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Lecture # 1
Introduction:

It is the branch of applied mathematics which deals with fluid at rest or in
motion.

There are three categories of fluid mechanics

(1)  Fluid Statistics — It deals fluid at rest

(i1))  Fluid Kinematics — It deals fluid in motion without
considering the force which cause or accompany the motion e.g.
speed, velocity, acceleration & displacement etc.

(i11))  Fluid Dynamics — It deals with the study of fluid which are
in motion.

If one asks why we study the fluid mechanics? We casually look around
most things seem to be solids but when one thinks of the oceans, the
atmosphere and on out into space it becomes rather obvious that a large
portion of the earth surface and of the entire universe is in a fluid state.
Therefore, it becomes essential for sciences and engineers to know
something about fluid mechanics.

Applications of Fluid Mechanics:

There are many applications of fluid mechanics make it one of the most
important and fundamental in almost all engineering and applied scientific
studies such as applied mathematics, plasma physics, geo-physics, bio
physics and physical chemistry etc. The experimental aspects of fluid
mechanics are the studied through various discipline of engineering. The
flow of fluids in pipes and channel makes fluid mechanics of importance to
civil engineer. They utilize the results of fluid mechanics to understand the
transport of river, irrigation channels, the pollution of air and water & to
design pipe line systems, flood control systems and dams etc.

The study of fluid machinery such as pumps, fans, blowers, air compressors,
heat exchangers, jet and rocket engines, gas turbines, power plants, pollution
control equipment etc.

We define a fluid as something which has the property of flowing freely.
They are classifying liquid and gases.
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Fluid Mechanics:
“The branch of science which is concerned with the study of motion of fluids
or those bodies in contact with fluids is called fluid mechanics or
hydrostatics”.

Or

“The study of forces and flows in fluid is called mechanics”.

Fluid:

A substance that has no fixed shape and yields easily to external pressure;
a gas or (especially) a liquid.

Historical development of Fluid Mechanics:
Some basic properties of fluids are

(1)  Density:
Mass per unit volume is called density
Am

pP== (A rate of change)

And p= F(XaYazat)
Where (x,y,z) are the coordinates of a point and t is the temperature.

(i1))  Specific Weight:
It is defined as the weight per unit volume and is denoted by
Y =pP9g
(ii1))  Specific Volume:

It is defined as volume per unit mass.
v 1

m p
(iv)  Pressure:
Force per unit area is called pressure.

Where F is normal force due to fluid in elementary area.

(v)  Viscosity:
It is the property of fluid by which it offers the resistance to sheer (the
tangent force per unit area) acting on it i.e. the property of fluid which
control the flow of fluid.
***Viscosity of liquids decreases with temperature and viscosity of
gases increases with temperature®**,
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(vi) Bulk modulus and compressibility:

It is denoted as

dp x %p 1.e. variation of its density
dp=K %p where K is called Bulk Modulus

Motion of fluid particles:

A fluid consists of innumerable (countless) whose relative position never fix
whenever fluid is in motion the particle moves along certain line depending

upon the characteristics of fluid and shape of the passage through which the

fluid particle moves. It is necessary to observe the motion of fluid particle at
various time and point.

Fluid mechanics have two method of fluid motion

(1)  Lagrange’s method
(11))  Eulerian Method
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Lecture # 2
Different types of flow:
(i) Uniform and Non-uniform flow:

The flow in which the velocity of the fluid particle at all section of the particle
of pipe and channel are equal 1.e. constant.

On the other hand, the fluid particles are said to be non-uniform it the velocity
of the particles is not equal i.e. not constant.

(ii) Steady and Unsteady flow:

The flow in which the properties and condition associated with the motion of

: : : : d
fluid particle are independent of time where *a—f =0

In this flow p is density and pressure remain same with the passage of time
steady flow may be uniform or non-uniform.

On the other hand, the flow in which the property and condition associated with
the dependent of time. In this case the flow pattern changes with time.

(iii) Laminar and Non-Laminar flow or Stream line flow
and Turbulent flow:

A flow in which fluid particle have definite path of particle and the two paths of
two individuals does not cut each other is called Laminar or stream line flow.

On the other hand, if the flow of each other particle does not trace out a definite
path. The path of individuals particle also crosses each other is called non-
laminar or turbulent flow.

(iv) Rotational flow & Irrational flow:

Rotational flow is that flow in which fluid particle rotate about their own axis
have the same angular velocity.

On the other hand, the fluid particle does not rotate about their own axis and
retain their original orientation is called irrational flow.

(V) Compressible and Non-compressible flow:

A flow in which volume and density of fluid changes during the flow is said to
be compressible flow.
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On the other hand, if volume and density of fluid does not change during the
flow is said to be non-compressible flow or incompressible flow.

*Note: All liquids are generally considered to have incompressible flow.
Different types of flow line:

We have discussed that one ever fluid is in motion. Its innumerable particle
moves along the central line depending upon the condition of flow as there are
many types of flow line that following are important for subject view point.

(i) Path line:

Followed by fluid particles in motion is called a path line. The path line shows
the direction of motion of a particle. For a certain period of time or between two

given section.
//v

(i) Stream lines: e
The imaginary line drawn in the fluid where the velocity along the tangent.
(iii) Filament lines:

The instantaneous pictures of the position of all particle which have passed
through a given point at previous time are called filament line.

For example, the line finds by smoke particle exerted from a nozzle of
rocket.

(iv)

We know that there is always a loss of head of fluid particles as we proceed
along the flow line. If we draw the line joining the points of equipotential on the
adjacent flow lines, we get the potential lines. The points where lines
A,B,C,D.E,F,G,H are the potential line and i,j,k,I,m,n are the equipotential line.
A ' i 4k

Potential and Equipotential lines:

)
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(V) Flow nets:

The intersection of potential line and stream line of two set of lines are called
flow line i.e. intersection with the help of flow nets we can analysis of the
behavior of certain phenomenon which cannot be mathematical means. Such a
phenomenon is generally analyzed and studied with the joint flow nets.

Some results of Vector Analysis:

0., 0., 0.

al+a] +£k1s called del V operator
L0405, 0 9
V_axl+6y]+6 ax’ ay az]

Scalar point function:

v (X,y,z) 1s said to be a scalar point function for a region R or of three
dimensional space. If corresponding to each point P of R are definite value ¢(P)
of a scalar ¢ can be determined then ¢ is called scalar function or scalar point
function of position or a scalar field.

Similarly, if corresponding to each point P(r) a
definite value A(P) of a vector A can be determined.
Then A is said to be vector function or vector point
function or a vector field. As the point P is usually
specified P(x,y,z) by the coordinate (x,y,z) then the
position vector is equal to

r= xi+yj+zk

So, y =y (x,y,z) and A = A(x,y,z) = A(r)

If v is a scalar point function then y = y(x,y,z) = k where k is a constant
represents a surface called a level surface of a scalar function . But gradient,
divergence, curl is denoted as

Vo=201+ g;’j+%’fc
VA=t 422) 4 OB
i j ok
VXA = = % .

A, A, A
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Divergence of gradient is called a Laplace operator.
8%p  0%p  0%¢
=—+—+—
V.Ve 0x2  0y?2 9z2
2 2 2
2, 0

The Laplacian ratoris V%= — + —
e Laplacian operator is ox2 9y 922

Some Identities:

1) V(oy) =¢Vy +yVo

(1)  V(@u.v)=u.V)v+(v.V)u + uxcurlv + vxcurly
(i)  V(déu) =oéVu +uVo

(iv)  V.(uxv)=vcurlu — ucurlv

(v)  Vx(¢u) = dcurlutucurld

(vi)  Vx(uxv)=uV.v —vV.uH(v.V)u—(u.V)v

(vii) Vx(V$)=0

(viii) Vx(Vxu)=V(V.u)-V*u

(ix) V.(Vxu)=0

Some Statements:

(i) Junds= [ Viudv

Where s denotes the surface bounded by volume V and n is a unit vector
normal to surface s.

(i) Ju.dr= [curlu.nds; stokes theorem

Where s is a surface bounded by a close curve C and n is unit vector normal
to surface s.

*Note: If V2 = 0 then ¢ is called harmonic function.

Real Fluid:

A fluid in which the finite viscosity exists and therefore we can exert tangential
or sheering stress on a surface with which it is in contact. Real fluid is called
viscous fluid. Real fluid can be further divided into Newtonian fluid and Non-
Newtonian fluid.

