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Lecture # 01
Differential Equations:

An equation containing the derivatives of one dependent variable, with respect
to one or more independent variables, is said to be a differential equation (D.E).

Types: D.E has two types
(1) Ordinary differential equations (ODEs)
(i1) Partial differential equations (PDEs)
Ordinary differential equations:

If an equation contains only ordinary derivatives of the dependent variables
with respect to a single independent variable called ordinary differential
equation. For example

2
QJrSy:ex ’dy dy+6y=0

dx dx’
Partial Differential Equations:

An equation involving the derivatives of an unknown function or dependent
variable w.r.t two or more independent variables is called a partial differential
equation. For example

0’u  0’u o'u  d’u ou
> T a2 T 0, A2 A2 -2—
ox~ Oy ox° 0y ot

Method of separation of variable or product method or Fourier
method:

In this method the unknown function of a partial differential equation is written
as a product of functions. Each function in the product depends only on single
independent variable which is involved in to equation. Number of these
functions is equal number of independent variables.

Some useful techniques for solving problems:
Consider a differential equation

dzy

dy
a—=+b—+cy=0
dx? dx 4
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= am-e™ +bme™ +ce™ =0
(atm2 +bm + c)emx =0
The auxiliary equation

am’ +bm+c=0
Let m; and m; be its roots. Then

y(x):Ae'”"‘ + Be™"
Let m=a+./p and m, :a—\/ﬁbe roots

B, paE)s

y(x)=4e”
D) = AP 4 porlP
Y(x) = Ae™ TP 4 Be 5P
y(x)=e(4e "+ BeVP*)
:» " = coshy+ sinhy & e = coshy— sinhy
y(x) =¢| (coshy[x +sinh [ Bx) + B( cosh|[Bx ~sinh /x|
y(x)=e| (4+ B)coshJBx + (4~ B)sinh /x|
y(x)= e[ Ccosh[Bx+ Dsinh[fx| 4+ B=C &i(4-B)=D

Ifa=0 y(x) = Ccoshy/ fx+ Dsinh./ fx
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Roots are complex:

If m=a+iff, my=a—if
y(x):Ae(a+iﬂ)x+Be(a—iﬁ)x
y(x):Aeaxﬂ’ﬁx_FBeaxﬂﬁx

y(x)= de™ e + Be™ P
y(x)=e*[ 4’ + Be " ]
y(x)=e"] A(cos Bx+isin Bx)+ B(cos Bx—isin fx) |
y(x)=e""[(A+B)cos fx+i( A—B)sin fx |

y(x)=e""[Ccosfx+Dsinfx] wA+B=C & i(A-B)=D

If =0, y(x)=Ccosh fx+ Dsinh Sx
Question: Solve the D.E j;/ +a’y=0
Solution: Let y=e"

dzy — ™

= m’e™ +a’e™ =0
= (m2 +a2)em‘x =0
The auxiliary equation

m* +a’ =0

2 .
m = —a2 = 120!2
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m=ta = y(x)=Acosax+ Bsinax

Eigenvalues and Eigen function:

When a linear operator x on a function convert the function into another
function. The obtained function is some scalar multiple of the original function.
The function is called Eigen function or characteristic or proper function. The
scalar is called on Eigen value or characteristic or proper value or latent value

e.g.
y = cos(mx)
dy

a =—msin(mx)

dzy
dx’

=—m’ cos(mx)

dzy 2
=—m
dx’ Y

—m” is called Eigen value.

Solution of Non-Homogeneous equation:

ax+by=c
ax+by=c
a b
has unique solution if =0
a, b
a b
has no solution if =0
a, b

Solution of Homogenous equation:
ax+by=0

ax+by=0
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has trivial and unique solution (0,0) if

a b

a, b

=0

has infinite many solution if

Question: Determine Eigenvalues and Eigen function associated with the
following boundary value problem

2

d’y
WJF;W:O ;y(O)zO,y(L)zO

Solution: Here arises three cases
i A<0 , (i)A=0 (ii)rA>0
Case-1: . <0
Let A=—p7; B#0

dZ
[z?‘ sz=0

The auxiliary equation

d2
w70
d2
w ="

= y(x)=4e™ +Be”™ - y(0)=0
y(0)=4e’+Be" = A+B=0 ___ (i)
Ae’" + Be™’ = y(L)
= y(L)=0
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Ae’t +Be’t =0 ____(ii)
Eq (1) and (ii) are two homogeneous equation

1 1
AL -pL

_ﬁL

=e ' —e” %0 has unique solution (0,0)

e e

=A=B=0
= yx)=0
Case-II: L.=0
d’* y
dx?
The auxiliary equation
d2
x>
d

= =00
dx

= y(x)=(A4+Bx)e"™ = 4+ Bx
 y(0)=0
0=(4+B0) =>4=0
 y(L)=0
0=A+B(L)= B(L)=0 - 4=0
B=0,L=#0

=0

0

= y ( x) = (0 trivial solution
Case-III: >0
Let A= f°

7
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The auxiliary equation

2

w70
d’ N
dx> d
d
—=3i
= p
y(x)= Acos fx+ Bsin Bx = y(0)=0

0=Acos0+Bsn0= 4=0
y(x)= Bsin Sx
y(L)=0
0=Bsin AL
For non-trivial solution
B#0,sinfL=0

PL=nr

© sinx=0 = x=sin"' (0)
= X=nmw ,ne’

ﬂ=% . n=0,+£1,£2,43,+4,.....

2
A= (ﬂj ; n=0,1,2,3,4,..... "+ —ve neglect due to square
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= y(x):Bsinﬂx

- y(x):Bsin(%jx :n=0,1,2,3,....

