NUMBER THEORY

BY MUZAMMIL TANVEER
mtanveer8689@gemail.com

0316-7017457




Dedicated

To

My Honorable Teacher
Dr. Muhammad Umer Shuaib

&
My Parents




Lecture # 01

Integer:

The number which have no decimal no riven (&) and no under root.

_n/jg;uml‘},.m,/b‘fwuﬁ‘j?;ml

Positive Integer:

The integer in which x >0 re. {1,2,3,.....}
Negative Integer:

The integer in which x <0 re. {—1,-2,-3,.....}
Non-negative Integer:

The integer in which x >0 re. {0,1,2,3,.....}
Non-positive Integer:

The integer in which x <0 re. {0,—1,-2,-3,.....}
Well Ordering Principle:

Let S be a non-empty set of non-negative integers. Then S contains a least
(smallest) element.

Even Integer:

An integer ‘n’ is said to be even if n =2m where m € Z
Odd Integer:

An integer ‘n’ is said to be odd if n = 2m+1 where m € Z
Division Algorithm:

Let ‘a’ and ‘b’ be any two integers such that b # 0 then 3 unique integers q and r
s.t

a=qbtr ; 0 <r<|b|
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e.g. a=12,b=5 = 12=(05)+2
& a=-36 , b=-7
—-36=6(=7)+6
Divisibility:
Let ‘a’ and ‘b’ be any two integers with b # 0 we say that b divides a if 3 an
integer ¢ such that
a=bc

In this case ‘b’ is called divisor or factor of ‘a’ and ‘a’ is called multiple of ‘b’
and is denoted by b |a

eg 2|4 &a=6,b=2 =6=3()
Remark:

If there does not exist such integer ‘c’ we say be does not divide ‘a” and is
denoted by bta . e.g. 275

Remarks:

(1)  Everyinteger a # 0 divides O i.e a 0

(ii) 1 divides every integer aie 1]-5 = -5=-5(1)

(ii1)) Every integer divide itselfi.e a la

(1v) Ifa|bandb|cthena‘c e.g.2|4and4‘8then2|8

(V) Ifa|bthena|bx where x € Z

(vi) Ifa | band a | cthea ‘ bx+cy
i.e.a|b:>a|bxanda|c:>a‘cythena‘bercy

(vii) Ifa|band b0 then |a|<|b|ie. 2]-6 = 2| <|—6|

Common Divisor:

Let ‘a’ and ‘b’ be any two integers at least one of them is non-zero and
integer ‘c’ is said to be common divisor of ‘a’ and ‘b’ if c laandc|b.

e.g. 4 is a common divisor of 8 and 12
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Lecture # 02

Greatest Common Divisor:

Let ‘a’ and ‘b’ be any two integers at least one of them is non-zero. A positive
integer ‘d’ is called Greatest Common Divisor (G.C.D) of ‘a’ and ‘b’ if

(i) dlaanddlb
(ii)  For any other common divisor (say) ¢ of aand b the ¢ | d

“It 1s also known as Highest Common Factor (H.C.F)
Notation:

The greatest common divisor of a and b is denoted by

G.C.Dofaandb=(a,b)=d
Remark:

(1) Ifa | b then (a,b)=a
eg (24)=4
and (0,0) = not exist
(i)  (ab)=(lal,[b])

Theorem:

Let ‘a’ and ‘b’ be any two integers at least one of them is non-zero. Then g.c.d
of ‘a’ and ‘b’ exists and is unique.

Proof: Let S be a non-empty set of positive integers of the form ‘ma+nb’
where m,n € Z.

S={matnb;mn € Z}

Then by Well ordering principle S contain a smallest element (say) ‘d” where
d =ax + by ; X,y € z. Now we show that g.c.d of ‘a’ and ‘b’ = (a,b) =d

(1)  Observed that d is positive because d € S
(i1)) Sinced<a
then by division algorithm 3 unique integers q and r such that
a=qd+r ...(1) where 0<r<d
= a=q(ax +by)+r
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= a=aqx+bqy +r

= r = a—aqx—bqy

= r=a(l-gx)+(-qy)b

= r=patsb wherep=1-gqx ,s=-qy
=>reSsS

Which is only possible if r = 0 put in (1)
a=qd
dla

Similarly, dlb

For g.c.d

(1)
(ii)
(iii)

d>0

dla &dlb

For any other
common divisor ¢
ofa & bthencld

(iii) Let ‘c’ be any integer such that ¢|a and ¢|b. Then

c|axandc|by

=cl ax+by
=cld .. d = ax+tby
Since d satisfy all conditions of definition of g.c.d. Therefore
(a,b)=d
Uniqueness:

Suppose that d, and d, (if possible) are g.c.d’s of a and b.

If d, is g.c.d then by definition
d, | d,
= d,<d; ...(1)
Similarly, if d, is g.c.d then by definition
d|d,
= d,<d, ..(i)
From (ii) and (iii)
d=d,
Which show the uniqueness
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Lecture # 03
Remark:
If (a,b) = d then 3 integer x and y such that
axtby=d
Co-prime integer or Relatively prime integer:
Two integers ‘a’ and ‘b’ are said to be co-prime integer if (a,b) = 1
Example: Find (4,9) =?
Solution: 4 and 9 are relatively prime
a=9 ,b=4
9=24)+1
=49 =1

Ox+4y =1 wax+by=1

1=9-4(2) o4 :
division algorithm/iff/;lb///z_}{nla;’//f‘/t_kuﬁawr’c)l

1=9(1) +4(-2)

—x=1landy=-2 a=qb+r;1£r£|b|_+t6

Question: (-9,4) =4 §.t¢6uflinear combinationéjwléié%;[u’l ¥ Tg.c.dz

Solution: a=4,b=4

9=24)+1 ‘é&/f#&ogufyulx/g/)l

=(94)=1

In linear combination
Oxt+dy =1

1 =-9(-1)+4(-2)
=>x=—-landy=-2
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Question: (5,12)=?

Solution: a=12,b=15

12=2(5+2 (i)

Herea=5,b=2

5=2(2)+1

ie. (5,12)=1

Now in linear combination

12x+5y =1

1=5-212)
=5-2[12-2(5)]
=5-24+4(5)
=5(5)-24

1=12(-2) +5(5)

=>x=-2andy=5

Question: (13,6) =?

Solution: a=13,b=6

13=2(6)+1

ie(13,6)=1

Now in linear combination

13x+6y =1

1 =13-6(2)

1 =13(1)+6(-2)

=>x=landy=-2

Collected by: Muhammad Saleem
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Question: (24,7)=?
Solution: a=24,b=7
24=3(7)+3 I ()
7=203)+1
24,7)=1
Now in linear combination
24x+7y =1
1=7-2(3)
=7-2[24 -3(7)]
=7-224)+6(7)
1=24(-2)+17(7)
=>x=-2 ,y=17
Question: (34,4)=?
Solution: a=34,b=4
34=84)+2
4=2(2)+0
= (344)=2
Now in linear combination
34x +4y=2
2=34-8(4)
2 =34(1) + 4(-8)

=x=1landy=-8

Collected by: Muhammad Saleem
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KJ’.,IKU'}%c;Jl;nQ/Tg.c.d = Zero—=

_K}'Zg.c.d
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Question: (76,8) =?
Solution: a=76 ,b=28

76 =9(8) +4

8=4(2)+0

= (76,8) =4

Now in linear combination
4=76-9(8)
4=176(1)+8(-9)
=x=landy=-9
Question: (59,11)="?