A fluid in which viscosity is independent of the velocity gradient due to single
variable. Water and air are Newtonian fluid. They obey law of viscosity

__0u
T = [,la
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If we draw the graph then we get a straight line. Blood, milk, jellies, butter are
example of Newtonian fluid. A

Newtonian Fluid

»
»

A fluid in which viscosity at a given temperature and pressure for which a
viscosity is a function of velocity gradient is called Non-Newtonian fluid is not

a straight line. Non-Newtonian fluid are very important in fluid mechanics.
A

Non-Newtonian Fluid

v
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Lecture # 03
Non-Viscous and Inviscid Fluid:

A non-viscous and inviscid fluid has zero velocity such that there are no sheers
1.e. no deformation. Therefore, an inviscid flow whether are in motion or rest
exert only normal stress. Consequently, the sheer stresses in this case is zero.
Water and air are treated as inviscid fluid. Non-viscous and inviscid fluid may
or may not incompressible.

Ideal fluid:

Ideal fluid is a fluid in which both inviscid and incompressible fluid are
involved is called Ideal fluid or it is a perfect fluid. These are non-Newtonian
fluid. *In 1deal fluid the viscosity is zero. There is no internal resistance
between them.

Velocity of fluid particle:

PQ = Ar
And therefore, of a fluid particle denoted as ‘q’.
— . Ar dr Q
qg=lm—=—
At—>0 At dt \
N
In cartesian coordinates f P
5 —ui+ v}' +wk s

r=xi+yj+zk 0
~ d/A A A
q—E(xz+y]+zk)

wirvjewk=Di D5 Eq
dt dt dt

On comparing

dc dy  dz

U=—,v=-" , w=—
dt dt dt

Material, local and convective derivative: Let a fluid particle moves
from P(x,y,z) at time ‘t’ to point Q(x+Ax, y+Ay, z+Az) at time t+At. Further let
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F(x,y,z,t) associated with some scalar properties of fluid. Let the total change in
F due to the motion of fluid particle from P to Q.

AF =gAx+sz+ %Az + %At
0x oy 0z ot

Divide by At

AF Gfo 8fAy af Az g
At ox At 8y At 0z At Ot

Taking }imo both side

po AF _Of o Ax of Ay Of Az Of

A0 At axAHoAt ayAHOAt aZAHoAt ot
DF_df _ofadx ofdy ofdz of
Dt dt oxdt oOydt ozdt ot

b by &
dt’ dt dt

o OIS

= y+—v+ =w
ox Oy 0z ot

a o, o, o, o
dt ot ax 8y 82

12% + (q.V)f

b

vog=ui+vj+wk

g ot

D d o
Y

o a oY)

Where

D . ) .
*E 1s called material derivative.
/A

*8_ 1s called local derivative. It is associated with the variation at the fix
t

position.
*q.V is called convective derivative. It is associated with the change of

physical quantity F due to motion of fluid particle.

10

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




* % is called the differentiation following with the motion of fluid.

g and di signifies also the differentiation following with the motion of fluid.
t t

The rate of change of physical quantity F associated with some fluid particle is
treated as above.

Acceleration of Matrix of fluid particle:

Let a fluid particle moves from point P(X,y,z) at time ‘t’ to Q(x+Ax , y+Ay,
z+Az) at time t+At respectively. The particle is at P in time t and after t+At the
particle is at point Q. Then ‘q’ is the velocity of the fluid particle of P at time t
and q+Aq is the velocity of fluid particle at point Q in time t+At. Total change in

q1is

Aq:a—qAx+a—qu+ a—qu + a—qu
ox oy 0z 0

Divide by At

Aq_0qAx 0dqAy 0qAz Oq
At Ox At Oy At 0z At Ot

Taking }im0 both side

lim 29 294 jjpy A% 09 ;) AV 04 i A2, 04
At>0 At Ox Ai—>0 Af ay A0 At Oz M>0 At Ot
dg _0qdx  0Oqdy 0qdz  0Oq
dt oxdt 0Oydt o0zdt ot

dx dy  dz

CU=E— ,V=—", W

e’ dt’ dt
d9_% ,,%,,%, 9%
dt ot ox Oy 0z
df of — A A A
—=—+(q.V g =ui+vji+wk
dt ot (q )f 1 /
dg 0Oq )
—=—+4+(q.V (1
oo (¢V)g ..()

Now for acceleration component
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Let g=u2+v}'+w/€

dq

azgzax;-l— ay}'-l—azlAc Put in eq (i)
axivayjrazk="2(uivvyewk) [ Lo 2 OV i) k)
ot ox Oy oz
ou ou av ow
=  ax=—+u
ot o Gy 0z
ov ou oOv ow
ay=—+v| —+—+—
ot ox oy Oz
ow ou oOv ow
az=—+w| —+—+—
ot ox oy Oz

Example: Find the acceleration components at (2,-1,3) of

q=(x2 i y2 ); + xzyt}' I xzyztzlAc

Solution:

Given q=(x2 —yz)i X+ XYk
As g-= ui+ v}' +wk
On comparing

2 2 2 22,2
U=Xx -y ,v=xyt,w=xyt

ou oy ov —x ow _0
ox 6y 0z
ou ov , Ow s o
=0,—= ,—=2 t
T T
At (2,-1,3) u=3,v=—4t ,w=4¢
ou _ ov _ 4 ow 0
ox 8)/ "oz
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au_y o
ot ot

_ou
ot

ou Ov

Now ax

= 0 +3(4-+4t+0)

= 12412t = 12(1+t)

ov

ay=—
.

=—4+(H4)(4+4+0)
=416t 16

2%
o

az

ox oy

=8t +4t* (4 + 4t + 0)
=8 +16¢> + 168
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(au ov awj
+ W —+—+—
oz

ow

, =8t
ot

ow
+u| —+—+—
(Gx oy sz

ou oOv ow
FV| —+—+—
ox Oy Oz
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Lecture # 04
Equation of stream line or stream flow:

As we know that stream line is a curve drawn in the fluid so that tangent at each
point is in the direction of motion.

i.e.  Fluid velocity at a point.

Let P(r) where r = xi+yj+zk so that position vector of the point P on a stream
line and let q = ui+vj+wk be the fluid velocity and point P then q // dr.

Therefore, equation of stream line is

qxdr=0

i j ok

u v k=0
dx dy dz

(vdz — wdy)i + (wdx —udz) ] + (udy — vdx)k = 0i + 0] + 0k

On comparing

vdz —wdy=0 = vdz=wdy S%ZQ (1)
wov

wdx —udz=0 = wdx=udz :ﬂ:% (1)
u w

udy —vdx=0 = udy=vdx Dﬂ:ﬂ (1)
vV ou

From (1),(i1) & (iii) we have

Cdx_dy_d:
u A4 w

are the equation of stream line.

Example:
. . . 2 ) 2 ~ 27
Find the equation of stream line ¢ =(x —y)l +(x +yz)] +1z2°k

Solution: As we know that equation of stream line

de_dy _d:
u \% w
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q :(x2 —y)f+(x2 +yz)}‘ +y2°k
And q = ui+vj+wk
On comparing
2 2 2
u=x -y, v=x"+yz, w=yz
dx dy dz

xP -y X +yz  yz’

Equation of path line:

Path line is a curve are trajectory along which a particle travel during its motion
is called path line.

Differential equation of path line is — =4
t

Where q = ui+vj+wk and r = xi+yj+zk

d(x;+y}'+z/}) R

:ui+v}'+w/Ac
dt
Lo B S
de dt’ di
. dx dy dz
—_—=u , ==V , —=Ww
dt dt d1

is the required equation of path line.

Difference between stream line and path line:

(1)  The stream line is not in general same as the path line.
(i1))  Stream line show how each particle is moving at given instant of time
whereas path line represents the motion of fluid particle at each

instant.
(i11) If the flow 1s steady the stream lines remain unchanged as the time

progressed and hence they are also the path line.

Example: The velocity of fluid is given by
q =(x2 —y); + (x2 +yz)}' + yzzlAc find the equation of path line.

Collected by: Muhammad Saleem 13 Composed by: Muzammil Tanveer




Solution: ¢ =(x2 —y)§+(x2 +yz)}' +yzzlAc

And g =ui+vj+wk Oncomparing u=x>-y , v=x’+yz, w=yz’

As @zu ,d—y: s d—Zzw
dt dt dt
dx dy ) dz )
= Zox?oy , E=xt g , —=
ar Yo Ty

*Equation of Continuity or Conservation of mass or Law of
conservation of mass:

“Law of conservation of mass state that fluid mass can neither created nor
destroyed.”

The equation of continuity gives the law of conservation of mass in
analytical form or mathematical form

op

—+V.(0q)=0

= T V-(pd)

q 1s the velocity of fluid. Therefore, in a continuous motion the equation of
continuity expresses the fact that increase in the mass of fluid with any closed
surface drawn 1in the fluid at any time must be equal to the access of the mass
that flows ‘in’ over the mass of that flows ‘out’. Inward flow is equal to outward
flow.