Forn=0
y(x)=Bsin0=0
nr )
= /I:ﬂzz(—j ; n=1,2,3,....
L
= y(x)zBsin(%jx ;n=1,2,3,....
Cauchy Euler Equation:
d" d d d
a,x" 4 | a, x"" —_J: +otayx’ —J; + alx—y +a,y=f(x)
dx" dx" dx dx
This is called Cauchy Euler equation or Equidimensional equation.
d’ d
Question: Solve X’ J; &y n’y=0
dx
Solution: let y=x"
d _
_y :rnxm 1
dx
d’ _
dxf =m(m—1)x""

x’m (m —l)x'”_2 +xmx" "+ n*x" =0
2 242 141 2
(m —m)x’" T armx" T+ x" =0

(mz—m+m+n2)xm =0

(m2 +n2)x’” =0

Collected by: Muhammad Saleem  ’ Composed by: Muzammil Tanveer




m>+n* =0, x" %0
nf =i
= m=1n
= y(x)=4Ax"+Bx™"
= y(x)= Ae™" + Be™"
— y(x):Aei(nlnx)+Be—i(nlnx)
= y(x)= 4] cos(nlnx)+isin(nlnx) |+ B| cos(nlnx) —isin(nlnx) |
= y(x)=(4+B)cos(nlnx)+i(A4-B)sin(nlnx)

= y(x)=Ccos(nlnx)+iDsin(nlnx) -+ 4+B=C ,i(4-B)=D

Ina

ra=e
Proof:

In
Letz=¢e "

Inz =1ne™

Inz=Ilnalne
Inz=1lna

z=da

= a=¢&"™
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Lecture # 02

Question: Solve the PDE ¢ = a4,
B.C: ¢(0,t)=0=¢(L,t)
LC: ¢(x,0)= f(x)

Solution: The given PDE ¢xx = 0!2¢,

(1)
Suppose that the solution of equation (i) is
d(x,t)=X(x)T(¢) ___ (ii)
Substituting (ii) in (i), we have
5

—(XT):azﬁ

XT
ox? ot ( )

2
:>Td)2(=052)(£
dx dt

Divide both side by XT

1 d*’X «a’dT
——F=—— ___(iii)
X dx T dt
L.H.S of (ii1) is a function of X and R.H.S is of T. This only possible if both
functions are equation to some constant (say —A?).

1 d°X o dl _ 2

Xar ra-F —®)
2
From (iv) 1d )2( =-17
X dx
d*X
= —S+AX=0
dx
2
= (d—2+ /12])( =0
dx
2
The auxiliary equation —+ A*=0
dx

11
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d

—=4il
dx

= X (x)=Acos(Ax)+ Bsin(Ax)

Transformed B.C X(0) =0 = X(L)

V)= 0=AcosO0+Bsin0 = A=0

v) =
O:Bsin(iL) = B#0,

= AL=nr ; n=1,

= /I:E
L

(vi) = X(x)= Bsin(

Again from (iv)
o dr
T dt
dr A°

—+—T=
di «

d X

E

__|__
ool

; n=1,

Jr-

()

X(x) =B sin( 4 x) (vi)

sinAL =0
2,3,....

2,3,....

nwx

7

2

0

0

The auxiliary equation

d X
_— =

d o

12
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Put the value of A

n’i?

= T(t)=Ce %

Put the value of X(x), T(t) in (ii)

A2

¢(x,t) = Bsin(%j Ce “F'

Now by applying Principle of superposition

292

Hx0) =34, sm(%jeazf (i)

n=1

Put t =0 in (viii)

$(x,0)= iAn sin(mLz—xjeo
f(x)= iAn sin(%)

n=1

mnix

Multiplying by sin( j both side and integrate w.r.t x from 0 — L, we get

L «
If(x)sin 2T dx :jZAn sin(% sin| 225 |

0 L o n=l L
L X =t nTx X
in| — |dx =) A |sin| — |.sin| — |d
I[f(x)sm T | nZ:l: n.osm( T Jsin| = Jdx
L . L
jf(x)s1n(@jdx :_—IZAH -2 sm(n—j sin @jdx
0 253 7% L

13
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Wheren, m=1,2,3,....
Using orthogonality condition.

Ij' sm(mZ%}h =0 if m#n

L

om( -afulo{ v
o el

0 0

| 1= cos2(nzxj
j dx
0

MS

I f(x)sm(m’”j

0 n=l 2
sin2| —— nrx L
j-f(x)sin(mﬂx)dx —liA X — L
) L & 2nx
L 0
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Put in (viii)

Which is the required solution of the given PDE.

Question: Solvethe PDE ¢ = a’g,,
B.C: ¢(0,/)=0=¢(L,?)
LC: ¢(x,0)= f(x) & ¢,(x,0)=g(x)

Solution: The given wave equation @, = o ), (l)

Suppose that the solution of equation (i) is

d(x,t)=X(x)T(¢) ___ (ii)
Substituting (ii) in (i), we have
0* , 0
—(XT )=a" —(XT
axZ ( ) at( )
d*X dT
=>T—5= a’ X —
dx dt
Divide both side by XT
1d X B a’ dT
X dx* T dt
L.H.S of (iii) is a function of X and R.H.S is of T. This only possible if both
functions are equation to some constant (say —A?).
1 d*’X a®dT )
— = =-A" __ (iii)
X dx T dt

15
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2
From (iii) %Ci’ )2( =_12
X
d*X
> —+1X=0
dx
2
- (d—zntlsz:O
dx

The auxiliary equation

dZ

—2+ 2.2 - 0
dx
a
dx
= X (x)=Acos(Ax)+ Bsin(Ax) ____ (iv)
Transformed B.C X(0) =0
(iv) = 0=Acos0+Bsin0 = A=0
(iv) = X(x) =B sin( 4 x) (v)

Put X(L) = 0
0=Bsin(AL) = B#0,sinAL=0
= AL=nzr ; n=123,...