Solution: a=59,b=11

59=5(11)+4 (i)
11=2(4)+3 (ii)
4=13)+1 (iii)
= (59,11) =1

Now in linear combination

1=4-3(1)

1=4—-(1)[11-2(4)] from (i1)

1=4-11+2(4)

1=-11+34)

1 =—11+3[59-5(11)] = 1= —-11+3(59)-15(11)
=-16(11)+3(59) = 1=593)-11(16)

1=59(3) + 11(-16)

=>x=3 andy=-16
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Question: (37,47)="?

Solution: a =47 and b=

47=1(37) + 10
37=3(10) +7
10=1(7) +3
7=2(3)+1

= (3747) =1

37

)

(ii)
(iii)
(iv)

Now in linear combination

47x+37y = 1

1=7-3(2)

1 =7-2[10 - 1(7)]
1=7-2(10)+2(7)

1 =3(7) - 2(10)

1 =-2(10) + 3[37-3(10)]
1 =-2(10) +3(37) ~9(10)
1 =3(37)-11(10)

1 =3(37)-11[47-1(37)]

from (ii1)

from (i1)

from (1)

1 =3(37)-11(47) + 11(37)

1 = 14(37) - 11(47)
1 =47(-11) + 37(14)

=x=-11 andy= 14

Example: Find (256, 1166) =?

Solution: a=1166 , b =256

1166 = 4(256) + 142

Collected by: Muhammad Saleem
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256=1(142)+ 114

142 =1(114) + 28
114=4(28) + 2

28 =14(2)+0

= (256,1166)=2

Now in linear combination
1166x+256y = 2
2=114-4(28)
2=114-4[142 - 1(114)]
2=114-4(142) +4(114)

2 =-4(142) +5(114)

2 =-4(142) + 5[256 — 1(142)]
2 =-4(142) + 5(256) —5(142)
2 =15(256)-9(142)
2=5(256)—-9[1166 —4 (256)]
2=15(256)—9(1166) + 36(256)
2=1166(-9) + 41(256)
2=1166(-9) + 256(41)

= x=-9and y=4I

Collected by: Muhammad Saleem

_ (i)
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Lecture # 04
Theorem:
Let ‘a’ and ‘b’ be any two integers and ‘k’ be any integer then (ka,kb) = k(a,b)
Proof:
Let (a,b)=d
And (kakb)=t
Then we show that
kd =t
Since (a,b)=d

Then there exist integers u and v such that

aut+bv=d
= u(ka)+ v (kb)=kd ()
We suppose
(ka,kb) =t
=  tlka ] t| kb
= tlu(ka) , t|v(kb)

= tlu(ka)t+v(kb)
By definition of divisibility
= u(ka)ytv(kb) =tr

Put in (1)
kd =tr
= tlkd by def. of divisibility
= t<kd (i1)
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Now as (a,b) =d

= dla and dlb
=  kdlka and kd| kb
=  kdl(ka,kb)

= kdlt

= kd<t (i)

From (i1) and (iii)

kd =t
or t=kd

(ka,kb) =k(a,b) proved
Corollary:

If (a,b)=d Then show that (%, S) =1

Solution:

Given that (a,b)=d

R

By using above theorem (ka,kb) = k(a,b)

4(Gra)=d

Theorem: If alc and blc and (a,b) = 1 then show that ab| ¢
Proof: Since alc and blc
So, by def. of divisibility 3 integers x and y such that

c=ax & c=by

Also given that (ab)=1 then 3 integers u and v such that
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Or

au+bv=1
acu+bcv=c

a(by)u+b(ax) v=c

ab(yutxv) =c¢

ab(z)=c¢ " z=yu +xv integer
c =ab(z)

ablc .+ by def .of divisibility
Proved.

Theorem: If albc and (a,b) =1 then alc

Proof:

Given that (a,b)=1

Then 3 integers x and y such that

U

by 4 U

Collected by: Muhammad Saleem

ax +by=1

acx +bcy=c

ala = alacx
albc (given)
albey
al acx+bcy

a \ C Proved
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Lecture # 05

Common Multiple:

Let ‘a’ and ‘b’ be any two integers at least one of them is non-zero. An integer
(either positive or negative) ‘m’ is called common multiple of ‘a’ and ‘b’ if alm
and b | m.

Least common multiple (LCM):

Let ‘a’ and ‘b’ be any two integers at least one of them is non-zero. A positive
integer ‘m’ is called least common multiple of ‘a’ and ‘b’ if

(i) almandb |m
(i) If ‘¢’ is any other common multiple of ‘a’ and ‘b’ i.e. al ¢ & blc then
m]c.

Notation:
If least common multiple of ‘a’ and ‘b’ is ‘m” we denote it as [a,b] =m
Remark: Ifalb then[a,b]=b

n=P" x P> xP" x.....P"  where P,'sare prime number and x, > 0

12=2%x2x%x3

12=(2)" x(3)

T2=2x2x2x3x3 o 30=2x%x3x5

~(2)' (3) =(2) %(3)' x(5)
P=2,P,=3 P=2,P,=3,P,=5
X, =3,x,=2 x,=1,x,=1,x,=1

|
=I5
i=1
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Theorem:

Let ‘a’ and ‘b’ be any two integers at least one of them is non-zero where

a=][P", b= [P . Let M,=max{x,,y,} then show that [a,b] = d where
i=1 i=1

d :HBM" . Also show uniqueness of d.

i=1

Proof:

(1)

(i)

(iii)

Collected by: Muhammad Saleem

Note that d :HBM" is positive because all P are prime number and

i=1

M. >0

Since M, =max {x,,y,}

= x, <M, and y <M,

= P'<P" and P"<P" Vi

= P"|P" and P"|P" Vi

=T1P [P ana [1P"([1P"
i=1 i=1 i=1 i=1

= aldandbld

Three conditions for
L.CM

(1) dis+ve

(i) ald&bld
(i11) any integer ¢
then d| ¢

Let ‘c’ be any other common multiple of ‘a’ and ‘b’ where ¢ :HB"'

Since a|c andb\c

ie. fl[Pxf fl[P’f and fl[P”

= x, <t, and y <t

r

17

i=1

:max{xi,yi} <t Vi
= M, <t Vi

M. )
— Pl <p"

:>r1PM
i=1

—=dlc

Vi

”

[

i=1

Vi

Hence [a,b] =d

16

Vi

i=1

Composed by: Muzammil Tanveer




Uniqueness:

Suppose that d, and d, (if possible) are L.C.M’s of aand b
If d,is L.C.M then by definition

d,|d,

= d, <d, (1)

If d, 1s L.C.M then by definition

d|d,
= d,<d, ()
From (1) & (i1)
d, = d, which show the uniqueness
Theorem:

Let ‘a’ and ‘b’ be any two integers at least one of them is non-zero then
(a,b).[a,b]=ab
Proof:
Letd =(a,b) and m = [a,b]
=  dintegers r,s and integers u,v such that
a=dr,b=ds (r,s)=1 ()
and d=autbv
Also m = [a,b]
=  Jintegers t and w such that
m=at & m=bw ()
d = autbv

md = m(au+bv)
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md = mau + mbv
= bwau + atbv

md = ab (uw + tv)

= ab|md N ¢11))

Also %bz%:rb by (i)
%b:a?dszsa by (i)
a a_b , b %b ; thata—b is a common multiple of ‘a’ and ‘b’.
= m‘c;—b or md‘ab —(iv)