*Equation of Continuity in velocity form or Equation of Continuity
by Euler Method or show that the fluid is incompressible or not.

op
As —+V. =0
= +V-(pa)
Explanation: Let S be an arbitrary small close surface drawn in the
compressible fluid and closing volume V. Let P(x,y,z) be any point of S and
P(x,y,z,t) be the

density of the fluid at point P at any time t and the | I
element of the surface §S and q be the velocity of

the fluid. Normal component of q is q.7
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Therefore, the set of mass that flows across §S = (q.1) p 8S . Total rate of mass
flows across oS =I p(g.n)dS
s

oS= j div(pq)dV  -.change surface integral into volume integral
14

Therefore, the total rate of mass flows into volume V =—J.div(pq) dar - (@)
v

*QOutward flow is positive and inward flow is negative. Again, the mass of fluid

in S at time t is given as =IpdV
vV

0 0
Total rate of mass increase with in S is —I pdV =I—pd 4 (ii)
ad” e —

Let the region V of fluid contains neither source nor sink i.e. not Inlet not outlet.
Therefore, from eq (1) & (i1)

06p
4 dV=—1|V. dV
% j (Pq)

-Op
L dV+|V. dV =0
1% j (pq)

;(2—'?+V.(pq)jdV=O (i)

As V is an arbitrary value in which is known as the equation of continuity of
Euler form.

op
* 22 v (pg)=0
Py (pq)

is the equation of Continuity in velocity form.
*Remark:

For incompressible and homogenous fluid, we know p is constant

9% _y
ot
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Equation (ii1) becomes = V.( pq)z 0

AV.9=0
V.q=0

ou 0Ov ow
—+—+—=0
ox Oy Oz

This is called incompressible fluid.

Equation of Continuity in Cartesian coordinate OR differential
form of continuity:

Let a fluid particle be at point P. Let p and P(x,y,z,t) be the density of at any
time t.

Let u,v,w be the velocity component of fluid parallel to x-axis, y-axis and z-
axis. We construct a parallelogram with edges 0x,0y,0z parallel to three
respective axes with point P shown in fig-1.

S S’
z
A
R R’
oz
w | P(X,y,2)
$ v oy X u— P
Q Q'
» X
Fig-1

y
Therefore, we have the mass of fluid passes through the face PQRS is

= p (0xdydz)u
=F(x,y.2) (1)

Mass of fluid that passes out through the opposite side P'Q'R'S’ is
= F(x+9x, dy, 0z) (i1)

18
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As x+0x per unit time along x-axis. By using Taylor theorem.
0
= F(x,y,2)+0X a—F(x,y,Z) +....
08

Again, the net mass per unit time within the element (rectangular
parallelepiped) due to the flow through the face PQRS and P'Q'R'S’

By using (i) and (ii)

The net rate of mass of the out flow in the x-direction equal to the mass entered
through the face PQRS — the mass that leaves through the face P'Q'R'S’

=F(x,y,z)— [F(x,y,z) +0x aiF(x,y,Z) + }
X
=-0X iF(x,y,z)
ox

=X 0ydz a_ax(p”) (iii) By (1)

Similarly, Net rate of mass out in y-axis

=-0Xx8y0z %(pv) (iv)

And in z-axis =-0x8ydz 62( pw) (W)
Z
Therefore, total rate of mass flow through element of parallelepiped is

Total net rate of flow =-0x0ydz {a—ax(pu) + %(pv) + %(pw)} (vi)

Again, in the mass of fluid within the chosen element is = p(5x,0y,0z)

Total rate of mass increase within the element = 62 p(5 X0 yéz)
4

op .
= 0X0yoz—
X0y Zat (vii)

From equation (vi) and (vii)

By the law of conservation of mass

19
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Now

Collected by: Muhammad Saleem

op

ot

Put in (viii)

ou op v op ow Gp}_o

+H p—Hu—+ p—+v—+ p—+w—

- Ox  Ox oy oy 0z ow

+ ua_pwa_pwa_p}p(a_“@ﬁw}:o

o oy ow ox oy oz

+(¢.V)p+p(Vg)=0

Which is the equation of Continuity in cartesian form.

*Note: If the fluid is incompressible then p is constant

% _,
ot
= V.g=0

20 Composed by: Muzammil Tanveer




Lecture # 05

*Questlon: v

A pulse travelling along a fine straight v

uniform tube causes the density (p) at time t at @
X u

a distance ‘x’ from the origin. Then the velocity o < >

is U,to become P,PHVf —X) Prove that u at any

time t and distance from origin is given by

vt (uy —v)p(vt)
P(vt — x)

Proof: Let u be the velocity and p be the density at a distance x then we are
given

P = PPVt —x) (M

As we know that

op ou op
—+p—+u—-=0 2
or Cox o )

Diff. equation (1) w.r.t t’

0
P _ b = x)v 3)
81‘ 0 -

Diff. equation (1) w.r.t ‘x’

op

0
o :a[PoﬂVf - x)]

Z—”z o (i — (1) @
X
Put (3) and (4) in (2)

P (1 =) v pEE (= 2)(-1) |0
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| ou :
Pof (Vt—X)V+pa—u,00¢ (vt —x)=0
Put the value of p from (1)

Ao (01 =) v+ Pt =) 2y (- 3) =0
X
Ao 01 =) (v =)+ gt - ) - =0

,00¢‘(Vl‘ - x)(v_”) = — pyp(vi - x)z_z

¢'(vt—x)_ -1 ou
P(vt —x) Cv—udx

Max: __lau

d(vt —x) v—u
Uk Poan land
P(vt — x) vV—u

On integrating both sides

e

—logg(vt—x)—log(v—u)=—-log4

—log [¢(vt -x)(v— u)] =—log A

[¢(vt —x)(v— u)] =A I )

Now by the condition # =, when x =0
Equation (5) = [¢(vt -0)(v—u, )] =4
dvt)(v—u,)=A4 putin (5)

PVt —x)(v—u) =Pdvt)(v—u,)

0D -1,
$(vi—x)

22
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gD —u,)

u =
p(vt — x)
+ PO, V) As required.
p(vt — x)
Question: YA,
Air obeying Boyles law is in motion in D)
a uniform tube in a small section. Prove >
that if p be the density and v be the velocity o) .
of a distance x and from a fixed point at time v X
t then show that z
0’ p_ 0’
vi+k
—r =7 P07+ K]
Solution:
According to Boyles law
pel
v
Pk
N
Let P=kp (1) p= n
v
We know that
op O i : :
—+—(pv)=0 i1) in one dimension
ot —0)
op 0
-t - \Y
o w )
We know general form of Euler equation
CLONCL L (iii)

ot ox L Ox
Diff. (i) w.r.t ‘x’

23

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




»_ o0
Ox Ox

Put in (iii)
ov ov —k OP :
—tV—=—— (1v)
o0 Ox p Ox
Diff. (ii) w.r.t ‘t’
o, 2]
ol ot ax

, _
o p +g
o’ ot

, _
0 ,27+g op av} _0
ot° ot

I
e

Using (ii1) and (1v)

o’p 0 ov op
o o (pv)8x+v8x(pv)+k6x}
’p 0 P

. —x“’”)”‘ﬂ

82,0 82

or’ :Fp(V2 +)

As required

Question:

If w is the area of cross-section of a stream filament. Prove that equation of
Continuity is

24
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S(pw)+%(pwq)=0

Solution:

Given that w is the area of cross-section where
58S is the element of the arc of the filament PP and QQ
in the direction of flow and q is the velocity of fluid.

Let PP'OQ be a stream filament. Let PQ = 8S. The
0
rate of excess of flow out along PQ =965 — 2 ( pwq)

Again, total mass of fluid within the filament = pwdS

The rate of increase of the mass of filament = 62( pwoS )
s

By the equation of Continuity increase in the mass of the fluid must be equal to
excess of mass that flows out

0 0
—5Sa (pwq) 2 (pw§S)

9 (owos)+ 58 (pwg)=0
os os
5S§(pw)+5Saa(pwq):O

ai(pw)Jrag(,owq):O

As required.
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Lecture # 06
Equation of Continuity by LaGrange method:

Let R, be the region occupied by a portion of fluid at time t = 0 and R be the
region occupied by the same fluid at time t.

Let (a,b,c) be the initial coordinates of the fluid particle F, and p, is the density
at t = 0. Mass of the fluid at t=01s p,0adboc

Let P be the subsequent position of the fluid (position at F, after some time t) at

time ‘t” and p is the density of the fluid. Then mass of the fluid at time t is
pox0yoz . By the law of conservation of mass, the mass contained inside the

given volume of the fluid remain same throughout the motion (fluid motion).