— 2= o123,
L

v) = X(x)zBsinL?j
2 2
Again from (iii) a? CCIhZT =-1
2 2
0T 20
dt a

16
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d> 1
w7
d’ A°
d_, 4
dt o

= T(t)= Ccos(it)+Dsin(itj
a a
R T(t):Ccos(ﬂ)t+Dsin(ﬂ]t n=12.73,...
L al al
Put the value X(x), T(t) in (i1)
¢(x,t)=Bsin X | ceos| 22 |t + Dsin| 22 |
L al al

niw

¢(x,t)—sm "X BCcos| 2% |t + BDsin| 2 |t
L al al

é(x,t)= sin(?j[ A, cos(”—z)t +B, sin(n—Z)t } +BC=A4, &BD=B,
o o

Now by applying Principle of superposition

$(x,t)= :lein(n?m){ A, cos(n—z t+B, sin(Z—ZJt } _ (vid)

o

Transformed 1.C, t =0 ¢ X, 0 Zsm mrxj[/l COS )-I—Bn Sin(O) ]

17
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. . . mnix
Multiplying by Sln( 7

j both side and integrate w.r.t x from 0 — L, we get

L L »

.O.f(x)sin % dx :‘!‘;Ansin % .sin % dx
¢ . [ mrx e ¢ (nrx) . ((mrx
f(x)sin —a dx —Z:;Anjsm — Jsin| == dx

0 0

By orthogonality principle

j’f(x)sin(?jdxzo if n#m
jf(x)Sin(mijdx=§Am if n=m

0

A,= %:[f(x)sin(mzxjdx

Put the value of A, in (vii)

#x0) =g“sm(%jH% 1 f(x) sin(%)dx }oos(%)t +B sm(’;l;)t:i (v

Now differentiate (vii) w.r.t ‘t’

4 (1) Z(%){A (Z—ZHZ—@’B (Z_Zj(z_gt }

n=1

Applying .C ¢, (x,O) =g(x)
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4,(x,0)= :lem(%j{—flm (%jsm(o)mm (%)cos(O) }

=3 7)o i)

) both side and integrate w.r.t x from 0 — L, Also

. [ mrx
Multiplying by Sln(

applying the orthogonality principle,

e [ (—z) (7 pel )

. ( mmx _
sm( =0 if m#n

J‘g(x)sin(%jdx =§Bn (%) if m=n

0
2a . [ nzx
B, =—|g(x)sin| — |dx
nri s, L

Put the value of B, in (viii)

o 5 (A o)

is the required solution of the given PDE.

19
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Lecture # 03
Question: Solvethe PDE ¢ +¢ =0 with
B.C: ¢(0,y)=0=¢(a,y)

LC: ¢(x,0)=0 , ¢, (x,b)= f(x)

Solution: The given PDE is ¢+ = 0 (Z)

Suppose that the solution of equation (i) is
#(x.y)=X(x)Y(»)

()

Substituting (ii) in (i), we have

62

62
— (XY )+—(XY)=0
aXZ( )+ay2( )
d’X _dY
=>Y—+X—5=0
dx dy
Divide both side by XY
1 d°X 1d%Y
= ——5to—5=0
X dx* Ydy
1 d*°X 1 d*Y
= — =—— =—-1%(sa iii
X dx’ Ya’y2 (say) ___( )
2
From (iii) _ LdX o
X dx’
2
d f:—zzx
dx
2
- d )2(+/12X=0
dx
2
= (d—2+/12j)(=0
dx

Collected by: Muhammad Saleem
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The auxiliary equation
—2+ /12 - 0
dx
d —
dx

= X (x)=Acos(Ax)+ Bsin(Ax) ____(iv)

+ild

Transformed B.C X(0) =0
0=Acos0 +Bsin0 = A=0

(iv) = X(x) =B sin( 4 x) (v)
Put X(a)=0
0=Bsin(da) = B#0, sinda=0

= Aa=nr ; n=123,..

= A=— ; n=1273,...
a
V= X ()= Bsin(@J (vi)
a
2
Again from (i) LR SPY

Y dy?

2
d f =AY
dy
d’Y

= —-2Y=0
dy
2
S [_z_ﬁjy 0
dy
d2
The auxiliary equation —— A°=0

dy

21 Composed by: Muzammil Tanveer
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= > =1’
= j_y: +A
= Y(y)=Ccosh(Ay)+ Dsinh(Ay) ____(vii) - in hyperbolic form
Put B.C Y(0) =0
(vil) = 0 =Ccosh0 + Dsinh0 = C=0
(vil) = Y(y)=Dsinh(Ay)  (viii)
Put Y(a) = 0

O:Dsinh(/la) = D=0, sinh(/ia) 0

= Aa=nr ;n=123,..

— =" . u-123..
a
(viii) = Y(y):Dsinh(nﬂyJ
a

Put the value of X(x), Y(y) in (ii)

¢(x,y) = Bsin(@).D sinh( nﬂyj

a a

¢(x,y)=Ansin(ﬂJsinh(””yJ “BD=4 ;n=12,3,..
a a

Now by the principle of superposition
p(x.)=> 4, sin(m—x)sinh(nﬂyj (i)
n=1 a a
¢, (x,y)=> A4, sin(nﬂx}(ﬂ}czosh(nﬂyj
a a

n=1 a
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¢,(x,b)= iAn sin(nﬁxj.(ﬂjcosh(nﬂbj

iﬂ cosh(@jsin(”“j_(x)

a a

Multiplying by Sln(

I sin(mﬂxj —A cosh(nﬂbj
~'a a

0

j both side and integrate w.r.t x from 0 — a,

jsin (@j sin( mﬂxjdx
a a

0

Using orthogonality condition

=0 ifm#n
= m—ﬂAncosh(n—ﬂbj.E if m=n
a a 2
2 h . mrx
A = If(x)sm( jdx
nxh a
mir cosh( jo
a
Put in (ix)

- nxb
"'\ 'mm cosh (

¢(x,y)=i : j

If(x)sin(mﬂxjdx sin(nﬂxjsinh(nﬁyj
0 a a a
a

Wheren=m=1,2,3,.....
Which is the required solution of given PDE.

23
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Question: Solve the PDE ¢, + ¢, +¢.. =a’,

B.C: 4(0,y,z,t)=0=¢(a,y,zt)
$(x,0,z,t)=0=g(x,b,z,1)
#(x,y,0,t)=0=g(x,y,c,t)

LC: ¢(x,y,2,0)= f(x,3,2)

Solution: The given PDE is ¢+ ), .. =

Suppose that the solution of equation (1) is
$(x,y,2,t)=X(x)Y(y)Z(2)T(¢r) ___ (ii)

Substituting (ii) in (i), we have

0’ 0’ 0’ , 0
—(XYZT )+ —(XYZT )+ — (XYZT ) = a® —(XYZT)
ox oy’ oz’ ot

2 2 2
YZT8)2(+XZT8§+XYT8§ a2xvz L
ox oy 0z ot
Divide both side by XYZT

1 d°X 1d%Y le adT
= ——F+—
X d  Yad Zdz T dr

lsz le a’ dT d2

1
Ya' ZdZ T di | X dx
1 d’

= 1% (say) ___(iii)