From (ii1) and (iv)
md = ab
(a,b).[a,b] = ab
Corollary:
If (a,b) =1 then [a,b] = ab
Proof:
We know that from above theorem
(a,b).[a,b] =ab
Given that (a,b) =1
1.[a,b]=ab
= [a,b] =ab
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(i) [6,14] = 2
14 =2(6) +2
6=3(2)+0
= (6,14)=2
Now (6,14).[6,14] = 6x14
2.[6,14] =6x14
[6,14] = 42

If [a,b,c]z[[a,b],c]

(ii) [6,14,8] = ?
[6,14,8]=[[6,14].8 ]
First, we find [6,14]
14 =2(6) +2
6=3(2)+0
= (6,14)=2
Now (6,14).[6,14] = 6x14
2.[6,14] =6x14
[6,14] = 42
[6,14,8]=[ [6,14],8 |=[42,8]
Now 42 =5(8)+2
8=4(2)+0 ie. (42,8)=2
(42,8) . [42,8] = 42x8
42x8

2.[42,8]=42x8 = [42,8]= =168

— [6,14,8] = 168
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Lecture # 06

Linear Indeterminate equations or Linear Diophantine equations:

An equation with two or more than two variables is called Linear indeterminate
equations or Linear Diophantine equations.

e.g. ax +by=c
or ox +Py+yz=0

x +7y=311ssatisfiedbyx=21,y=1alsobyx=3,y=4and also by x =17
, ¥ = 2 so we have infinite many solutions.

On the contrary the Diophantine equation 15x + 51y = 14 or 2x + 4y =5 has no
solutions. Thus, we may ask when can a given Diophantine have solutions? We
give it in our next theorem.

Theorem: Let a(#0), b(#0) and ‘c’ be any integer then the equation
ax +tby=c (1)
has a solution iff d| ¢ where d = (a,b). If (x,.,) is a solution of eq (i) then

. . . . U b '
general solution of eq (i) is given by x =x, +Et , Y =Y, —%t wheret € Z

Proof:

Suppose eq (i) has a solution (say) (x,,y,) then

ax, +by, =c ()
We are to show that d|c
Since (a,b)=d (given)
= dla and dlb
= d | ax, and d |by0
= d | ax, + by,
= dlc by eq (ii)
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Conversely:

Suppose d | ¢ then by definition of divisibility there exist integer t such that

c=dt
Now as d=(a,b)
= 3 integers u and v such that
aut+bv=d
= a(ut) +b (vt) =dt multiplying by t

= ax, +by, =c
where x, =ut ,y,=vt,c=dt
= (xo.¥,) is solution of eq (i)
Now suppose (x', y') is another solution of eq (i). Then
ax +by =c ()
Subtracting eq (i1) from eq (iii)
a(x' —xo)+b(y' —yo) =0
= a(x'—xo):—b(y'—yo) ()
As d=(ab)
= dla and dlb
=  Jintegers ‘r’ and ‘s’ such that

a=rd , b=sd where (r,s)=1

Put the values of ‘a’ and ‘b’ in eq (iv)
rd(x' —x0)=—sd(y' —yo)

r(x'—xo):—s(y'—yo) v)
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From (v) we have

s‘r(x' —xO)
But (r,s) =1 (relatively prime) holds when
s‘(x' - xo)
= x — X, =St
= X = X, + st
= x':x0+§t wb=sd =>s=
Again, from eq (v)
—r‘s(y' —yo)
But (r,s) =1 holds when
(v =)
= —(y' - yo) =rt
= -y +y, =1t
=y =yt
= y':yo—ﬁt v a=rd = r=2
d d

Question: Find the general solution of 2x + 5y =6
Solution:

Since (2,5)=1and 1| 6
Solution of the given equation exists

Now 5=22)+1

Collected by: Muhammad Saleem 2
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= 1=5-2(2)

Or 2(-2)+5()=1
Multiplying by 6
2(-12)+5(6)=6

= x,=-12 , y, =6

Now for general solution

: b
= x=x0+gt

X =—12+%t

x =—12+5¢

To check
Whent=1 = x=-7,y=4
2x+5y=6
2(=7)+ 5(4)=-14+20=06

Satisfied for all value of t.
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Question: Find the general solution of 47x + 37y = 15

Solution:  Since 47,37)=1 and 1 | 15 so, solution of the

given equation exists

Now 47=1(37)+ 10 I ¢
37=3(10)+7 I (1))
10=1(7)+3 (i)
7=23)+1 _ (v)

Now 1=7-203)
1=7-2[10 - 1(7)] from (iii)

1=7-2(10) + 2(7)
1=3(7) - 2(10)
1 = 3[37-3(10)] -2(10) from (i)
1=3(37) - 9(10) — 2(10)
1=3(37) - 11(10)
1 =3(37) - [47-1(37)] form (i)
1 =14(37) - 11(47)
Or 47(-11) + 37 (14) =1
47(-165) + 37(210) = 15

= x, =-165 , y, =210

For G.S
x'—x +2t = —zt
0 d s y yo d
x =—165+37¢ s y':210—47t

is the required general solution.

24

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




Question: Find the general solution of 85x + 60y = 20

Solution:  Since (85,60)=1 and 5 | 20 so, solution of the

given equation exists

Now 85 =1(60) + 25 I ¢
60=2(25)+10 I (1))
25=2(10)+5 (i)
10=2(5)+0

Now 5=25-2(10)

=25-2[60 — 2(25)] from (ii)

=25 — 2(60) + 4(25)
= 5(25) — 2(60)
= 5[85-1(60)] —2(60) from (i)
= 5(85) — 5(60) — 2(60)
5 =5(85) — 7(60)
Or 85(5) +60 (-7) =5
85(20) + 60(~28) = 20
=  x,=20, y,=—28

For G.S

, b | a
x=x0+gt , yzyo—gt

x =20+12¢ , ¥y =-28-17t
is the required general solution.
For checkt=1

X'=32, ) =-45 = 85(32)+60(-45)=20
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Question: Find the general solution of 34x + 7y =2

Solution:  Since 34,7)=1 and 1] 2 s0, solution of the
given equation exists

Now 34=4(7)+6 )
7 =1(6)+1 (i)
Now 1=7-1(6)
=7 - 1[34 - 4(7)] from (i)

=7 - 1(34) + 4(7)
Or 34(-1)+7(5) =1
34(-2) + 7(10) =2

= X0=—2 > y0=10

For G.S
X =x +2t = —ﬁt
0 d b y yo d
% ==t " y'=10—34t

is the required general solution.
For checkt=1

x=5,y=-24 = 34(5)+7(-24)=2
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Lecture # 07
Theorem: Let a(#0) , b(#0) and ‘c’ be any integer then the equation
ax-by=c¢ ()

has a solution iff d| ¢ where d = (a,b). If (x,, )is a solution of eq (i) then

general solution of equation is given by
, b ‘ a
X :x0+gt and 'y :y0+gt Where t € Z

Proof:

Suppose eq (i) has a solution (say) (x,,y,) then

ax, —by, =c ()
We are to show that d/c
Since (a,b)=d (given)
= dla and dlb
= d|ax, and d|by,
= d | ax, — by,
= d| ¢ by eq (ii)

Conversely:

Suppose d | ¢ then by definition of divisibility there exist integer t such that

c=dt
Now as d=(ab)
= Jintegers ‘u’ and ‘v’ such that
aut+tbv=d
= a(ut) + b (vt) = dt multiplying by t