Therefore, mass inside R, must be equal to mass inside R

R
£ j p,0adbdc = jRj p8x5ydz (i) ,
By the advance Calculus P(a,b,c)
Joaoboc=0x0yoz (1)
By equation (i) t=t

jj p,0adbdc = j j pJSashsc
R

"+ Thetotal mass R, =Massinside R (R=R,)

= [[pSasboc=|[ pJsasbsc
Ry Ry
j j — pJ)Sadbsc =0

This is called the equation of continuity in Langrangian form.
Note: From equation (ii)

_0x0ydz
oaoboc

_(x.2)
(a,b,c)
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ox Ox Ox
da b oc
jo|@¥ ¥ ¥
oa 0Ob Oc
oz 0Oz Oz
da 0b éc

Equation of continuity in cylindrical coordinate (r,0,z)

op 10 1 d 5
o 10 19 a0)+ 2 ~0
P U R VA UL Rl U0

Where qr, q0, gz are the velocity component along 1,0,z direction respectively.

=  In cylindrical symmetry

0 0

ol . , B
0z

0

9

ER
Equation of continuity in spherical coordinate (r,0,0)

0 1 0 1 0 j 1
@ —(p31n9q9)+ ,¢(pq¢):0

+——(prigr)+
o 7 ar(pr ) rsind 00 rsin

Where qr, q0, qz are the velocity component along 1,0,z direction respectively.

= In cylindrical symmetry

0y 9_
060 = 0¢

Equation of continuity for liquids for the motion through
channels or pipes:

*

0

Let an incompressible fluid (liquid) flows through a channel or pipes whose
cross-sectional area may or may not be fixed. Then the quantity of fluid passing
for a unit (per second) is same at all sections.

Let some fluid (liquid) is flowing through a tempering (/s/ /#) pipe as shown in

ﬁg 41 A2 2 A33
Let 4,,4,, A, be the area of pipe at section vl owl E
1-1,2-2,3-3 respectively. \1_;,?
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Further let v, v,, v, be the velocity of the fluid in the section 1-1,2-2,3-3
respectively. And Q,,Q,,Q, be the total quantity of liquid through the section
1-1,2-2,3-3 is as

Q1 :A1V1 9Q2 = A2V2 9Q3 :A3V3

By the law of conservation of mass, the total quantity of fluid through section
1-1,2-2,3-3 is same

Ql :Qz = Q3
Av,=A,v, =A,v;

Which is the equation of continuity for liquids for the motion through channels
or pipes.

Stream function and potential function:
Stream function:

In steady incompressible plane in two-dimensional flow of practical importance
velocity has two component such as u and v when flow is in xy-plane which
relates to velocity component.

0
LA L4
oy ox
Then equation of continuity is identically satisfied.
This conclusion can be verified as

ou ov
-t — =
ox Oy

L.HS 9w +3( —6—“’j
ox\ Oy oy ox

o0’y N R% 3
Oxoy  OxOy

0

Therefore, velocity components are defined in term of stream function.

We know that the conservation of mass a—u +@ = (0 will be satisfied.

ox Oy
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*Advantages of stream function:
(1) Stream function is taken only for a flow in plane.

(i1)) We have the simplified analysis by having to determined only unknown
function y(x,y) rather than two function.

(i11). Another advantages of using the stream function to use these function
y(Xx,y) to the fact, the lines along which y = constant.

v = y(x,y) are stream line

Here V= y(x,y)

—vdx +vdy =0 é_w:u , o

oy

—_——=y
Oox

vdx = vdy

R
u \%

Which are the equation of stream line.
*So, using stream function we can find stream lines.

Potential function:

For potential function we use ¢(x,y) or ¢(x,y,z)

2,0 0
ox oy oz

Theorem: Prove that stream function and potential function are orthogonal.
Proof:

Consider a stream function y = y(X,y)

W e+ OV gy = ay
ox oy

For stream function y is constant , dy =0
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W e+ Vg =0
ox oy

—vdx +udy =0

vdx = udy

d v
== Z = m (say)
dx u

For potential function ¢ = ¢(x,y)
o

—dx +
Oox

dy

For potential function ¢ is constant, dp = 0

%der%dy:O

ox oy

udx +vdy =0 a—l'/lzu !
X

—udx = vdy

d u

& = E = m, (say)

dx v

Now

vV (U
ml.m2 :;. T = —1

Which show that stream function and potential function is orthogonal.

Comparison between stream function and potential function:

Stream function
Stream function is a
consequence of

(1)

conservation of mass. flow

(1))  Stream function can be
defined for two-
dimensional.

(i) V’y=0

(iii). V?¢=0

Collected by: Muhammad Saleem 3

Potential function

(1). Potential function is a
consequence of irrotationality of the

(11) Potential function can be defined
for two or three-dimensional.
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82l// + 62l// —0 (IV) (I)(XaYaZ)
o’ o
X y 82¢+82¢+62¢_
1iv)  w(x,y) o’ oyt o
0 0
oy ox U=— ,v=—"-, W=—
ox Y oz

Irrotational flow:

Condition of irrotational flow is

VxQ=0=CurlQ

ik
o o0 0
o Oy oz
u v w

ow O0v). (Gu ij . [oOv Ou
———|i+| ———|j+|—=— k=0
oy Oz 0z Ox Ox Oy
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Lecture # 07

Polar form of stream function:

_, lav
" r oo
oy
V,=q,=——
0= 940 o
Polar form of potential function:
o
V =g =—=
r =4, o
104
V = =—
0= 940 20

Question:
In two-dimensional flow
u=v,=q,=x-4y
v=u,=q,=—y—4x
(1)  Show that it satisfies law of conservation of mass.

(1))  Obtain the expression for stream function.
(111) Show that the flow is potential.

(iv)  Find the potential function or obtain the expression for potential
function.

Solution: (1)

Given that u=x-4y , v=—y—4x
a_, o
ox oy

We know the law of conservation of mass

ou Ov
+ =

—+—=0
ox Oy
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Now the expression for stream function

(ii).

From (1)

dy :(x — 4y) dy
Integrating both sides
Idl// =I(x— 4y)dy
w=xy—2y" +f(x)
Diff. w.r.t x we have

0 |
=y (%)

y+ax=y+f(x)
= f(x) =4x
Integrating both sides
= [f'(x) =[4xdx
= f(x) =2x°
w=xy—2y> +2x°

It will satisty the Laplace equation

B )

()

(i)

compare with (i1)

put in (iii)

required result

oy

+4x
ox 4

Collected by: Muhammad Saleem
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o’y o’y

=4 =_4
o’ oy’
2 2
8_1/2/+ 0 l’zy =4+(—4)=0
ox oy
Laplace equation satisfied.
(ii1)) For potential function
. ou
Given that u=y+4x = —=—4
y
v=—y—4x = @ =—4
ox

For potential flow
ou_ov
oy Ox
—4=—-4 satisfied

(iv) Now the expression for potential function

Ly () -2
v:%:—y—4x (i7) v:%
From (i) = %:x—4y
oy
d¢:(x—4y)dx

Integrating both sides

Id¢=j(x—4y)dx

2

¢:%—4xy+f(y) (i)

Diff. w.r.t y we have
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%:—4x+f' (y) compare with (ii)

y
Cy—dx=—dx+ [ (y)
= f(y)=-»
Integrating both sides
= [/ () =[-yay

2

= f(») = _5 put in (iii)
x2 2
¢ = EN 4xy — y7 required result

It will satisty the Laplace equation

—¢:x—4y | —¢:—4x—y
ox
2 2
81/2/_1 ’ 0 A
ox oy

Oy Oy
e % =1+(-1)=0

Laplace equation satisfied.

Velocity component in cylindrical coordinate in stream function:

Equation of continuity in cylindrical coordinate (2-D)

10 1 0
R +—— =0
r or (rq,) r 80(%)
r or r 06 r o6 or
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10y 10y _
r oro@ r orof

0(RH.S)

Question:

In a two-dimensional flow the velocity component u =2y, v =4x. Find the
stream function and also tell about the shape of stream function.

Solution:
For stream function we know
uza—W:2y (@) u:a—w
dy - oy
V= _oy =4x
ox
oy
v=—"1t5=—4x i
Oox )
From (1) = o =2y
oy
dy =2ydy

Integrating both sides

Id(// =_[2ydy

y=y+f(x) i

Diff. w.r.t x we have

aa—f =f (x) compare with (i1)
—4x=f(x)

= f(x)=-4x

Integrating both sides

= jf‘(x) :j—4xdx

= f(x) =-2x° put in (iii)
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Question:

y=y -2x°
2
v_y o
2 2
2
Yy
X2
-2 x
v v
2 2
22X
y v
2
Which is Hyperbola

If w =2r°sin26 find V. ,V,. Also find V> Write the expression for stream

function.