2

From (ii1)

de

24
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The auxiliary equation

2
d—+ A2 =0
dx?

d
dx
= X (x)=Acos(Ax)+ Bsin(Ax) ____(iv)

==+il

Transformed B.C X(0) =0 = X(a)
0=Acos0 +Bsin0 = A=0

@av) = X(x) =B sin( 4 x)
Put X(a) =0
0=Bsin(da) = B#0, sinda=0
= Aa=Ir
= /1:1—7[
a
- X ()= Bsm(lﬁxj (v)
a

. 1 sz 1 d’z a dr
Again from (iii) v Z T =A
ly 'z

Z dz* T dt Y y
, 1dY
F _— =
rom (Vi) v dy2 y7i
a’y
= —+uY=0
2
= [d—2+,u2jY=0
dy

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




The auxiliary equation

2

a’y2

+u’=0

= i: tiu
dy

= Y(y)=Ccos(uy)+Dsin(uy) ____ (vii)

Transform B.C

Cc=0, =" m=1203,...

From (vi) = — ~ —-A"=u

: 1d’
From (ix) =V

_E dz>
d*7

2

+v*Z=0

dz

2
(%+VZJZ:0
4

The auxiliary equation
d2

— + V2 =0

dz

d —
=
Z(z)=Ecos(vz)+ Fsin(vz) (%)

26
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Transformed B.C Z(0)=,Z(c)=0

nrw

= £F=0,v=— ; n=12,3,....
c
= Z(z)stin(gj (xi)
c
2
From (ix) %agl—];—iz—yz =y’
2 2 2
dT(/i +,uz+v jT:O
dt a

2 2 2
{i(i +,uz+v HT:O
dt o

The auxiliary equation

d( A+ +v°
a o )

a
2 2 2
:iz_ A +u +v
dt o’

/12+y2+v2jt

- T(t)zGe_[ 4

Using the value of A, gandv

= T(t)=Ge (s (i)
Put the value of X(x), Y(y), Z(z) & T(t) in (i1)

? m* n?\2?
|2ttt oAt
¢(x,y,z,t)=Bsin(m—ijsin(%stin(ﬂjGe [“ e j“ Iomn=1,2,3,...
C

a

Let BDFG =A;BinC,

27
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? m* n?*\2?
|zt 7t ot
¢(x,y,z,t):A]Bansin(lﬂxjsin(mzyjsm(nﬂzje [“ ’ ‘j“ Aomn=1,2,3,...
a

c

By the Principle of Superposition

(2 m e\
X,y,2,t) = 4B C sin| 7 \sinl 77 \sin[ 777 e ( b J
a

Let AiB..Ch = Pin

2 om? n?\z?
. (mry )\ . (nrz) - [:ﬁ*ﬁ?]*z ! .
(x,p,2,t) = Z P, sm( jsm( byjsm( je voee (oxiii)

1,m,n=1 C
Putl.C = 0 ¢(x,y,z,0) - Z an Sin[m_ijinim”yjsininﬁzjeo
I,m,n=1 a b C
f(x32)= X Bysi [ j[@j(ij (xiv)
1,m,n=1

My

N . (lrx) . nrz , ,
Multiplying (iv) by SIn| —— |[sin sin both side and integrate
a &

w.r.t x,y,z form 0 - a, 0—b ,0—c and using condition of orthogonality.

oo i
o o o 2

8 4§ Irx)\ . (mry nrz
=— X, ¥, sm sin sin dydx
Fi abcgﬂf e ( a j ( b j ( c jdzy

Put in (xiii)

woar Sl S W)

Which is the required solution of given PDE.

O ey
O'—.%“

b
2

NIQ
t\)lm
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Question: Solvethe PDE ¢+ ¢, =a’¢,

. : : 2 :
Solution: The given PDE is @, ___ +¢yyyy =a @, (l)

Suppose that the solution of equation (i) is
#(xp.1) =X (x)Y ()T (1) ___ (i)
Substituting (ii) in (i), we have

o o , 0

4 4 2
OX  xr9Y _oxz 9T

YT
0x oy or’

Divide both side by XYT
10'°X 10%Y o’ 0T
X 1OV @ 0T_p0 (i)
Xoaxt Yot T ot

a_zazT:,14
T ot
2
= 8_{_12/1420
o o

2 4
= (8—2—/1—2)T =0
o «

The auxiliary equation

From (ii1)

= T(t) = A4, e + A4, e o ____(iv)
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1o'x 10%Y

From (iii — +— A
(i) X ox* Yot
10%Y 1 o'X
P - /14 = —— = — 4 \%
Y oy* X ox* “ —( )
1 0*X A
From (v —— =—
) X ox' “
4
= d )4( —u'X =0
dx
d 4
= | —— X=0
The auxiliary equation
d* 4
~ _u4*=0
dx* (|
d
= —=xu,ti
x H H

= X(x)=Be" +B,e" + B, cos(ux)+B,sin(ux) _ (vi)

From (v)
4
l a { —_ /14 = —IL[4
Y oy
d'y PR
= + -A")Y =0 Vil
Here arise three cases.
Case-1:
=1t <0

Let 4 — At =—p*
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Equation (vii) becomes
d*Y
ay’

4
dy

The auxiliary equation

-pY=0

4
d_4_ -0
dy
= 4 =t f,tif
dy
= Y(y)=Ce” +C,e” +C,cos(By)+C,sin(By) ___ (vii)
Case-II:
ut—=1t=0
Equation (vii) becomes
4
Y
d ' ~0
dy
The auxiliary equation
4
4
dy
= i =0,0,0,0
dy
Y(y):(D1 +D,y+D,y’ +D4y3)e°
Y(y) =D, +D2y—|rD3y2 —IrD4y3 —(ix)
Case-I:
w—1*<0

Let g — At =v*
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Equation (vii) becomes
d'y
ay’

4
(%H/‘]Y:O
%

The Auxiliary equation

+v'Y =0

Equation (ii) becomes

A2 A2

¢(x,y.t) = {Al e« + A,e }.[Ble’” +B,e " + B, cos( ux)+ B, sin(,ux)].