= a(ut) — b(—vt) =dt
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= ax, —by, =c
where x,=ut ,y,=vt,c=dt
= (x,.,) is solution of eq (i)
Now suppose (x', y') is another solution of eq (i). Then
ax —by =c ()
Subtracting eq (i1) from eq (ii1)
a(x' —xo)—b(y' —y0)= 0
= a(x'—x0)=b<y'—y0) _ ()
As d=(ab)
— dla and dlb
=  Jintegers ‘r’ and ‘s’ such that

a=rd , b=sd where (r,s)=1

Put the values of ‘a’ and ‘b’ in eq (iv)

rd(x'—xo)zsd(y'—yo)

r(x=x,)=s(y =) W
From (v) we have
slr(x = x,)
But (r,s) = 1 (relatively prime) holds when
=)
= X —x, =S5t
= X =x,+st
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= x':x0+2t wb=sd :s:é
d d
Again, from eq (V)
As( )
But (r,s)=1 holds when
r‘()" - yo)
= (y' - yo) =rt
= y =y, +rt
, a a
= =y, +—t wa=rd = r=— proved
Y =X 7 J p
Question: Find the general solution of 8x — 15y = 20
Solution:  Since (8,15 =1 and 120  so, solution of the
given equation exists
Now 15=118)+7
8=1(7)+1
And 1=8-1(7)

=8—1[15 - 1(8)]
=8-1(15) + 1(8)
=2(8) - 1(15)
1=8(2) - 15(1)
x by 20 8(40) —15(20) = 20

= x,=40 , y,=20
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, b , a
For G.S X =x,+—t , =y +—t
0" Y =X J

x =40+15¢ , ¥y =20+8t
For check t=1
x =55 , vy =28
8(55) —15(28) =20

Question: Find the general solution of 67x — 45y =131

Solution:  Since (67 ,45)=1 and 11131 so, solution of the
given equation exists
Now 67=1(45)+22
45=2(22)+1
And 1 =45-2(22)

=45 -2[67 — 1(45)]
=45 - 2(67) + 2(45)
1 = 3(45) — 2(67)
Or 67(-2) — 45(=3) = 1
x by 131 67(-262) —45(-393) = 131
=  x,=-262 , y,=-393

For G.S X :x0+§t , Y =y0+§t

x =-262+45¢ , ¥ =-393+67t
For check t=1

x =-217 , ¥y =-326

67(~217) —45(-326) = 131
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Question: If the cost of an apple is Rs.8 and cost of mango is Rs. 15 How
many minimum (least) number of apples can bought from rupees 200.

Solution: Let x represent the number of apple and y represent the number of
mangoes. Then

8x+15y =200
Since 8,15)=1 and 11200 so, solution of the given
equation exists
Now 15=1(8)+7
8=1(7)+1
And 1=8-1(7)

=8 —1[15-1(8)]
=8—1(15) + 1(8)
1=2(8) - 1(15)
Or 8(2) + 15(-1)=1
x by 200 8(400) + 15(~200) = 200

=  x,=400 , y, =—200

For G.S X =x, +§t .Y =Y, —%t
x =400 +15¢ , ¥y =-200-8¢

Put t=-26 x =400+15(-26) , ¥ =-200-8(-26)
x =10 , v =8

To check 8(10) +15(8) =80 + 120 =200

Hence, we bought 10 apples from 200 rupees.
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Lecture # 08

—13+5=2 Remainder

2 3

~13 -16
S ﬂ 5 E

-3 -1
R=5-3=2 R=5-1=4

Remainder < Divisor

Congruence:

Let ‘a’ and ‘b’ be any two integers and ‘m’ be a fixed positive integer. We say
that ‘a’ is congruent to ‘b’ modulo ‘m’ if ‘m’ divides a — b and is denoted by

a=b(modm) ___ (i)

The relation (i) is called congruence ‘m’ is called modulus value of congruence
‘b’ is called remainder/residue of the congruence. If ‘m’ does not divides a — b
we say that ‘a’ is incongruent to ‘b’ modulo ‘m’ and denoted by

a#b(modm)
Examples:
i a=8 , b=35 , m=3
318-5 = 33

‘a’ is congruent to 5(mod3) or 8=5(mod3)

(i) a=8 =-5 ,  m=3
3|8 — (=5)=3]8+5 = 3]13
8# —5(mod3)

(i) a=8 ,  b=-10 ,  m=2

218 —(-10) =2 = 2|8+10=2]18 =  8=-10(mod3)
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(iv) a=8 , b=-6 , m=2
2|8 — (—6) =218+6 = 2/14
8=-6(mod2)

Theorem: Show that the relation of congruence between integers is an
equivalence relation.

Proof:
(i) Reflexive: Let ‘a’ be any integer and ‘m’ be fix (positive) integer
Since m|a
— mla-a
= a=a(modm)
It means that relation of congruence between integer is reflexive.

(ii). Symmetric: Let ‘a’ and ‘b’ be any two integers and ‘m’ be a fix
(positive) integer.

Suppose a = b(modm)
= m|a-b =m| —(b—a)
= m |b-a
= b = a(modm)

It means that relation of congruence between integers is symmetric.

(iii) Transitive: Let ‘a’, ‘b’ and ‘c’ be any integers and ‘m’ be any fix
(positive) integer.
Suppose a = b(modm)
And b = c(modm)
= mla—-b and m|b-c
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= mla—b+b-c
= ml|la-—c
= a = ¢(modm)

It means that relation of congruence between integers is transitive. Since the
relation is reflexive, symmetric and transitive. Therefore, the relation is
equivalence.

Equivalence Class:

Since the relation of congruence between integer is an equivalence relation
therefore it partitions set of integers into classes these classes are called
Equivalence classes.

Example: m=2

[0]= {x‘x p O(modZ)}

= {x‘x (mod2‘x = 0)}

= [0]={£0,£2,£4,..}
And [1]={x]x=1(mod2)}
= {x‘x <m0d2‘x—1)}

= [1]={£1+3,£5,..}

We note that
[0]~[1]=0
And [O] V) [l] =7
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Lecture # 9
Partition:
Let A= {1,2,3,4} A and A, are partition of A if

(i) Adud, =4
() A4 =¢
(i) m=2

[0],[1] are classes » Remainder 0,1

[0] = {x[x=0(mod2)}

(i) m=3
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(iii)

(iv)

Collected by: Muhammad Saleem

[2]:{x =2 m0d3)}

[2]={x| 3]x- 2}
[2]={2,5.8,11,....,—1,-4,-7,-10,...)
olof]u[2]=2

[0]~[1]~[2]=¢

m=4

[0].[1].[2].[3]

[0]={x\xso(mod4)}

[0]={x\ 4lx-0
[0]={0,+4,£8%12,....}
[1]={x[x=1(mod4)}

[l]z{x‘ 4‘x—1}
[1]=1{1,5,9,13,17....,-3,-7,~11,-15,..}
[2] = {x|x =2(mod 4)}

[2]:{x\ 4\x—2}
[2]={2,6,10,14,18....,-2,~6,~10,~14,~18...}
[3]={x\x_3(mod4)}

[3]={x\ 4\x—3}
[3]=1{3,7,11,15,19....,-1,-5,-9,-13,-17...)
[o]uft]u[2]vw[3]=2Z
[0]~[t]n[2]n[3]=¢

m=5

[0].[1].[2].[3].[4]
[0]:{x‘x50(mod5)}
[O]z{x‘Sx—O}
[0]={0,+5,£10%15,.....}
[l]z{x‘le mOdS)}
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1]= {\s\x 1}
]=1{L

1,6,11,16,21.. —4,—9,—14,—19,...}

[

[

[2] {‘x 2mod5)}

[2]:{)6‘ 5‘x—2}
[2]=1{2,7,12,17,22....,-3,-8,-13,-18,-23...}
[3]:{x‘x 3(m0d5)}

[3] {x‘ S‘x 3}
[3]=1{3.8,13,18,23....,-2,-7,-12,-17,-22...}
[4]:{x‘x_ (modS)}

[4]={x‘ 5‘x—4}
[4]={4.,9,14,19,24...,-1,-6,-11,-16,~21...}
[o]wl]w[2]wu3]v[4]=2

(o]~ [2]n[3]n[4]=¢

m=6

o].[1].[2].[3].[4].[5]

0] ={x|x=0(mod6)|

0]={x| 6|x-0

0]={0,+6,+12+18,.....}

={1,7,13,19,25....,-5,~11,-17,-23,..}

2] ={x|x=2(mod6)}

]={x| 6]x-2}
2]=1{2,8,14,20,26....,~4,-10,-16,-22,-28...}
] {xxz3(mod6)}

I-

3]={x| 6]x-3}
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X= (mod 6)}

—
[\
—_
—
(98]
—_
—
AN
—_
—
(9}
—_
|| I

1]=1{1,8,15,22,29....,-6,~13,-20,-27,...