Solution:

Collected by: Muhammad Saleem

We know that
v _1loy
r 00
d(2r*sin26
A APHi0)
r 00
|
V. =—2r"cos26.2
r
V. =4rcos26
y, -V
or
0(2rsin20 )
V, =—
or

V, =—2.2rsin26
V, =—4rsin260

Also  V =(V.Y +(V,)
7) +(,
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Also  V? =(4rcos 26?)2 +(—4rsin 2(9)2
V? =16r" cos’ 20 +16r* sin” 20
V:=16r’ ((:os2 20 +sin’ 29)
V:=16r"
Also y =2r?sin26=2r*(2sinfcos )
=4(rcosd)(rsin8)
Y =4xy
is the expression for stream function.
Vorticity Vector:

*For vorticity vector curl q # 0

Let q = (u,v,w) = uitvj+wk be the fluid velocity such that curl q # 0
Q=Qi+Q j+Q.k

ie. Q,Q Q. are the cartesian component of

Qi+Q j+Q k=curlq

ik

Qi+Q j+sz:£ A
g ox Oy Oz

u v.ow

Qi+Q j+Q k= ow_v i+(a—u—%Jj+ ov_u k
g oy Oz 0z Ox ox Oy

On comparing

Qx: 8_W_@ ) Q :(a_u_a_wj’ Qz: @_a_u
oy Oz Yo\oz ox ox Oy
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i J k
: . o 0
In (2-D) Qi+Q j+Qk=|— — 0
g ox Oy
u v 0
Qi+Q j+Q k=0i+0/+ o _u k
g ox Oy

On comparing

Q:O,Q:O,QZ:@—G—u
ox Oy

Q=curl q is called the Vorticity velocity.
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Lecture # 08
Vortex line:

Vortex line is a curve in the fluid such that tangent to it at every point is in the
direction of vorticity vector.

Let Q=Qi+Q j+Qk

r=xi+yj+zk

be the position vector of the point P on a vortex line the Q//dr

ie. Qxdr=0
ik
Q Q Q=0
dx dy dz

(Q,dz-Q.dy)i+(Q.dx—Q,dz) j +( Qdy -Q dx)k =0

= Qd-0.dy=0 = Qdz=Ody = Z-Y
’ ’ Q. Q
= Qdx—-Qdz=0 = Qdx=Qdz = ﬂ :ﬁ
Qx QZ
= Qxdy —dex = O f— Qxdy = dex = ﬂ: ﬂ
Q, Q
From above * (L3 = ﬂ: 4z is the equation of vortex line
Q Q5 Q

Vortex tube or Vortex filament:

If we draw vortex line from each point of a close curve in the fluid we obtained
a tube called a vortex tube. A vortex tube of infinitesimal cross-section is called
a vortex filament.

Note: A vortex line or tube cannot terminate or originate at internal points in a
fluid.

Only for close curve they can terminate boundaries.
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*Motion is not rotational or irrotational when curl q=0
* Motion is rotational when curl q # 0

*Question: If the velocity component are given as u=kx ,v=0, w =0 then
show that the motion is not rotational.

Solution: Since q = [u,v,w]
=ui +vj +wk
Hereu=kx,v=0,w=0

q=kxi+0j+0k

Now curl q
i J k
curlq:i 9 220i+0j+0k20 proved
ox Oy Oz
kx 0 0

Question: If ¢ = [ax2 yt, by’zt , czt’ } Find the vorticity vector where a,b,c
are constants.

Solution: ~ We know that Q ,Q ,Q_ are the component of vorticity vector

o (ov &
oy Oz

6(czt2) 6(by2zt)
Ty oz

=0-by’t =-by’t

a :(a_“_%j
Yoz ox

6<ax2yt) - 8(czt2)

0z Oox
=0-0=0

41

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




o (2 o
ox Oy

G(byzzt) a(axzyt) g
= — =—ax

: ox oy

Hence the vorticity vectors are [ Q.,Q, ,QZ} = [—byzt,O,—axzt}

k* (xj—yi)
X’ 4y’

Question: If g = where k is constant. Show that the motion is

incompressible. Also find the equation of stream line and test whether the
motion is of potential kind and if so determine the velocity potential.

Solution:

First, we prove the motion is incompressible

V.g=0
k* (xj — yi
Given that ¢ :%
X +y
_ k*xj y k*yi
x2+y2 x2+y2
Ky . k*x
=— i+
q x2+y2 x2+y2-]
B k*y B k*x
U=-— 20 VT3 2
X +y X +y

o Ky o k’x
V.g=—| - —
q ax[ x2+y2]+ay[x2+y2j
V.q= —kzy[(—l)(x2 +y? )_2(2x)}+k2x[(—1)(x2 + yz)_2(2J’)}
2k xy —2k’xy
2 2)\? * 2 2\
(x +y ) (X +y )

That the motion is incompressible.

V.g=

(1)  For equation of stream line, we know that
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dx dy
—k’y k*x
(x2+y2) (x2+y2)

A )ar_xaya

K’ y K> x

&by
y x

(ii)  For potential we show Ou_0ov

oy Ox

ou_0f Ky
oy oyl x*+y°

(x2 +yz).—k2 —(—kzy).Zy

(xz +y° )2
_ kX -y 42Ky kX 4Ky
(xz +yz )2 (x2 +y2 )2

ov_of
ox ox\x*+)°

(x2 +y’ )-k2 —(kzx).Zx

<x2 erz)2
:kzxz +k2y2 YR :—k2x2 +k2y2
(x2 +y2)2 (x2 —|—y2)2
ou_ov
oy o
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Question: Derivation of Euler’s equation OR the equation of motion of Euler
for an ideal fluid or Euler’s equation of motion.

OR Prove that p& =pX - op
Dt ox
? S s’
or Di_y Lo )
Dt p Ox
0 1 s .
OR L4 (qV)q=F-—vP ‘
ot q T
Proof: w |Pxy.2)
Consider a parallelepiped with side 0x,0y,0z. ¥ v Oy ox u—> d
Q Q'
P is the pressure p is the density of fluid > X
P(x,y,z) is the point as shown in fig.
And u ,v ,w be the velocity component
of fluid (q =ui + vj + wk) and
X,Y,Z be the component of y
External force on unit mass P = f(x,y,z)
We have force on the face PQRS in X-direction = P dydz
= f(x,y,z) dydz

And the force on the face POR'S' in X-direction = f(x+8x , dy , 8z)

as x + Ox per unit time by Taylor theorem
0
Zf(xayaz)-l_é‘xaf(xayaz)

The total force in X-direction

= face PQRS — face POR'S

- f(x,y,z)—[f(x,y,z)Jré‘x%f(x,y,z)}

0
—f(x,y,z)—f(x,y,z)—é‘xaf(x,y,z)
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= —5x§f(x,y,z)

X

= —5xa—P5y5z
ox

Total force in X-direction = —5xg—P5 voz
X

The mass of fluid is poxdydz. Hence the external force in X-direction is

= Xpoxoydz

Dgqg . . . )
As we know that 29 is the total acceleration in X-direction.

Dt
By Newton second law of motion
Equation of motion = F = ma

Sum of component of external force in X-direction

pé‘xé‘yé‘zﬁ = Xpoxoyoz+ (—a—Pé‘xé‘yé'z)
Dt ox

Dq oP
—=pX —— +bydxdyoz
P Dt P o YOoxoy
Dy, Mer |
Dt 0 Ox
— &: _la_P (l)
Dt P Ox
Dv 1 oP .
= —=Y-——— (71)
Dt p Oy
Dt p Oz
Where q=ui+vj+wk
Since VP:a—Pi+a—Pj+a—Pk
ox Oy 0z

From (i), (ii) and (ii1) we can write a combine relation
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Dy v Dy Xz+Y]+Zk——[a—Pz P; 8Pk]

Dt Dt Dt p\ Ox 8y 0z
Dq 1 : v
—=F—-—VP (iv) = F = Xi+Yj+ Zk external force
Dt Yo,
Dq _0q
We know —=—+(¢q.V
Do eV)e

Eq (iv) becomes

oq 1
— V)g=F—-—VP
ot +(q )q q

is the required Euler equation in fluid.
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Lecture # 09

Different form of Euler equation of motion:

We know that Euler equation of motion

Velocity of fluid external force

*(1) Cartesian tensor form:

R u] ;

ot Ox; p Ox
Where u; 1s the velocity in X-direction.
(2) Cartesian form:

Letu, v ,w are the velocity component in x , y ,z direction respectively.

D 0
—=—+(q.V
i oY)
0 0 0
=—tU—+v—t+w—
o oOx Oy 0z
R N T B ¥
ot ox Oy 0z L Ox
nd ov oOv Ov ov 1 oP
2 —tu—+v—+w—=F ———
o0 ox oy o0z T poy
3" a—W+u8—W+Va—w+wa—w:FZ—lé—P
ot ox oy 0z p 0z
(3) Cylindrical Form:

Let v_,v,,v, are velocity component in 1,0 , z direction respectively.