[Cleﬂy +C,e ™ + C,cos(By)+C, sin(ﬂy)]_(xi)

A2 A2

$(x,p.t)= {Al e + Aye @ }.[Ble“x +B,e™ + B, cos( ux)+ B, sin(,ux)].

[D1+D2y+D3y2+D4y3} (xii)

A2 A2

é(x,y.t)= {Al e + A,e ¢

{eéy {EI cos(%j +E, sin [%J} ey {E3 cos [%j +E,sin [%M (i)

Equation (x1) , (xii) , (xiii) are the required solution of given PDE.

}.[Ble“x + B,e " + B, cos( ux)+ B, sin(,ux)].
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Lecture # 04
Remark: ag,. +bp., +co, +do. +ep, +f¢=g(x,y)

It is homogeneous if g(x,y) = 0 and Non-Homogeneous if g(x,y) # 0

Question: Solve the PDE ¢, = a’g,
BC ¢#(0,/)=0,¢(L,t)=P
I.C ¢(x,0) :f(x)
Solution: Given PDE ¢__ = a’g, (i )
We convert the given non-homogeneous problem into homogeneous by
considering the following transformation.

¢(x,t)=w(x,t)+%P (it
Put x =0 on (1)
$(0,t) =y (0,¢)+0
= 0=y(0,7) " ¢(0,t)
Put x =L in (11)
L
¢(L,t):w(L,t)+ZP
P=y(Lt)+P =y (Lt)=0

Putt =0 in (ii)

¢(x,0):w(x,0)+%P
f(x)zw(x,O)Jr%P

= y(50)= £ (x) -2 P=£(x) (s)
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= l//(x,O) = f, (x) (say)

Substitute (ii) in (i)
2

0 Yplogrl x
. 2[1//(x,t)+LP}—a 6t[w(x,t)+LP}

X

o0’y 1%
§x2 = 052 E _(lll)
With B.C  w(0,6) = 0= y(L,t)

LC y(x,0)=1i(x)

Suppose that solution of equation (iii) is

y(x0)=X(=)T() ()

Substitute (iv) in (ii1) we have
0’ 0
—(XT)=a’>—(XT
ax2 ( ) at ( )

d*X dT
—=a’X—
dx dt
Divide both side by XT
1 d°X «a*dT
- — =
X dx’ T dt
1 d*°X > dT
= —— _ ¢ m—_— __(v)
X dx T dt
2
- 14 )2(:—/12
X dx
d*X

2

=T

From (v)

= +2*°X =0

dx

2
= [d—2+/12]X=0

dx

The auxiliary equation
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d2

~+1°=0

dx
4
dx

= X (x)= Acos(Ax)+ Bsin(Ax)

Transformed B.C X(0) =0 = X(L)

V)= 0=Acos0+Bsin0 = A=0

X(x) =B sin( 4 x) (vi)

v) =
O:Bsin(/iL) = B#0,smnAL=0

= AL=nxr ;n=12,3,...

— 1= . 42123
L

— X(x):Bsin(nLﬂj

Again from (v)
a_zd_T —_)°
T dt
2
dar +/1—2T =0
dt «

2
Ei +/1—ij:0
dt «o

The auxiliary equation
d A

— 4+ — —
d «

d A

dt o

0
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22
= T(1)=Ce «
Put the value of A

n’i?

= T(t)z Ce_“2L2t

Put the value of X(x) , T(t) in (iv)

A2
w(x.1) =Bsin(%j Ce T

w(x,t)=4, sin(%je “__ (vi) BC=4,

Now by applying Principle of superposition

l//(x,t) = Z::An sin(nTﬂxje“szt _(vii)

Put t =0 in (vii1)

v (x,0)= Z.O:An sin nLﬂjeO
n=l1

fi(x)= iAn sin %)

miwXx

Multiplying by sin( j both side and integrate w.r.t x from 0 — L, and

also apply orthogonality condition.

Z[fl (x) sin(%)dx = ji/ln sin(?j.sin(?j dx

o n=l

=0 if m#n

L
=—A if m=n
5 if
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——jf sm(mzxjdx

Replace ‘m’ by ‘n’

Put in (vii)

w(x,t)= 2{{%1&@)—%}))@%? )dx}sin(”zxjezz’}

Put the value of y (x,t) in (ii)

-3l ejol el |5

Question: Solve the PDE ¢ = 052¢t
BC ¢4(0,6)=P ,¢(L,t)=¢g
LC  #(x,0)=f(x)

Solution: Given PDE ¢,__

(1)
We convert the given non-homogeneous problem into homogeneous by
considering the following transformation.

¢(x,t):y/(x,r)+(]“;xjp+iq (i)

L
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Putx =0 on (i)

#(0.t)= w(o,z)+(LT—‘)JP+%q

P=y(0,t)+P =y(0,t)=0

Put x =L in (1)

¢(L,t):w(L,t)+(L;LjP+%q

g=yw(Lt)+0+g =y(Lt)=0

Putt = 0 in (ii)

¢(x,o)zw(x,o)+(L;xjp+%q

f(x):w(x,0)+(L2x)P+%q

L—x
L

p(50)= 1) 5 -2 g =19 ()

= (2.0)= £ (x) (say)

Substitute (ii) in (i)

0’ L—x X 50 L—x X
¥|:W(.x,f)+( I jP‘qu j|—a 5|:l//(x,t)+( I ]P‘qu :|

o’y oy
% — )

Suppose that solution of equation (iii) is

y(x0)=X(T() ___(i)

Substitute (iv) in (iii) we have

0’ 0
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d’X dT
>T—F=a’X—
dx dt
Divide both side by XT
1 d°X «a*dT
= ———5=
X dx T dt

2 2
N 1d )2(:a a’T:_)L2 __(v)
X dx T dt
1 d°X
From (v — =27
©) X dx?
2
= d)fmz)(:o
2
:[—Zﬂ‘ﬂsz:O
dx

The auxiliary equation

2
d —+ 12 =0
dx
44
dx

= X (x)= Acos(Ax)+ Bsin(Ax)
Transformed B.C X(0) =0 = X(L)
V)= 0=Acos0+Bsin0 = A=0
v) = Xx)=Bsin(Ax)  (vi)
0=Bsin(AL) = B#0,sinAL=0
= AL=n7r ;n=12,3,...

