank O or 1 is called singular point. The implicit form of eq (2) can be written as
z=1xy) ....(3)

Which is called as Monge’s form of surface
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Example:

X = acossiny

find matrix

Solution:

dx

— = -asindsin
% dsiny
dy .

— = -asindcos
2 dcosy
ox

— =acos

o ¢

_ [—asind)sin\p
acoshcosys

Collected By : Muhammad Saleem

, Y = acoscosy

z = asind

Ox

b a\V

oy

o a\V

Ox

o a\V
—asingcosy
—acosfsiny

= acosdcosy
= -acosfsiny
=0

acgsd)]
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Lecture # 11

Tangent plane:

Let r =1 (u,v) be the equation of surface in terms of parameters u,v. Then

dr _0r du , Or dv

ds odu ' ds 0v ds

dr du dv
—=1.—t1r.— where
ds ds ds

Equation of Normal

1><7”2|

=

N =
= |ratr

N, ry, 1, forms right handed system

Parametric curves:

Let r =71 (u,v) be the equation of surface. Now by keeping u = ¢ (constant) or
v = ¢ (constant) we get curves of spherical importance and are called parametric

curves.

U-curves:

If v =c and u varies the-points 7 =7 (u,c) describe a parametric curve called

u-curve or parametric curve at v = c.

V-curves:

Ifu =c and v varies the points r =1 (c,v) describe a parametric curve called

u-curve or parametric curve at u = c.

Family of curves

v = constant

Collected By : Muhammad Saleem

Family of curves

/'

u = constant
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First order Fundamental magnitude:

ar ar
As ==, T =—
1 au 2 ov
_9%r _9%r
i =52 22 7 52
9%r
And Ty, =
1z ouov

The vector r; is tangential to the curve v = constant at the point ry. Its direction

is that the displacement dr due to the variation du in the first parameter.

We take the positive direction along the parametric curve v = constant
i.e. for which u increases. Similarly, vector 7, is the tangent to the curve when
u = constant which correspond to the increase of v. Consider the neighbouring
point on the surface which position vector r and r+dr corresponding to the
parametric to the parametric value u,v and u+du/, v+dv respectively

Then

dr==.du+—=.dv

Since the two points ‘are adjacent point 'on the curve passing through them.
The length ds of the element of arc joining them is equal to their actual distance.

dr=ds=r .dutrn,.dv

2
(ds)? = (r_l.du + r_z.dv)
(ds)? = r 2du®+ r,2dv?+ 2ryrydudv

As E=nr? F=rnr.1r, ,G=n2
(ds)? =Edu?+2Fdudv+Gdv? (D)

The quantities denoted by E,F,G are called Fundamental magnitude of
first order.

The quantity EG—F? is positive on real surface in u and v are real VG

and VE are the modulus of r;and r, and if it denotes the angle between these
vectors.

Let H2 = EG—F? and He be the positive square root to this quantity.
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Question:

Calculate the 1% fundamental magnitude as X = ucosd , y =sind , z=co

Sol.
Let r (x,y,z) =1 (ucos¢, using, cd)

2 (x.y.2) =13 = (cos}, sing , 0)

62

# (X’Y7Z) =Tn1= (0,0,0)

% (Xa}IaZ) =n = (—uSin¢ 5 UCOS(I) 5 C)
a%r .

a_¢2 (XaYaZ) = T2 = ('UCOS(I) 5 _usnld) 5 O)

02 |
Tug (X:¥:2) £ 1157 (sing cosd, 0)

Now for first order fundamental magnitude
E =12 = (cosd, sind, 0).. (cosd , sind , 0)
=cos%d + sin’dp +0
E=1
F=nn
= (cos¢ , sing , 0) . (-using , ucoso , c)
= -ucospsinptucospsind+0

=0

= (-using , ucos¢ , ¢) . (-using , ucos¢ , c)
= u?sin®¢ptu®cos?+c?
= u?+c?
Question:
Take x,y as parameters. Calculate the first fundamental magnitude of
2z = ax*+2hxy+by?
Solution:
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Given 2z = ax*+2hxy+by?