In the direction of ‘r’

ov, ov, ov, ov, v, 1 oP
+v, +v, -V, -——=F-———
ot or 00 oz r p or
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In the direction of ‘0’

ov, r6v9+v_96vr+v28v9+vrv_9:Fg_i8_P
ot or r 06 oz r p 00

In the direction of ‘Z’

8vz+ %Jrv_gOvZJrvaz F 1 oP

a o ro8 e ¢ por

(4) Spherical form:

Let v, ,v,,v, are velocity component in 1,0 , ¢ direction respectively.
In the direction of ‘r’

2 2
aV’JrvraV’Jrv_"’avr+ \_}"’ av"—v9+v¢:Fr_l6_P
ot or r 00 rsinf 00 r p or

In the direction of ‘0’

ov ov, v, o0v v, ov, vv, cotf 1 oP
a+vr 0 0776 | '¢ 0 4 r’o _ v;=F9———
ot or r 00 rsind 060 r r p 06
In the direction of ‘¢’
ov ov, vy, Ov v, O0v, vyy 1 oOP
Lpy Ly 07 ? A 2 —cotbv,v, = F, — —
ot or r 00 rsinf 0¢ r rpsing 0@
Conservative field:
A field in which total word done is zero is called conservative field.  ---77~<_
A work done by a force field F is moving a particle from /,,'/ e ’_E; aN \F\\\\Pz
G N
P, to P, then the force field is said to be conservative. R @* i
\\ \\ AT P / /I Il
In such case following statements are equivalent. o T L

S

*(@1) j: f.dr is the independent of path joining any two point A and P,
*(11) (]S f.dr =0 around a closed path ¢ passing through points £, and P,
*(@{i) F=-VV =-V¢
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*(iv) VxF=0
*(v) F.dr = Fdx+ F,dy + F,dz
is an exact differential equation.

If any of these equations is hold then the field is conservative.

*

. . du
Newton’s law of viscosity or T « o

1%t Statement: The viscosity of fluid is a measure of its resistance to a
deformation J i.e. resistance to a shearing or tangential force when the fluid is

in motion.
2"d Statement: Newton law of viscosity state that shearing force 7 is directly

proportional to du , where du 1s the velocity gradient.
dy dy

Proof: Consider the motion of fluid between two very large parallel plates.
One of which is at rest and the other is moving with constant velocity ‘U’
parallel to itself under the action of a constant force F causes the fluid element

occupying the space ABCD to form 4AB'C'D

F Velocity gradient is the

Y & — rate of shearing strain.

B B C C U=U

—

—>

—hl’l

—
y h—*

—>

_hl’

—»

-
1 r
| A D U=0 "X

Let the distance between two plates be h. *The pressure being constant through
out the fluid. This show that velocity at lower plate is zero and at upper plate is
‘U’. We know that the velocity field is one dimensional. Again, the velocity ‘u’
is a function of y only i.e. u =u (y) (D)

Further the velocity distribution in the field between these two plates is linear.

u=ay+b (1)
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u(y)=ay+b

(i) v hy()

By applying the boundary conditions eq (iii)) when y =0, u(y) =0

= 0=0+b = b=0

Put he value of b in (iii1)

u(y) =ay+0

u(y) = ay
When y

Il
=

U(y) = ah
U=ah

u(y)z%y

u(y) = U(y)

U(y)=U by (i)

put in (iv)

The rate of change of U in the direction L to U is

@_U
dy h

(V)

The ratio % is the rate of angular deformation of the fluid.

Force F is directly proportional to area (A)
F cc AU

And F x 1
h
By combining

FocA—U

F U
— o —
A h
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The force F exerts sheering stress on the fluid between the plates. Here we take

From (vi) T X —

Or T=4—

Where u is called the dynamic viscosity is the proportionality constant between

shearing stress and velocity gradient.

. : t  Shearing stress
This law can be written as u= b g

~ Velo city gradient
dy

This relation can be regarded as the definition of viscosity. Viscosity u is a
scalar quantity. Viscosity depend upon the nature of the fluid. Its value is small
for thin fluid (such as water, milk etc) and is very large for viscous fluid (such
as grease, honey etc)

Note:

The viscosity of fluid is very important property in analysis of liquid behavior
and fluid motion near the solid boundary. The fluid which obeys the Newton
law of viscosity is known as Newtonian fluid. The role of temperature in fluid
(viscosity) was neglected by Newton law of viscosity.
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Lecture # 10

Bernoulli’s Equation for unsteady irrotational flow under
conservative forces:

Proof: We know that Euler equation of motion is

a—V+(V .V)VzF—lVP (@)
ot Yo,
For vector analysis

V(4.B)

(A.V)B+(B.V)A+ Ax(VxB)+Bx(VxA)
ForA=B=V

V(VI)=(V V)V +(V.V)V +V x(VXV)+V x(VxV)
VI =2(V.V)V +2V x(VxV)
V2 =2V x(VxV)=2(V.V)V

(V.V)V:%VVZ—Vx(VxV)

Eq (i) becomes

§K+EVV%46¢VxVy:F—lVP (if)
o 2 yo,

For irrotational flow

Also, from external forces

F=-VV
o 8 1, 1
Putin (ii) = a—t(—Vp)JrEVV -V x(0)=-VV -—VP
e,
o wo lyp_ gy _Lyp
o 2 Yo,
~ v lypyivrilvp 2o
o 2 yo,
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Taking dot product with dr

—vé—p.dwlvrﬂ.dr+VV.dr+lVP.dr =0 (iif)
ot 2 yo,

As VV.dr= aVi+an+8Vk .(dxi+dyj+dzk):a—de 6_de G_de
ox Oy oz ox oy oz

VV.dr=dV
Vé—p.dr:dé—p
ot ot

lez.drzlez
2 2

Similarly,

VP.dr =dP

Put in (iii) = Pty gy Lap 2o

ot 2 Yo,
On integration —Id +Id V? +IdV + — IdP IO

ey L por()
o 2 Yo,

Where F(t) is an arbitrary function of t. F(t) has same value through the entire
flow. F(t) is Bernoulli or pressure equation irrotational and in viscous flow. This
equation holds for both incompressible and compressible flow.

Case-I: If the fluid is incompressible then the above equation is

P Ly iy p —F (1)
o 2 Yo,

The equation holds for unsteady irrotational in viscous and
incompressible/compressible flow.

Case-1I: If the motion is steady the (Z_p =0
t
1 , 1 . :
= EV +V+—P=F (t) This equation holds for
o,

unsteady, irrotational, in viscous and incompressible/compressible flow.
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Sources and Sinks:

If the motion of the fluid consists of symmetrical redial motion in all directions
proceeding from a point is called a simple source.

However, a flow is such that the flow is directed inward to a point from all
directions in a symmetrical manner. The point is called simple sink.

7
/N

Sources Sinks
Sources and sinks in 2-D:

In two dimensions a source of strength ‘m’ is such that the flow across any
small surrounding is 27zm .

Sink is regarded as source of strength ‘—m’. Consider a circle of radius ‘r’ with
source at its center the radial velocity 'V ' is given as

Vr:__w_V’:ﬂ (i)
r 00 or
= 1oy _0o¢
r 00 or

The flow across a circle is 277V,

2rrV, =2mm

rV. =m
= Vr:ﬂ
r
—10y m
= @ ——=—
r 060 r
= W,
00
On integration = y=—ml (ii)
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I/ - constant

Again from (i) _o9 =V
or
_op_m
or r
o9__m
or r
On integration = ¢ =—mlogr

Complex Potential due to a source:

Let there be a source of strength m at the origin then
w=g¢+iy
w=-mlogr—im6
w= —m(log r+ i¢9)
w= —m(logr +loge” )
w=—mlogre”
w=-mlogz where z =re”

If the source is at point z' then w=-m log(z —~ z')

In general, the source of strength m ,m,, m,,.....m_ stated at the point

21y 7y Zg s Z
w=-m,log(z—z)-m,log(z—z,)....m,log(z-z,)

Doublet:

¢ - constant

A combination of source of strength ‘m’ and sink of strength ‘—m’ at a distance

Os apart

AN

Collected by: Muhammad Saleem >

Composed by: Muzammil Tanveer




Such that m approaches to infinity and ds — 0

The product m&s remain finite and is equal to ¢ =(mds = u) is called
Doublet of strength & . The line o' is called the axis of doublet.
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Lecture # 11
Complex Potential due to doublet in 2-D:

Let A and B denote the position of a sink and source of strength ‘—m’ , ‘m’ and
P be any point.