X = 2(m0d7)}

7‘x—2}
,9, 16,23,30....,—5,—12,—19,—26,—33...}
xES(m0d7)}

7‘x—3}
,10,17,24,31....,—4,-1 1,—18,—25,—32...}
X = 4(m0d7)}

7|x -4}

4]={4,11,18,25,32....,-3,-10,~17,-24,-31..}
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5]=15,12,19,26,33....,-2,-9,~16,-23,-30...)
‘xz6(m0d7)}
6 :{x‘ 7‘x—6}

= {6,13,20,27,34....,~1,-8,~15,-22,-29...}

oulu[2]ulu[4]uls]of6]= 2
o]n[1]n[2]n[3]n[4][5]~[6]=¢

m=3§

[0].[1].[2]-[3]:[4].[5].[6].[7]

[0] = {x|xx =0(mod38)}

[0]={x]| 8]x-0

[0]={0,48,+16+24,....}
[1]={x|x=1(mod8)}

[l]z{x‘ 8‘x—1}
[1]={1,9,17,25,33....,-7,~15,-23,-31,...}

[2] = {x]xx = 2(mod8)}

[2]={x| 8]x-2}
[2]=1{2,10,18,26,34....,-6,-14,-22,-30,-38...}
[3]={x|x =3(mod8)}

[3]={x| 8]x-3}
[3]={3,11,19,27,35....,-5,~13,-21,-29,-37...}
[4]:{x = (mod8)}

[4]={x| 8]x—4}
[4]={4,12,20,28,36....,—4,-12,-20,-28,-36...
[5] = {x xX= 5(m0d8)}
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(viii)
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N

‘ S‘x 5}
5,13,21,29,37... —3,—11,—19,—27,—35...}
{x‘x 6 m0d8 }

(o)} N
I

(o)

{x‘ 8‘x 6}
6,14,22,30,38... —2,—10,—18,—26,—34...}
{x‘xz7(mod8)}

~

~

r—mmeee s e/ ~/ @/ ~—/ —
(@)

— ] ] ] ] e e e e
~=

‘ 8‘x - 7}
7 15,23,31,39....,—1,—9,—17,—25,—33...}

I
ﬂ-"‘-\/—/‘—\

2

oJui]u2]u3]v[4]v[5]vu[6]vu]7]=2Z
o)~ 1A R]ABA A S]n 6] AT -4
m=9

=)

,_|

=]

x‘xEO m0d9 }
| 90}

18+27,......

()

0,£9,+
x‘xs (mod9}

{x‘ 9‘x 1}
={1,10,19,28,37....,-8,-17,-26,-35,...}
x_2(mod9)}

()
I—II—II—II—I
Il
,-/\—\/"A“\/—/\.\t-’\—\l_l
=

—

—

Il

X 9‘x—2}
2 11,20,29,38....,—7,—16,—25,—34,—43...}
x|x= 3(m0d9)}

J={
J=1
]=1
J={
]:{x9‘x3}
]={
J={
J={

3[=13,12,21,30,39... —6,—15,—24,—33,—42...}

Lo | Lo | / / || / / 'S‘ / / [ | L | || || | |
I
=
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4

{4 13,22,31,40....,—5,-14,-23,-32,-41.. }
{xx mod9}
&

N

N

X 9‘x 5}

W

5,14,23,32,41.. —4,—13,—22,—31,—40...}
xX|x = m0d9 }

(o)

(o)

><
-~

><

O’\
——

6,15,24,33,42... —3,—12,—21,—30,—39...}

{
{x]
{]
{
{ x= 7(m0d9)}
{
{
{
tx]

I
=

\]

=

9‘x 7}
7,16,24,33,42....,-2,—-11,-20,-29,-38.. }

3

oo

x|x = 8(mod9)}

o0

X 9‘x 8}
{8,17,26,35,44....,—1,-10,-19,-28,-37...}
NlofloBlof4]ols]ofe] o7 o] =2
n[t]n[2]nB]n[4]n[s]n[6]~[7]n[8]=¢
(ix) =10
[

o]

o
C

()

,_|,_|,_|,_|,*,_|,_|,_|,_|,_|,_|,_|,_|,_|,_|
[ I B T S L e L e e e e e e B e I M |

] [LL[2] 3] [4].[5].[6].[7]. (8] [9]
0] ={x|x=0(mod10)}

0)= x| 10]x -0}
0]={0,£10,+20+30,.....}

1 {xx mole}

]=
] {x lO‘x 1}
]=

{1,11,21,31,41....,9,-19,-29,-39,..}

2] ={x|x=2(mod10)|
2]={x| 10[x -2
2]=1{2,12,22,32,42....,-8,~18,-28,-38,-48...)
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[3]={x|x=3(mod10)}

[3]={x| 10]x-3}
[3]={3,13,23,33,43....,-7,-17,-27,-37,-47...)
[4]:{x‘x54(m0d10)}

[4]={x| 10}x -4}
[4]=1{4,14,24,34,44....,-6,-16,-26,-36,-46...)
[5]= {x x= S(mOdIO)}

[5]={x lO‘x—S}
[5]={5.15,25,35,45....,-5,~15,-25,-35,-45..}
[6] = {x[x =6(mod10)}

[6]={x| 10]x - 6}
[6]=1{6.16,26,36,46....,—4,~14,-24,-34,-44..}
[7]={xxs7(mod10)}

[7]:{x 10‘x—7}
[7]=1{7.,17,27,37,47....,-3,-13,-23,-33,-43..}
[8]={x|x=8(mod10)}

[8]={x| 10]x-8}

[8] = {8,18,28,38,48....,-2,-12,-22,-32,-42..}
[9] = {x[x =9(mod10)}

[9]={x| 10]x -9}
[9]=1{9,19,29,39,49...,~1,-11,-21,-31,~41..}
[oJoltJul2]ws]ul4]vls]ufs]w[7]w (8] [9]=2
] [t]n[2]~3]n[4]n[5]nle]n[7]~[8]w[9]=¢
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Theorem: Let ‘a’, ‘b’, ‘c’ and ‘d’ be any integers and ‘m’ be fixed positive
integer. If a = b(modm) and ¢ =d(modm). Then

(i) a+c=b+d(modm)
(ii)) a—-c=b—d(modm)
(iii) ac=bd(modm)