Z__ax2+2hxy+by2

2
ax?+2hxy+by?
2

)

2ax+2hy)
2

t (X7Y’Z) = Z (X’ Y’

or .
a(x,y,z)—rl =(1,0,

= (1,0, ax-+thy)

62
# (X’Y7Z) = Tll = (anaa)

2by+2hx
2

)

or o

Fm xy,z2)=1r,=(0,1,
= (0,1, by+hx)

62

# (X7Y9Z) = TZZ 73 (0 ) 0 9 b)

9%r

dxdy

(x,y,2) = 112 (0, 01 h)
Now for first order fundamental magnitude
E =12 =(1;0; ax+hy): (1,0, ‘ax+hy)
= 1+ (ax + hy)?
F=nn
= (1,0, ax+hy) . (0,1, by+hx)
= (ax+hy) (by+hx)
G= 1,2
= (0,1, by+hx). (0,1, by+hx)
= 1+ (hx + by)?

Question: For the surface x =ucosd , y = sin¢ , z = f(u). Find first
fundamental magnitude.

Solution:

Let r (X,y,z) =1 (ucosd, using, f(u))

= (xy.2) =11 = (cosd, sing, f'(w))
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627" 144

u? (x,y,2) = 111 = (0,0, f"" (w))

% (X,y,2) =12 = (-using , ucos¢ , 0)
9%r 1

aF (X,y,2) = T2 = (-ucos¢ , -using , 0)

02 .
Sug (%:¥:2) = T12= (-sing . cos¢ , 0)

Now for first order fundamental magnitude
E=r2=(cosd,sind, f'(u)) . (cosd, sind, f'(u))
= cos?d + sin?P +f'2(u)
E=1
F=nnr

(cosd , sind , f'(w)) . (-usind , ucosd , 0)

= —ucos¢singrucosdpsind+0

G= 7'22
= (-using , ucos¢ , 0) . (-using , ucos¢ , 0)
= u?sin?¢+u?cos?¢+0

G =u?
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Lecture # 12

Second order Fundamental form and second order Fundamental
magnitude:

Let 7 = 7(u,v) be the equation of surface and N be the normal to this surface at
the point 7(u,v)

N = 71 XT3
|71 X735
= X7, — —
= N= 1H 2 (A where H=|rf X7,
As we know that
—, 0% _—, 9%
11 R o = 552
—4 927 18 927
And Ty =——  To7.=~——
125 Tquav 221 gpau
If L =%TaNvs M= 75 Ny N=7,.N

Then the quadratic equation form

Ldu?+2Mdudv+Mdv?  where du,dv is called second order
fundamental form. The quantities L;M,N are called the second Fundamental
magnitude

Alternative form for L,M,N since the vector 77 and 7, are tangential to
the surface at point 7. So unit vector N is perpendicular to both vectors
roandr,

Then we have

N.77=0 ..(1) & N.%5=0 ...
Diff. (1) w.r.t ‘w’ Diff. 2) w.r.t ‘v’

N. 7 +N,. 7=0 N. 7+ N,. 55=0
N.77=—-N. 7 N. 7= —N,. 75
L=N.77=-N,. 7 N=N. 7y=-N,. 75

Diff. (1) w.r.t ‘v’
N. 753 +N,. 77=0
N.7;=—-N,. % = M=N.7;=—N,. 7y
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In the case of three vectors

—_ = —— g —> _  —
[ .1y, =1 X1y .1

=HN .77 From (A) 7 X75 =HN

= HL +N.77=L
(71,73, 72 1 =71 XT3 .75,

=HN .75, From (A) 7 X75 =HN

= HN ' N.7y =N

Question:
Calculate the 2™ fundamental magnitude as x = ucos¢ , y = sin¢ , z = c¢
Sol.

Let 7 (x,y,z) = 7 (ucos¢, using, cd)

2 (x.y.2) = Fy = (cos . sing, 0)

%7

ou?

(X7Y7Z) = Fll = (09070)

Z—; (x,y,z) = 7, = (-using , ucos¢ , c)

2=
57 (:3.2) = Tz = (-ucosp, -using , 0)
927 P
udd (X’ysz) = 2= (_Slnd) D COS(I) D O)
Now N = T1 XT3
77 <751
i j ok

cosd sing O
—using ucos¢ ¢

T OXTy=

= (csing-0) i — (ccosd—0)j + (ucos? ¢ + usin?® gk
= csind? — ¢ cosdf + uk

T, X1, =(csind,-c cosd,u)

T X T3] =+/c2sin2¢+ c2cos?p+ u? =c? + u?
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~  (csin¢,—c cosd,u)

Ve2+u?