— 2= 123,
L
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= X(x):Bsin(nLﬂj

Again from (v)
a_Qd_T S
T dt
2
dar +/1—2T =0
dt «

2
(i +/1—2sz0
dt «

The auxiliary equation
d A
— Bl 7 —
dt «

d__&

0

dt o
A
= T(t)z Ce @
Put the value of A
n2a?

= T(t)z Ce_ﬁt

Put the value of X(x) , T(t) in (iv)

A2

p(x,t)= Bsin(%) Ce @F'

w(x,z):Ansin(%jeﬁ’_(w) SBC=4

Now by applying Principle of superposition
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n?A?
t

y/(x,t):i:Ansin(nijeﬁ (i)
Put t =0 in (viii)

o0
. [ nrx
= ZAn sin| —— |e°
n=l1 L

= ZAn sin n_mj
n=l1 L

. [ mrx
Multiplying by Sln( j both side and integrate w.r.t x from 0 — L, and

also apply orthogonality condition.

52 ol

=0 if m#n

L
=—A if m=n
5 if

Replace ‘m’ by ‘n’

nTX
:—jf sm( 7 jd

Put in (vii)

IO PR IE
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w(x,r)iﬁ%ﬂf (% jpqu(Tjd}(Tj}

Put the value of y (x,t) in (i1)

#ox Y :2{{% I{ /(% —[L—:C]P—% qjsm(%x}bc}sm(%x]e %HL—;“jp%q

is the required solution of given PDE.

. 2
Question: Solve the PDE ¢ =a "¢,

BC ¢#(0,0)=0,¢(L,t)=P
L.C ¢(x,0) = f(x) , @, (x,O) = g(x)

Solution: Given PDE ¢_ = a’@, (i)

We convert the given non-homogeneous problem into homogeneous by
considering the following transformation.

¢(x,t)=w(x,t)+%P —(if)
Putx =0 on (i)
$(0,t) =y (0,£)+0
= 0=y(0,1) - ¢(0,1)
Put x =L in (i)
¢(L,t):w(L,t)+%P
P=y(Lt)+P =y (Lt)=0
Putt=01n (i1)

¢(x,0) = w(x,O) +ZP
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f(x)=p (x0)+ P

=y (x0)= £(1)- 2 P= 7 (x) (sav)

= (1.0) = £ (x) (say)
Diff. (i1) w.r.t ‘t’

= ¢, (x)=y,(x1)
Putt=0

4,(x.0)=y, (x.0)

=, (40)=g()
Substitute (i1) in (1)
0’ X , 0’ X
L () + 2P |=a> L p(x0)+ 2P
vyt |=a Sy 2|
o’y o’y
= e —i)
With B.C (0.0 =0=y(L,)
LC y(x,0)=1fi(x) , yi(x,0) = g(x)

Suppose that solution of equation (iii) is

y(x0)=X(0)T() ()

Substitute (iv) in (ii1) we have

0’ 0
ax—z(XT): oﬂE(XT)

2
:Tcil)z(:azX%
X t

Divide both side by XT
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1 d*X «a*dT
= —— =
X dx T dt

2 2
N 1d )2(:05 dT:—ﬂ,z __(v)
X dx T dt
1 d°X
From — S
V) X dx’
d*X
=> —+1X=0
dx
2
= [%‘i‘ XZ]X:O
X
The auxiliary equation
2
%—F A7=0
X
4tz
dx

= X (x)=Acos(Ax)+ Bsin(Ax)
Transformed B.C X(0) =0
0=AcosO0+Bsin0 = A=0
X(x) =B sin( 4 x)
Put X(L)=0
O:Bsin(/iL) = B#0,smnAL=0
= AL=nzr ; n=123,...
ni
= A=— ; n=123,...
L

= X(x):Bsin(nLﬂj
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> d’T
Again f =-1°
gain from (v) 7
2
AT 2 -9
a’ o’
2 2
(d— +/1—jT 0
at* «
The auxiliary equation
a A
—+—=0
a’ o’
d’ A2
i o
d_,2
dt «
= T(t)=CCOS(£tj+DSin(£tj =
o a L

T(t)= Ccos( jt+Ds1n(n7zjt n=1,2.3,....
al al

Put the value X(x), T(t) in (iv)

w<>Mmﬁzj{c%ﬁu}+amCZ}:

w(x,t)—sm(mzx |:BCCOS( jt+BDsm( ﬂ)t
L al ]

ol

w(x,t)=sin P22 4 cos| 22 |¢+B sin| 22|t | -BC=4 &BD=B,
L oL al

Now by applying Principle of superposition
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=S aen(Zonn( ) |

t=0in (vi) #(x,0) Zsm( ij[Ancos(O)nLanin(O)}

Multiplying by Sin(%j both side and integrate w.r.t x from 0 — L, we get
[ niwx
Iﬂ(x)sin( jdx —IZA sm( j i ( jdx
0 o0 n=l L

L
—Z4
2

Put in (vi)

o e i e

Now differentiate (vii) w.r.t ‘t’

wten)-Zonl | Ao ()G

Putt=0

Wt(x,o)::Zsin(”T“)[_A [Z’Z jsm(0)+B [a’z jcos(O) }
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=ZBn nr sin nzx
p_— al L

. [ nwx : .
Multiplying by Sln(Tj both side and integrate w.r.t x from 0 — L, Also
applying the orthogonality principle,

o 5o 5 @Jm("’?)sm("—?)dx

0 0 n=l1

Put the value of B, in (viii)

vt S o ol (o )

Put the value of fi(x) = f(x) — xP/L

w<x,t>=;sm@ﬁ%z( HE

Put the value of y(x,t) in (i1)

¢<x¢>=§2m@{{%§( S fe{)

2 : .
a_[ g Sln e dbx psin n t +£P is the required solution given PDE.
ni, L al L
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. 2
Question: Solve the PDE ¢ =a’¢,

BC ¢(0,6)=0,¢(Lt)=¢
I.C ¢(x,0) = f(x) , @, (x,O) = g(x)
Solution: g..=a’g, (i)

We convert the given non-homogeneous problem into homogeneous by
considering the following transformation.