Let AP=r
BP=r+or
/PAB=0

Let ¢ be the velocity potential due to doublet.

Then ¢ = m logr — m log(r + or)

= —m[log(r + or)—log r]

{ (r+5r }
=—m)| log
r

=-m {log(l + ﬁj
r -

p=—-m or (i ) by first approximation
r

Let BM be the perpendicular drawn from B to AP, then we get
AM = AP - PM

‘“AP=r , PM = PB=r+r

AM =r — (r + §r)

AM = —or

From figure

cosQ:A—M:_5r = Oor =—0scosf
AB os
Eq (1) becomes
4 _m(—ﬁs cos@j o 4= mdscosf (i)
r r
We know that
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b= Hcost (zzz)
r
N o¢ —,u020549
or r
Since of —18—1//
or r o6
N 1dy _ —ucosf
r 06 r
= a—W:—ﬁcosﬂ
06 r
w=—Lsing+c (iv) . on integration
r
Letif we putc=10
y/:—ﬁsiné’
r

Therefore, complex potential due to doublet is given as

w=g+iy
= 2000, ,-[_ﬁsinej
r r

w= ﬁ[cos@ —isind]
r

W= ﬁe—zﬁ
r

w= % :ﬁ z = 7"8“9
re Z

Note:
(i) Equipotential curve:
¢ = constant
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Lcost
=constant =c

r
Hrcosf
—— ¢
r
2
r
rcosd =c—
7]
- .
rcos@=cr o =—
7

x:c'(x2+y2) wx=rcos@ ,r’=x"+y’

Which is circle touching Y-axis at (0,0).
(ii) Stream lines:

= constant

usind
— =constant =c
r
ursinf
r

2

) r
rsin@ = —c—
u

rsin@=cr’ o =——
y=c'(x2+y2) cy=rsin€ ,r=x"+y"

Which is circle touching X-axis at (0,0).

(iii) If the doublet makes an angle oo with X-axis then we have 6—a. for
0. So, that
KLU
w=5t=—
z ret(&—r)
ﬂ ﬂeir ﬂezr
w=—— — =
re’e™  re” z
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If doublet is at A (x',y')wherez' =x +iy we have

ia

w= ,
z—z

(iv) If doublets are of strength s, 14, , 5,.....4¢, and are situated at

Z,Z,,Z,.....2, then complex potential is

ioy ia, ia,
e e e
w=the A6 | HC

z—z, z-—2z, z—2z,

Where a,,a,,a;,.....c, are angles with X-axis.

Example: What arranges of sources and sinks will give arise to the function

w=log| z——
z

Draw rough sketch of stream line where y = constant. Prove that the stream
lines are subdivided into circle of radius a (r = a) and the axis of y.

2
Solution: Given that the function w= log(z - a_j

w:log(#}log[(z—a)z(zm)j
w=log(z—a)+log(z+a)—logz __(i)

This implies that there are two sources of strength ‘1" and two sinks of
strength ‘1’ at z=a, z=—a and a source of unit strength at z = 0.

Now w=¢ty (i)  vz=x+iy ,logz=loglz|+idrgz
Compare (i) and (ii)

¢+iy =log(z—a)+log(z+a)—logz

¢+iy =log(x+iy—a)+log(x+iy+a)—log(x+iy)

¢+iy =log| (x—a)+iy |+log[ (x+a)+iy ]| -log(x+iy)
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iy =log,(x—a)'+)? +z'tan‘1(ij+log (wra) +7 ”m{%}logw_iml(zj
x+a X

14 =tan”' ( 4 j +tan™ ( 4 j —tan™' (Zj
xX—a xX+a X

For stream lines

y Y
— A+B
w=tan"'| X C;/ x+ya —tan_‘(zj tan” A+tan” B=tan'
1——"—. o B
X—a x+a
y(x+a)+y(x—a)
w =tan”' 2x2 —2a2 . —tan”'[ 2
X -y —a X
2 2
X —a
M L xytaytxy—zayj_tan_l(XJ
X -y —a X
y =tan™' | — 2xzy zj—tanl(zj
X -y —a X
A mi
2 2 2 _
w =tan' * 7V "4 X | .tan'A—tan" B=tan” A-8
P 1+ 4B
2 2 2°
X =y —a x
2xy_y(x2_yz_a2)
ot Y )
(xz—yz—atz)erbcy2
(xz—yz—az)x
2 2 2
y—tan!| 22 0)
(x2—yz—az>x+2xy2
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3

I 2X°y—xy+a’y+y’
Yy =tan 2 2 2
X —ax—xy +2xy

3

v =tan” X'y+a’y+y’
X —a’x+xy’

For stream lines y = constant

2 2 3
L XPy+diy+
tan ™! 3y - Y y2 =cosntant=c
X —a’x+xy

Xzy + azy + y3
2

3 3 =tanc=c
X —ax+xy

y(x2+y2+a2)_
x(xz-l—yz—az) 2

Here arises two casesc =0, ¢c =

(i) Forc=0

O

y(x2 +a’ +y2)
x(

x2+y2—a2)

X +y =-a
2=
The X-axis is a stream line.
(11) Forc=o
y(x2 +a’ +y2) 1
=00 =—
x(x2 +y° —az) 0

x(x2+y2—a2)=0
x=0, x’+y" —a*=0

x2+y2:a2
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Y-axis is a stream line.

A
v
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Lecture # 12
Some definition
(i) Stokes stream function:

In fluid dynamics, the stokes stream function is used to describe the streamlines
and flow velocity in a three-dimensional incompressible flow with axis
symmetry. A surface with a constant value of the stokes stream function
encloses a stream tube, everywhere tangential to the flow velocity vectors.

w, = 1 i(,%siné’)—% r
rsin@\ 06 o¢p

I(f 1 ou © -
- — 0
"o r(sin@ o0p ér(r'u’ﬁ)j

w=1{ Zom) o

r

(ii) Line sources and Line sinks:

Two dimensional sources and sinks is generated by a line source.
Coincident with the axis stream lines of the flow generated by

dipole line. Source coincident with the axis and aligned along the axis.
(iii) Axisymmetric flow:

Using cylindrical coordinates (r,0,z) where r = 0 is the axis of axisymmetric
flow and (u,, 44,, 11, ) are the velocities in those (r,6,z) directions the continuity

l—a(l"/,lr) +% =0

equation is
r or oz

And this allows the definition of another stream function, v known as Stokes
stream function (different from the stream function used in plan flow) defined
as

y =1

% Croor
1 oy

oy
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And whose definition automatically assures that the continuity equation is
satisfied.

(iv) Line doublets:

i

We know that w=

zZ-2z,

If a = 0 then the line sources are on X-axis and thus

If there are number of line doublets of strengths 14, 1, , i4,.....12, per unit length
with line sinks at points z,z,,z,,.....z, and their axis being inclined at angles
a,,a,,,,.....c, with the positive direction of X-axis, then the complex
potential is given by

iy i, i,

w=L, + 1, +..+t U,
| zZ—2z, zZ—z

n

Images in rigid infinite plane and solid spheres:
(i) Images in rigid infinite plane:

Consider a simple source of strength ‘m’ and sink of ‘—m’ situated at A(0,0) and
B(—a,0,0) at a distance ‘a’ from an infinite plane yy .

We shall know that appropriate image system for this is as shown in the figure.
Y

B(-2,0,0) A(a,0,0)
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(i) Image of a source in a sphere:

Suppose a source of strength ‘m’ is situated at point. A at a distance f(>a) from
the center of the sphere of radius ‘a’

»
»

A(£,0,0)

Example What arranges of sources and sinks will give arise to the function

[+-:)
w=mlog| z ——
z

Draw rough sketch of stream line where y = constant. Prove that the stream
lines are subdivided into circle of radius a (r = a) and the axis of y.