= (csing ,—ccosp,u)

L=7; N =(0,0,0) =22 0

(csing ,—c coso ,u)

M=7,.N =(-sind, cosd, 0). N

—c
Ve2+u?

(csin¢g ,—c coso ,u)

N=7,,.N = (-ucosd , -using , 0). N

__ —ucsingcos+cusingcosd + 0)

Vez+u?

Question:
Take x,y as parameters. Calculate'the 2 ‘fundamental magnitude of

2z = ax?+2hxy+by?

Solution:
Given 2z =ax?+2hxy+by?
s = ax?+2hxy+by?
2

5 N ax?+2hxy+by?
rxy.)=rxy,—— )
ar > 2ax+2hy
a(x,y,z)=r1=(l,0, 2 )

= (1,0, ax-+hy)

%7 >

9x2 (X’Yaz) = T11 = (anaa)

or _2 2by+2hx
dy (Xay:Z) =7 (09 1 ’ 2 )

= (0,1, by+hx)

937 = 72.=(0.0.b
F(X,y}z)_ 7/'22_( ) )

%7

d0x0y

(X9Y9Z) = ?122 (O s 0 s h)

Now for 2" order fundamental magnitude
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Now ﬁ=ﬁxﬁ
|71 X7
i j k

n Xrp,=|1 0 ax+hy

0 1 by+hx

= (0-(ax-+hy)) i — (hx+by—0)j + (1-0)k
= -(ax+hy)i — (hx+by)j + k
71) X r_Z) - (_(aX+hY) > _(hX+bY) > 1)

|77 X 75| =+/(ax + hy)Z + (by + hx)2 + (1)2

= /(ax+hy)2 + (by + hx)2 + 1

\ N)z (~(ax+hy) ,—(hx+by),1)
J(ax+hy)2+(by+hx)2+1

(=(ax+hy) ,—(hx+by) ,1) _e a
J(@xAhy)2+(by+hx)2 +1 J(ax+hy)2+(by+hx)2+1

L=7; .N =(0,0,a).

(—(ax+hy) ,—(hx+by),1)
J(@x+hy)2+(by+hx)2+1

M=75 .N.=(0,0,h).

h
J(ax+hy)2+(by+hx)2+1

(=(ax+hy) ,—(hx+by),1)

N=7,,.N =(0,0,b). (ax+hy)2+(by+hx)2+1

b
~ JG@x+hy)2+(by+hx)2+1

Question: For the surface x = ucos¢ , y = usind , z = f(u). Find 2™
fundamental magnitude.

Solution:

Let 7 (x,y,z) = 7 (ucosd, using, f(u))

7 (x3:2) =1, = (cosh , sind , ')

927
du?

(X,y,Z) = Fll = (O’O’ f”(u))

o (x,y.2) =7 = (-using , ucos , 0)
927 N .
6_¢2 (X7Y7Z) = T2 = (-UCOS(I) H -USHI(I) ’ 0)
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927
udp

(X7Y7Z) = FIZZ (-Sin(l) ’ COS(I) ’ 0)

Now for 2" order fundamental magnitude

Now N = ﬁxé
|7y X77]
[ Ji k
T, X1, =| cosd sing  f'(uw)
—usindg ucosd 0

= (0-ucosof’ (w)) it — (0+usindgf’ (w))j + (ucos? ¢ + usin? gk
= —(ucos¢f’ (W) I - (usingf’ (w))f +uk

= ((=ucos¢f’(w)) , (—usingf’(w)) ,u)

T X715 /= ((=ucosdf’(w)) |, (—usingf’ (1)) { u)

77 x 751 = y/((—ucosdf’ (w))? + ((—usingf"(w))? + (u)?

= \/uz + uf'*(w)

N, ~ ((—ucos¢f’(u)) ,(—usind)f'(u))'u)

= a)
/u2+u2f’2(u)

(—ucosq)f'(u)) ,(—usinq)f'(u)),u)

fu2+u2f’2(u)

= 7 " (
L=7r; .N =(0,0, f"(w)).

u ' (w)

[
iz N = (-si ~ucospf’ () (~usings’ @),
M= T2 N = (_Sln(l) ’ COS(I) s O) (( ucoses (u ) ( using/” (u )u)
Juzraer

=0

(—ucos¢f’(u)) ,(—usinq)f'(u)),u)

N =7,,.N =(-ucosd, -using , 0).
}u2+u2f’2(u)

uf'(w

/u2+u2f’2(u)
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