¢(x,t):y/(x,f)+(L;xjp+iq (@)

L
Put x =0 on (i)

#(0.t)= '/’(O”){LT_OJH%(]

P=y(0,t)+P =y(0,1)=0

Put x =L in (11)

¢(L,t):w(L,z)+(L;Ljp+%q

g=v(Lt)+0+9 = w(L)=0

Putt = 0 in (ii)

¢(x,0)=w(x,0)+(L;ij+%q

f(x):y/(x,O)+(LlijP+%q

r(50)= 70~ £ P20 (3) oo

= (.0) = £ (x) (say)

Differentiate (i1) w.r.t ‘t’
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1) (x,t) =y, (x,t)
Putt=0
=1 (x,O) = g(x)

Substitute (i1) in (1)

o’y o0’y
o % o —— )
With B.C w(0,6)=0=y(L,1)
I.C l//(x,O) =N (x) | wt(x,O) = g(x)

Suppose that the general solution of (ii1) is
v (xt)=X(x)T(1) ()
Substitute (iv) in (ii1) we have
0’ , 0

—(XT)=a" —(XT
ax2 ( ) at ( )

d’X dT
= a’ X —
dx dt
Divide both side by XT

=T

1d°X _oa’dl
X dx’® T dt
14X o ar _ . ()
X dx* T dt -
2
- 1d )2(:—/12
X dx

d’X

2

From (v)

+ A’ X =0

=
dx
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2
= [d—2+ﬂ,2]X:0

dx

The auxiliary equation

—2+ /12 =0
dx
d
dx

= X (x)=Acos(Ax)+ Bsin(Ax)
Transformed B.C X(0)=0
0= Acos0+Bsin0 = A=0
X(x) =B sin( 4 x)
Put X(L)=0
0 :Bsin(/iL) = B#0,smAL=0

= AL=nzr ; n=123,...

— ﬁv:ﬂ ;n=1273,...
= X(x)= Bsin(@j
a’ d’T
Again f —— =4
gain from (v) T di
T A’
dr’ 0
(04
d> A°
a
d2 22
The auxili t — +—=0
¢ auxiliary equation 7 o
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a2
d :iii
dt a
= T(t):Ccos(it]+Dsin(£tj /1:%
a a

T(t):Ccos(ﬂ]t+Dsin(ﬂjt n=12,3,....
al al

Put the value X(x), T(t) in (iv)

l//(x,t):Bsin(n—mj. Ccos(ﬂjt+DSin 7\
L alL oL

niw

w(x,t):sin(@ BCcos( jt+BDsm t
L al

alL

l//(x,t):sin(n—zxj{An cos anf+B sm(mZ)t } +BC=A4 &BD=B8B,
a o

Now by applying Principle of superposition

v(x.0) ::Zsin(%jhcos(%jﬁgn sin(%)t } )

t=0in (vi) #(x,0) Zsm( j[A cos(0)+ B, sin(0) }

. [ nmx : .
Multiplying by sm(Tj both side and integrate w.r.t x from 0 — L, we get
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Put in (vi)

et e e ol onnfE) |

Now differentiate (vi) w.r.t ‘t’

I b B e AP el

Putt=0
v, (3,0) = :lein(%mj{—An (Z—’stin(o)Jan (Z_’chos(o) }
«()-5.0. 57 Jnl 7

D . [ nmx . :
Multiplying by Sln(Tj both side and integrate w.r.t x from 0 — L, Also

applying the orthogonality principle,

{5 e o o

0 o0 n=l

= (ﬂj.éﬂn
al ) 2
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Put the value of B, in (viii)

et ST o ol ()

I —
Put the value of fi(x) =f(x)_( 7 xJP—%q

Put the value of y(x,t) in (i1)

#(x1) =gsm(%)ﬂ% I( (x)- %jp—% qjsm(%jabc}oos(z—gt +

2o ¢ : . |
—I g(x) Sln(@jdx Sm(ﬂjt +£P is the required solution given PDE.
nis, L al L

Laplace equation:

P +¢w =0 is called the Laplace equation in two dimension.

Polar form of Laplace equation:
1 1
¢rr +_¢r +_2¢99 :O
r 7

And its solution is ¢(r, 9) =R(r) 0(9)
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: . 11
Question: Solve the polar form of Laplace equation ¢, +;¢r +? ¢99 =0

1 1
Solution: Given @, +—¢ +—¢,, =0 __ (i)
ror

Consider the general solution of (i) is

#(r,0)=R(r)0(6) ___ (i)

Substitute (i) in (1) we have

o 10 1 82
FR OR Ed_zé’
&’ rdr rdo

2
r

Multiplying by —
RO

r dzR rdR 1d2(9

R & Rdr 9d92
dzR rdR _ 1d°0 _p

—_— = 1111
R d’ R dr 0d& —( )
From (ii1)

1d%0_ .

0 do’
d’ 6?

+1%0=0

d2
=>|—5+4716=0
do

+A*>=0 - The Auxiliary equation

dZ
de’
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Here arise two cases

Case-I: When A =0

2

= dz =0
do

= i:O,O
do

9(9)=(A+B@)e° = A+ BO

Case-II: When A >0

2

= d2 =—-)°
do

= i:J_ri/”t
dé

= 0(0)=Ccos(160)+D(sin10)

Again from (iii)

P d’R rdR ,
raR, rak_ ()
R dr- Rdr
When A =0
P AR rde_
Rd’* Rar
r( d*R dR
—|r—5+— (=0
R\ dr dr
2
T20 & rd—f+@ =0
dar-  dr

d( de
—|r— =0
dr\  dr
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dR

r—=>D " on integration
dr
dR_D
dr r

= R(r) =C,+D,Inr - on integration

When A > 0 from (iv)

2
rzd—§+r@—/12R=0
dr dr

Which is the Cauchy Euler equation.
Let R(r) =7

— = k™!
dr

d’R

2

= k(k—=1)r*?

dr

= Zk(k=1)"? +re* =22 =0
= (K —k)r* +k*" = 22r =0
= (K —k+k—A")r* =0
= (K -2*)r' =0
20, (KB-2)=0

k> =27
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k=11
R(r)=C,r" +Cy™
Hence #(r,0)=(A+BO)(C,+D,Inr) when A=0
#(r.0)=(Ccos(62)+ Dsin(62))(C,r* + Cyr*) when 2> 0
#(r.0)=(A+B0)(C, + D Inr)+(Ccos(62) + Dsin(62))(Cyr* +Cyr ™) when 220