Proof: (i) Given
a=b(modm) , c=d(modm)
By definition of congruence
= mla-b and mlc-d
= mla-b+c-d
= m‘(a+c)—(b+d)
= a+c=b+d(modm)
(ii). Given
a=b(modm) , c=d(modm)
By definition of congruence
= m|a—b and m|c—d
= mla-b-(c-d)
= mla-b-c+d
= m‘(a—c)—(b—d)
= a-c=b—d(modm)
(iii).  Given

a=b(modm) , c=d(modm)
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By definition of congruence
= mla-b and mlc—d
= m|a-b)c and m|(c-d)b
= mlac—bc , mlbc—bd
=  mlac—bc+bc+bd
= mlac—bd
= ac=bd(modm)
Theorem: If a=5(modm) then show that 4" =b"(modm)
Proof: Given
a=b(modm)
By definition of congruence
= mla-b
= m‘(a—b)(aﬂ’1 +a”’2b+....+b"’1)

= mla" -b"

= a"=b"(modm)
Remark: The converse of above theorem is not true in general.
eg. a=8 ,b=4, m=3,n=2
= §=4"(mod3) But = 8#4(mod3)
Some formula’s o’ -5’ =(a—b)(a+b) , @’ -b'=(a-b)(a’ +ab+b)
at-b*=(a-b)(a’ +a’b+ab’ +b'), &’ ~b =(a-b)(a' +d'b+a’b’ +ab’ +b'),
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Lecture # 10
Question: Find remainder when 2’ is divisible by 13

Solution: Since 64 =—1(mod13)
= 2°=-1(mod13)
= (2°) =(~1)’ (mod13)
= 2% =-1(mod13)
= 2°.2" =-1.2°(mod13)
= 2% =—8(mod13)
= 27 =5(mod13) .~ -8+13=5
= Remainder = 5

Question: Find remainder when 5* is divisible by 12

Solution: Since 25=1(mod12)
= 5’ =I(mod12)
= (52} =(1)" (mod12)
= 5% =1(mod12)
= Remainder = 1

Question: Find remainder when 3'"' is divisible by 10

Solution: Since 81=1(mod10)

= 3*=1(mod10)

= 3% =1(mod10)
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= 3.3 =1.3(mod10)

= 3% =3(mod10)

= Remainder =3
Question: Find remainder when 2" is divisible by 3

Solution: Since 4=1(mod3)

= 2% =I(mod3)

= 2.2%=1.2(mod3)
= 2" =2(mod3)
= Remainder =2
Question: Find the remainder when sum of the given series is divisible by 4
1142143!+....+100!
Solution: Since 41=0(mod4)
= 4145464 ....+100!=0(mod 4)
= 142434414+ +100!=11+ 21+ 3!(m0d4)
= 142434 41+....+100!=9(mod 4)

= 1+2434 4!+....+100!El(m0d4)

Question: Find the remainder when sum of the given series is divisible by 15

11+214+314....+1000!
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Solution: Since 5!=0(mod15)
= 5M4+6M....+1000!=0(mod15)
= 14243441454+ 6+....+1000! =1+ 21+ 31+ 4!(mod15)
= 1424 34...+1000!=33(mod15)
= 142K 3+....+1000!=3(mod15)

Remainder =3
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Lecture # 11

Theorem: If a = b(modm) then show that f(a)= f(b)(modm)

Proof: Given that a=b(modm) __ (i)
= ax=bx(modm) __ (ii)
= ax’ =bx’(modm) __(iii)
= ax" =bx""(modm) __ (iv)

From (1), (i1) , (ii1) and (iv) we have
a+ax+ax’+..+ax"'=b+bx+bx*+..+ bx""

£(a)= £ (5)(modm)

v fla)=a,+ax+a,x’ +..+a,_x

Theorem: If a =b(modm,) and a=b(modm,) then show that

a=b(mod <m,,m, >) where <m,,m, > is called L.C.M of x,,x,
Proof: Since a=b(modm,) and a=b(modm,)

= mla-b , mla-b

Multiplying by m,

= s a-)

= <m,m, >‘(a—b)

= a=b(mod <m,,m,>)
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Complete Residue System (CRS)

Let {al,az,...,a k} be a set of integers and m be a fixed positive integer we say
that the set {4,,a,,...,a,} forms a complete Residue system modulo m (denoted
by CRS (mod m)) if

(i) = a#a,(modm) Vi
(11)  For any integer n there exist a unique a, such that

n=a,(modm)
Example: Check the set forms CRS {11,12,13} , m=3
Solution: (i) Condition
11£12(mod3) = 3F11-12
12#13(mod3) - 371213
11#£13(mod3) 311113
1** condition satisfied
(i1). For 2" condition for any other integer
25=13(mod3) - 325-13
Example: Show that the set {6,7,8,9} , m =4 from CRS.
Solution: (i) 1% condition

6% 7(mod4)
)

6% 9(mod4)
7#8(mod4)
7#9(mod4)
8£9(mod4)
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(i1). 2" condition
For any other integer
10=6(mod4)
Example: Show that the set {6,7,10,9} , m = 4 forms CRS.
Solution: 1 condition
6 #7(mod4)
6=10(mod4)
Which is not true. The given set not forms CRS.

Theorem: Let A = {g,,a,....,a, } be a set of integers then ‘A’ forms CRS (mod

m) if k =m.

Proof: We know {0,1,2,....,m—1} forms a CRS (mod m) hence for each j ,
1 <j<k3Juniqueisuchthat0 <i<m-1and

a, =i(modm)

Thus k <m. But then {a,,a,,...,a, } is also a CRS (mod m). Hence V i

0 <i<m-1,3Juniquej 1 <j <k such that
i=a,(modm)
= m<k
By combining the above resulti.e. k<m& m<k
= m=k
Alternate definition:
The set A = {a,,a,,...,a,} forms a CRS (mod m) if

(1) A contain exactly m elements
(ii) a,#a,(modm) V i#j
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Example: Show that the set {81,82,83,84} , m =4 forms CRS.

Solution: (i) Observe that A contains exactly 4 elements. Condition (i)
satisfied.

(ii). 81£82(mod4

Condition (i1) satisfied. Hence the given set forms CRS.

Exercise: Let {x,,x,,...x, | be a CRS (mod m) and a,b € Z such that (a,m) = 1
then show that the set 4 ={ax, + b,ax, +b,...ax, + b} forms CRS (mod m)

Solution: (i) Observe that A contain exactly m elements.
(i1)). Now we show

ax, +b&ax; +b(modm) Vi#

Suppose ax, +b=ax, +b(modm) Vi#j
= ax,=ax;(modm) Vi#j
Since (a,m)=1 then

x,=x,(modm) Vi#j
A contradiction against the fact that the given set {x,,x,,....x, } forms a CRS
(mod m). So our supposition is wrong. Thus
ax, +b#ax,+b(modm) Vi#j
Hence set A forms CRS (mod m)
Remark: The set {0,1,2,..., n— 1} always form a CRS (mod n)
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Example: A = {81,82,83,84} ,m=4

The least residues of A (mod 4) are {1,2,3,0}

By using remark, the given set forms CRS (mod 4)
Example: A = {81,82,84,88} , m=4

Solution: The least residues of A (mod 4) are {1,2,0,0} which are not
remainder of 4 i.e {0,1,2,3}. Hence the given set not forms CRS (mod 4).
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Lecture # 12
Reduced Residue System (RRS)

A set of integers {a,,a,,...,a,} forms a Residue system modulo ‘m’ (denoted by
RRS (mod m)) if

(1) (ai,m)zl Vi
(i)  a #a,(modm) Vi#j
(111) For any integer n where (n,m) = 1 there exist a unique g, such

that

n=a,(modm)
Example: Check the set forms RRS {1,3,5,7} ,m=28
Solution: (i) Since (1,8) = (3,8) = (5,8) = (7,8) = 1
(i),

i) n=15 = (158)=1
And 15=7(mod8)