Solution: Given that the function w= mlog(z - l)

Z

w=mlog[zz _1j:m10g[wj

z z

As  w=mlog(z—1)+mlog(z+1)—mlog(z—-0)

Put z=x+iy and w=¢+iy
¢+ iy =mlog(x+iy—1)+mlog(x+iy+1)—mlog(x+iy)
¢+ iy =mlog(x+iy—1)+mlog(x+iy+1)—mlog(x+iy)

P+ iy =mlog[(x—l) +iy] + mlog[(x+1) + iy] —mlog(x+iy)

¢+zt//4}{10g\/x—7 +ztan }w{log\/r “m( ﬂ "{k’gm T ( ﬂ

For stream lines y comparing imaginary parts
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w =mtan”' (LJ +mtan”' (L —mtan™ ( j
v =m tan™ (Lj +tan” (LJ —mtan” ( j
x—1 x+1) |

L A+ B

= =

% =

w=mtan” x=l x4l | an (Xj tan”' A+tan”' B=tan

y(x+1)+y(x—l)

y =mtan™ (x(—xl; (li(j;)r i)yQ —tan™ (ij

(x—l)(x+1)

xy+y+xy—yj_tan1(1j

—_

v =mtan

yr=1+97 X

v =mtan

=
(3]
[
=S
L
N—
|
S
B\
/%\
==
N—

A—-B
‘~tan' A—tan"' B=tan"'

=mtan”’
vV 2y 1+ AB

W =m tan”'

74 =mtan”'

2xy—y(x2 -y —1)
(x2 -y —1)x+2)€_)/2

2 2 3
v =mtan” 2x°y xy+y+yj

X —x—xy’ +2x)°
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v =mtan” (MJ

x(x2 +y° —1)

For stream lines y = constant

1 y(x2+y2+1)
mtan | ———— = |=cosntant =c

2

x(x2 +y —1)

y(x2 +y° +1)

x(x2+y2—1):c
Here arises two cases ¢ =0, ¢ = 0
(1) Forc=0
(x +y +1) 1,
(x +y —1)
(x +y +1) 0

y=0, xX*+y"+1%£0

Stream line on X-axis

(1) Forc=o

x4y’ =1
=1
= r==I

The stream line is on Y-axis
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Example: Two sources each of strength ‘m’ are placed at the points (—a,0),
(a,0) and a sink of strength ‘2m’ is placed at (0,0). Show that stream line are

curves where A is parameter. Show that the fluid speed at any point is

2

2ma
q= ; where r,=|z—a| ,r,=|z+a|, ,=|]
hhh
. : : : . Y4 P(z)
Solution: Complex velocity potential w is at point p(z)
1§) 3 I
"b?\ (a,O)
Y »X
—m 2m m

w=mlog(z—a)+mlog(z+a)-2mlogz
w=m|log(z—a)+log(z+a)]|-mlogz’
w=mlog(z’ —a’)-mlogz’
z=x+iy , and w=¢+iy

p+iy = mlog(x2 —y? +2ixy—a2)—mlog(x2 -y’ +2ixy)
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P+iy = mlog[(x2 -y - a2)+ i(2xy)} —mlog[(x2 —y2)+i(2xy)]

ﬂ—n{logJ(xz V) +{20) +z'tan‘1( 2

L R P
X -y —a
_ 2xy - 2xy
FOI'\.V l//=mtan 1(mj—mtan 1(_)(;2—)/2
B 2x A 2%y )]
t//:m|:tan 1£Wiy_az]—tan IE_XZ _)-;2 j—
2xy _ 2xy
y =mtan" Yoy —a Xy
1+ 2%y i
x2—y2 az'xz_yz
_2xy(x2—y )—2xy(x2—y _az)_
32 yz—a2)<x2 y2>
o
Y =mtan (xz_yz—az)(xz—y2)+4x2y2
(xz yz az)(xz yz)
My 2xy(x2—y2—x2+y2+a2)
YV =mtan x4—x2y2—x2y2+y4—a2xz+a2y2+4X2y2
t _1_ 2xy(a2)
= n
v=mia x4+y4+2x2y2—a2(x2+y2)
_ ) )
w =mtan”' zxy(a )
<x2+y2) —a2(x2+y2)
(2 1 xya’
l/’=mtan1 Zj Where_:<x2+y2)—a2(x2—y2)

a’xyl =(x2 +)/2)—cz2 (x2 —yz)
61236)//1+612()c2 —y2)=(x2 +y2)
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(x2 + yz) =a’ [xz -y’ +/1xy}
Now w=mlog(z—a)+mlog(z+a)-2mlogz

dw m m 2m
= +

dz z—-a z+a z

d_w _Z(z+a)+z(z—a)—2(z—a)(z+a)}m

dz i (z)(z—a)(era)

dw Z2+az+z2—az—222+2a2}

dz (z)(z—a)(z+a)

2

d_w_ 2ma
dz (Z)(Z—a)(z—i- a)
dw 2ma’ 2ma’

or q =

Tk D)z-a)z+a) | ! T —dz+d|]

2

q= ; where rlz‘z—a ,rzz‘z+a,r3:‘z‘

hnt;
Theorem: State and prove theorem of Blasius.

Proof: In a steady irrotational two dimensional flow given by the complex
potential w = f(z) if the pressure force on the fixed cylindrical surface C and is
represented by a force (X,Y) and a couple of Moment M about the origin of co-
ordinates then neglecting the external forces

. 2
X—iY:ZI(d_Wj dz
ZC dz

2
M = real part of —sz(d—W) dz
2 dz

C
Where p is the density of the fluid.

Proof: Let ds be an element of arc at point P(x,y) and the tangent at P makes
an angle 0 with x-axis. The pressure at P(x,y) is Pds, P is the pressure unit
length. Pds acts along the inward normal to the cylindrical surface and its
components along the co-ordinates along the co-ordinates axes are
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Pds cos(90+0) , Pds cosO
1.e —Pdssin® , PdscosO
The pressure at the element ds is
dF=dX +idY
= — Pds sinB +1Pds cos6
=1P (cosO +1sinf) ds

Pds sin® along negative x-axis = —Pds sin0 along positive x-axis

dF =iP{@+iﬂjds cosé’:@ , sinﬁzﬂ
ds ds ds ds
dF:iP(dx+idy)ds =iPdz (1)
The pressure equation in the absence of external forces is
£+ lq2 =constant =k
p 2
1, ..
Or Pz—qu +k (ll)
Further C;—W =—u+iv=—gcosf+igsind
Z
dw .
——=—¢g(cos@—isin@)=—qe" iii
—=d( )=—qe” __(iii)
: dx .dy . o :
And dx+idy =dz = d—+zd— ds:(cos«9+zs1n«9)ds:e ds (zv)
s s

The pressure on the cylinder is obtained by integrating (i) Therefore

F :J.isz = J.i(k—%pqz jdz
C

C

Fz%lqzdz [k =0

C

X +iY :%J‘qze’pds by (iv)
C
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Fromhere X —iY = pque “ds = X-iY¥= ’OJ. 2’9) e“ds

. 2
Y:%l(‘;—f) dz using(iii) & (iv)
The moment M is given by M = ”; X F‘
C

i ik
rxF=| x y  0/=(0-0)i—(0-0)j+(xPdscos+ yPdssin )k
—Pdssin@ Pdscosf 0
rxF =k[xPdscos@+ yPdssin0] = rxF =k[xP(dx)+ yP(dy)]
‘;xﬁ‘ :xP(dx)+yP(dy)

M =j rx ]?‘ :l[(de)y + (de)x]

M =l:(k—%pq2 j(xdﬂydy)}

x +y° } [ (xdx+ydy)}

l\)Ir—‘

M = —gj[qz (xdx + ydy)] .+ 1st int egral vanishes
C

:_g.[[ xcosl9+ysint9)ds} . dx =cosfds, dy =sinOds
C

M :Realpartof{—gj.[f(x+iy)(cos¢9+ysin¢9)dsﬂ

C
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M =Real partof'| —

Nlb

l qzze_"‘gdsﬂ
IE (qze—w)ewdsﬂ
1

Theorem: State and prove Milne-Thomson Circle theorem.

M =Real partof’| —

N|b

M =Real partof | —

N|b

dz

2
z(d—Wj e"‘gdsﬂ Hence theorem is proved.

Proof: Let f(z) be the complex potential function for a flow having no rigid
boundaries and such that there are no singularities with in the circle ‘z‘ =

Then on on introducing a solid circular cylinder with impermeable into the
flow the new complex potential for the fluid outside the cylinder is given by

W=f(z)+7(a2/z),

Solution: Let C be the cross section of the cylinder with equation

Z|2a

‘z‘ =1. Therefore, on the circle C

‘z‘ =a , zz=d , z=a"/z where z is the image of z w.r.t the circle. If z is
outside of the circle then z=a?/ z is inside the circle. Further all the

singularities of f(z) lie out the circle and the singularities of f (a2 / z) and
therefore those of 7(a2 / z)lie inside C. Therefore 7(a2 / z) introduce no

singularities outside the cylinder. Thus, the function f(z) and f(z)+ 7(a2 / z)
both have the same singularities outside C. Therefore, the condition satisfied by

f(z) in the absence of cylinder are satisfied by f (z) + 7<a2 / z) in the presence

of cylinder. Further the complex potential after the intersection of the cylinder
‘Z‘:ais W:f(Z)—i-?(E) = w:f(z)+f(z)

w = a purely real quantity
But we know that w=¢+iy It follows that v =0

This proves that the circular cylinder ‘z‘ =a 1is a stream line i.e C is a stream
line. Therefore, the new complex potential justifies the fluid motion and hence
the circle theorem.
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