Hence the given set makes RRS.
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Euler ¢ function:

Let n be a +ve integer (n > 1) we define Euler ¢ function as follows

n if n=1
¢(n) =4 The number of + ve integers lessthan

and co — prime to n if n>1
e.g. Ifn=1thend(l)=1
Ifn=2
0,2)=2,(1,2)=1
1 & 2 are co-prime
¢(2)=1
If n=3
0,3)=3, (1,3)=1,(2,3)=1
1 & 3 and 2 & 3 are relatively prime
¢(3) =2
If n=4
0(4) =2
If n=5
¢(5) =4
If n=13
d(13)=12
Remark : (i) If P is prime number then ¢(P) = P-1

(i1). The set {1,2,3,..,P—1} always forms a Reduced Residue system (mod P)
where P is a prime number.
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Theorem: If {a,,q,....,a,} is a Reduced Residue system (mod m) then
k = ¢(m).
Proof: 7,t,,....t 4m) be the ¢(m) integers that are less than m and co-prime to

m. We show {tl,tz,...,tﬂm)} 1s a RRS (mod m)
Suppose ¢, =¢,(modm) 1<f,,t,<m
mlt,—t, (1)
But 1<y¢,¢ <m
= -t <m hence (i) cannot be possible unless 7, —¢,=0

Next, let ‘b’ be an integer such that (n,m) = 1. By division algorithm
n=qm-+r ; 0<r<m
And the quotient =0 ifn <mand q =1 if n>m. Also (r,m) = 1. Hence » =¢,

for some i 1<i<¢(m)and n=r=¢(modm)

Since Vi 1<i<k (a,,m)=1Jauniquel 1<L<¢(m) > a,=¢(modm)
Similarly, o(m) <k
= k=¢(m)

Alternative definition:

A set {a,a,,...,a,} forms Reduced Residue system (mod m) if

i) k=¢(m)
(ii) (a,m)=1 Vi
(iil) a#a (modm) Vi
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Example: Check the set forms RRS {1,3,5,7} ,m=38
Solution: (i) Since ¢(m) =4

(ii). 1 £3(mod8)

1#5(mod8)

1#7(mod8)

3 #5(mod8)

3 £7(mod38)

5 £7(mod8)

Hence the given set form RRS.

So (xl,m):(xz,m)z....,(x¢(m),m)=l

Then (axl,m):(axz,m)=....,<ax¢(m),m):1 (a,m)=1
(ii1). Since {xl,xz, ..... X ¢(m)} forms RRS (mod m)
So x, £ x,(modm)

x, # x;(modm)

X1 B Xy (modm)
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Then ax, # ax,(modm)

ax, # ax,(modm)

ax,,, | #ax,,, (modm)

Since all conditions are satisfied. Hence the given set forms RRS (mod m)
Prime Number:

A positive integer n > 1 is called prime if ‘n’ has exactly two integer divisors
namely 1 and ‘n’ itself otherwise ‘n’ is called composite number.

Composite Number:

A positive number n > 1 is called composite if ‘n” has at least three positive
divisors.

Perfect Number:

A positive integer ‘n’ is called perfect if the sum of its positive divisor is twice
of the number ‘n’.

Examples n=6
Divisor of 6 =1,2,3,6
Sum of divisor = 1+2+3+6 = 12 = 2(6)
= 6 1s perfect number
n=28
divisor of 28 = 1,2,4,7,14,28
Sum of divisor = 1+2+4+7+14+28 = 56 =2 (28)

= 28 is perfect number.
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Twin Primes:

Let ‘n’ be a positive integer , if n — 1 and n +1 are prime number then these
prime number are called twin primes.

n=4

n—1 = 3 is prime number

n+1 =35 is prime number
= 3 and 5 are twin primes.
Prime Triplet:

Let ‘P’ be a prime number if P+2 and P+4 are prime then the triplet (P,P+2,P+4)
is called Prime Triplet

e.g. P=3
P+2=5
P+4 =7

(3,5,7) is called Prime Triplet.
Powerful integer:

A positive integer ‘n’ is powerful if whenever a prime ‘P’ divides ‘n’. P? also

divides ‘n’.
e.g. n=_§
P=2 , 28
P2=4 , 4|8 =  8is powerful.

Exercise: The smallest divisor of an integer is prime.
Solution: Let d > 1 be the smallest divisor of an integer ‘n’.

Let d; be any divisor of ‘d’. Then 1< d;<d . Suppose d; # 1. Then d, |dand d|n
— d;|n butd; <d = d;=d. Hence only divisors of ‘d” are 1 and ‘d’ itself.

= ‘d’ is prime. Hence the smallest divisor of an integer is prime.
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Exercise: Let P be a prime and ‘a’ be any integer then show that either P la or
(a,P)=1.

Solution: If P| a we have nothing to prove. But if P+a then we show that
(a,P)=1

Letd=(a,P) = dlaand d|P

Since P is prime d = 1 or d = P. If d = P then P|a , not possible. Hence d = 1
= (a,P)=1

Exercise: Fundamental theorem of Arithmetic

OR

“Every integer can be decomposed as a product of prime number.”

Proof: Suppose there exist an integer n > 1 which is not a product of primes.
Let ‘m’ be the smallest then ‘m’ is not a prime and hence m=ab; 1 <a,b<m.
But then by choice of ‘m’ both ‘a’ and ‘b’ are products of primes. So, ‘m’ is a
product pf primes. A contradiction, hence every integer can be decomposed as a
product of prime number.
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Lecture # 13

Question: Let ‘m’ be a positive integer, ‘a’ and ‘b’ any integers. The Linear
congruence ax =b(modm) has a solution if and only if d|b , d = (a,m).

Solution: Suppose the linear congruence ax =b (modm) has solution exist
ax=b (mod m)
= m |ax -b - by definition of congruence
= ax—-b=my
= ax+my=>b
If (a,m) =d thend|b
Conversely: If d|b then we show ax =b(modm) has solution exist
Let x, be the solution of ax=b(modm) then
ax,=b(modm) (i)

Let x be another solution of ax=5b (modm) then

ax = b(modm) _(ii)
From (i) and (ii)
ax =ax,(modm) __ (iii)
Since (a,m)=d
= dla and dlm
= a=dr and m =ds where(r,s) =1
Put in (iii) = drx = drx,(mod ds)
= ds ‘drxv —drx,
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= ds‘dr(x' —xo)

= s‘r(x' — xo)

Since (r,s) =1 only possible if
s‘x' - X,

= x-x,=hs

= x =x,+hs (iv)
By Division Algorithm
h=dq+t ; 0<t<d
(iv) = X =x, +dgs+ts
| tm m
X =X, +mq+— cds=m ,8=—
d d

! m
X =Pyt —
d

Therefore, the congruence a x = b(modm) has solution x, . Hence solution

exist.

Question: Under what conditions solution the system of linear congruence
having monic leading coefficients. Justify your answer?

Solution: A general system of simultaneous linear congruences
a,x=b,(modn, )

a,x=b,(modn, )

a,x=b,(modn,)
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can be simplified to form x=c¢ (modm,)

x=c,(modm,)

x=c,(modm,)

by dividing each congruence through by (al. , nl.) then multiplying by the inverse

mod m, = " of the coefficient —% . The simplified system may or
a,n, a ,n,

may not be solvable but in any case, it must have the same set of solution as the
original system. Hence, the linear congruence having monic leading
coefficients.

Example: The system x =8(mod12),x = 6(mod9)has no solutions. Since,
the first congruence implies that x=8=2 (mod3) but the second implies that

x=6=0(mod3) and these are incompatible with each other.

Question: Solve the system of linear congruence

x=2(mod3)
v = 4(mods5)
x=5(mod6)
Solution: Ged (3,3)=115-3 =1/2

Ged (6,5)=116-5 =1]1
Ged (6,3)=316-3 =33
xEZ(m0d3)

— 3x-2
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x —2=3k
x=2+3k
x=4(mod5)

2 +3k = 4(mod5)
3k =4-2(mod5)
3k = 2(mod5)
—2k =2(mod5)

k =—1(mod5)

k =4(mod5)

5|k -4

where k is integer

k—4=5k where k is any integer

k=4+5k  putin (i)
x=2+3(4+5k )
x=2+12+15k
x=14+15k (i)
xES(mod6)

14 +15k = 5(mod6)
15k'=-9(mod6)
15k'=3(mod6)
3k'=3(mod6)

k' =1(mod6)
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= 6|k —1

= k —1=6k"

= k' =1+6k"  put in (i)
x=14+15(1+6k")
x=14+15+90k"
x=29+90k"
x—29=90k"
= 90[x-29
= x=29(mod90)

Question: Solve the system of linear congruence

X

5(mod6)

X

4(mod11)

X

3(mod17)
Solution: Ged (6,11)=1[11-6 =1]5
Ged (11,17)=1117-11 =1l6

Ged (6,17)=1/17-6 =1]11

x=5(mod6)
= 6] x-5
= X —5=06k where k is integer
= X =5+ 6k I ()

x=4(mod11)

5+ 6k =4(mod11)
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6k =4—5(mod11)
6k =—1(mod11)
6k =10(mod11)

—5k =10(mod11)

k E—Z(modll)
k=9(mod11)
= 111k-9
= k—9=11k where k& is any integer

k=9+11k  put in (i)
x=5+6(9+11k)
x=5+54+66k
x=59+66k (i)
x=3(mod17)

59+ 66k =3(mod17)
66k'=3-59(mod17)
66k =—56(mod17)
66k =12(mod17)

15k =12(mod17)

—2k =12(mod17)

k' =-6(mod17)
k'=11(mod17)
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= 17|k —11

= kK =11=17k"

= k' =11+17k"  put in (ii)
x=59+66(11+17k")
x=59+726+1122k

x=785+1122k"

x—785=1122k

= 1122|x-785
= x=785(mod1122)
Question: State and prove Wilson’s theorem.
Statement: An integer P is prime if and only if (P - 1)! = —l(mod P)

Proof: Suppose P is prime. Let ‘a’ be an integer such that 1< a <P—1. Then
(a,p)=1 . Hence the congruence ax = l(modP) has a unique solution (mod P)

(say) b
ab=1(modP)

Also, if b=a(modP) then
a’ =1(modP)
=Pl -1 Pla=1 or Pla+l
Thus for each integer b € {2.3,....,P-2} such that bc =1(modP)
Therefore, by pairing bs 1<b < P-1 with ¢s 1< ¢ <P-1 > be =1(modP) we get
123....(P=1)=1.(P-1)(mod P)

1.2.3....(P—1)=-1(mod P)
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= (P-1)!=-1(mod P)

Conversely: Suppose that = (P—1)!=-1(mod P) and d|P 1<d<P
Clearly d is a factor of (P —1)!

= d|(P-1)!

As (P—1)!=~1(mod P)

= P|(P-1)!+1

= d|(P-1)1+1

= dfl

= d=1 Hence P is prime

Question: State and prove Chinese Remainder theorem?

Statement: The linear system of congruence x = g, (modm, ) where the

moduli are pair wise relatively prime and 1 <1 <k has unique solution

m,,m,,...m,

Proof: The proof consists of two parts. First, we will construct a solution and
then show that it is unique modulo m,,m,,...m,

(1) LetM =m;,m,,.m, and M, =M |m, where 1<i<k
Since  Ged (M,,m,)=1 Vi
Also M,=0(mod j) where i# j
Since (M, ,m,)=1
So M,y =1(modm,)
has a unique solution say yi (yi is in fact the inverse of M; modulo m;)

Let x=aM,y, +a,M,y, +...+a, M, y,

To show M is a solution of linear system we have
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k

x:ZaiMl.yi +a,M;y,
i=1
ix]

k

x=Ya, 0+a,.1 (modj)
i

x=0+a; modj

x=a; (modj) 1< <k

(1)  To show that solution is unique.
Let x, and x, be two solutions of the system. We shall show that

xy =x,(Mod M)
Since X, =a, (mod mj)
And xlzaj(modmj) for 1< j<k
xl—xozaj—aj (modmj)
X, —x,=0 (modmj)
mj‘(xl—xo)—O
mj‘xl—xO for 1< <k
m,m,,..m, ‘xl - X,
where M =m ,m,,..m,
= M‘xl—x0
= x-x=0 (ModM)
= x,=x,(Mod M)

Thus any two solution of linear system are congruent modulo M , so the
solution is unique modulo M.

Question: Let ‘a’ and ‘b’ be any two integers and ‘m’ be a positive integer
show that of na =nb(modm) then a =b(modm) where ged (m,n) = 1

Solution: Given that na= nb(modm)

= m ‘na —nb “* by definition of congruence
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= m‘n(a—b)
= m‘a—b
=  a=b(modm)

Question: Let ‘a’ and ‘b’ be any two integers and ‘m’ be a positive integer.
Show that if a = b(modm) then a" =5" (modm)

Solution: Given that a =b(modm)
By definition of congruence
= m |a -b
= m‘(a — b)(at”i1 +a" b+....+b"" )

= mla" =-b"

= a"'=b" (modm)

Question: Define Fermat numbers and show that any two Fermat numbers are
relatively primes.

Fermat numbers: The number of the form 2" is a prime then k =2" for

some integer m; so that 2**' =2%" +1=F_ the number of this form is called

Fermat number.

Take any two distinct Fermat numbers, say F, < F,

Let d =ged(F,,F,).  Weknow F,|F, -2

Using the definition of d, d ‘Fa and hence d ‘Fb -2

Since we also know that d |F, it follows that d ‘F}, —(F, -2)

= d[2

But all Fermat number are odd and therefore d cannot be 2. So, d = 1 and the
numbers F, and F, are relatively prime.
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Question: State and prove Unique Factorization theorem.

Statement: Every integer n > 1 can be expressed as a product of primes and
this representation is unique except for the order in which they are written.

Proof: We prove the theorem by induction on ‘n’

Forn=2 = 2=2 (true)

Let us suppose that the statement is true forn=2,3,4,....k
Now prove it for n = k+1

If k+1 is prime. Then the induction is complete. If k+1 is composite. Then it can
be written as

k+1=k, k,

Then by induction hypothesis £, k, can be expressed as product of prime. So,
induction is complete and theorem is true 1.e. n = PP, P,,....P. where P, for

1=1,2,3,....,r are primes

For uniqueness

Let n=BPP,...P. wherei=123,...r
And n=q4q,q,,....q, wherej=123,....;s

Then 9,9,9;,----9, = BRPB,...P. (1)

Then we cancelled common factors from both sides of (1) we obtained

9,9,95,----9; :P1P2P39Pj —(2)

Then by result, If P‘PIPZP3,....Pk where P for i=1,2,3,...k are the primes
then P=P  fori=1273,.k - g, ‘qlqzqs,....qi

Therefor g, ‘PlePp....P. " by(2)

J

Then by above result g, =P, for i=1,2,3,...j  which is contradiction. Hence

this prove the uniqueness theorem.
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