Question: Solve the polar form of Laplace equation

1 1 1
¢rr +_¢r +_2¢99 +¢Zz :_2¢n
r r C

Solution: Given ¢, +l¢r +l2¢99 +¢. =i2¢n _(9)
r r C
Let its solution 1s of the form
Hr0.z0)=R(NADZ(T() (il

Substitute (i1) in (1) we have

o 10 1 & ol 1 &
—(ROZT ) +——( ROZT ) +———( ROZT )+ ROZT) =——(ROZT
81”2( ) 7’8”'( ) 7"2 892( ) & ( ) CZal_Z( )
d’R 67T dR RZTd29 ROT dzz _ROZd'T
07T 4=+ -2
ar rodr P d&z r c dt
Divide by ROZT

1dR 1dR 1d0 1dZ_ dzT__a)z(S ) (i)
Rd” R rP0de 7 & T dr Y —

From (ii1)

Lar_
AT dt?
d’T
dt?

= +t@*T =0
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d2
= (—2+cza)2]T =0
dt

The Auxiliary equation

d2

— +Cza)2 =0
dt
— =*ticw
dt
= T'(t) = 4, cos(wcx)+ 4, sin(wex) _ (iv)
Again from (iii)
1d°R 1dR 1 d°0 1d°Z
oy ey EASE a4
Rd’ rmRdr r0de Z &
From (v)
ldz_
Z dz°
2
= —+m’ Z=0
dz
2
(d—z +m’ )Z =0
dz
d’ ) e :
F-i- m- =0 - The Auxiliary equation
z
i =tim
dz
Z(z)=A,cos(mz)+ A sin(mz) _ (vi)
Again from (v)

2 2
1aR TR 1 A0 5
Rdr mRdr r0d&
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—— et~ =
Rd’* mRdr rde&
Multiplying by r?
¥ d’R rdR 1d°0
— - P =—"==r Vil
R R\ ) g — 00
2
From (vii) = —ld 6;= ?
0do
2
d 62)+n219:O
do

2
= dz+n2 6=0
do

The auxiliary equation

2

= — +n° =0
0
= ), =xin
do
= 0 ()= A4; cos(nb)+ A sin(n) (viii)
Again from (vii)
2 72
rdaR, rdk (=i )* =n
R dr Radr
r_d_€€+1d_R+( —nr )r2 —n’ =0
R dr Rar
Multiplying by R
,d’R dR

r ?H"; +R[(a)2 —nt’ )rz —nz] =0
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Which is parametric Bessel equation. Its solution is

R(r) :A7JV(\/a)2 —nt r) +Agr2)j(\/a)2 —nt r) (&)
Put the value of R(r), 6( 9) Z(z) and T(t) in (i1)
#(r.,0,z1) :[AJV(\/a)z —n’ r)+ASr2YV(@/a)2 —nr’ r)}[AS cos(n6) + 4;sin(n6) |
[ 4y cos(mz)+ A,sin(mz) || 4 cos(wex)+ 4, sin(wex) |

is the required solution of given equation.

Some information:

2
x° le);—lr)c%—lr(xz—vz)y:O

if v is not an integer then its general solutionis y = 4,J, (x) +A4,J, (x)
if v is an integer then its general solutionis y = 4,J, (x) +4,Y, (x)

Where J y (x) 1s a Bessel function of first kind and YV (x) 1s a Bessel function
of 2" kind.

d’ d
2 7 f + x—y + (xz —v’ ) y =0 which is parametric Bessel equation. Its
X X

general solution is y = 4,J, (Ax)+ 4,7, (Ax).

X
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Lecture # 05

Consider a second order PDE of the form
ag., . +b¢xy + c¢yy +d¢_+ e¢y + f¢= g(x,y) _(1)

Where a — fare coefficient functions of x and y or they may be constant.

Where ag, +b@,, +cg, is called Principle part of equation.

yy

Define the discriminant A at (xo , yo) is

A=b (xo,yo)—4(x0,y0)c(x0,y0)

The equation (i) is called Hyperbolic if A > 0 is called Parabolic if A= 0 and is
called Elliptic if A <0.

Canonical form / Normal form / Standard form:

In this form the second order derivatives are reduced to two or one second order
derivatives with another set of independent variables.

General transform:

Let £ and i be twice differentiable function i.e.

§=&(xy) , n=n(xy)

Using chain rule

_0p_0 3¢ 09 on
ox 0& ox On ox

¢x = ¢§ é:x + ¢77 ﬂx —(”)
Similarly, =05, +9,1,

0

0
Now P, 25(@):5[% St 8,1, ]

P,

0 0
B =5[¢ng ;C]E[@ 7. |
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0 0 0 0
8, = ;5[@ ]+¢55[§x]+nx5[¢n ]+¢,,5[nx ]

05, 0,\0n 05 0 \0n
b ) ) e v ) )2

b, =0..68, +8.,En, +8.8,+.En.+ b, 00, +én, (i)
Using ¢,. = ¢.,

by =058, + 8, (Em +En)+b,nn, +d.L,+ b, (iv)
Replace ‘y’ by ‘x’
b =5 +20. En + B E . (V)

Similarly, replace ‘x’ by ‘y’ in (v)
— 2 2
¢yy . ¢§§(§y + 2¢§f7§y77y + ¢7777 e + ¢§§yy + ¢77 My

Put all these values in (i)

a| §..EL 420, Em + 4,10 + 3L+, |
b 88+ by (Em, +Em )+ B, + 4.6, 61, |
ol geoll + 20,60, + 8,10 + 4L, + 1, |
+d| g+, |+e[ 8L, +8,n, |+ /=2(x.y)
(ag? +b£.&, +c& ). +| 2agn, +b(Em, +En, )+ 2¢€,m, | ¢,

Han: +bnn, + e} ), +| al +bE, +c&, +dE +eE, |4,

(vi)

+(an, +bn,, +cn,, +dn, +en,)p, + fo=g(x,y)
= Af..+B¢. +C¢ +Dp.+Ef +Ep=G (vii)
Where 4 =a&’ + bS.S, + nyz
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B= 2a§x77x + b(gxny + gynx) + 2C§y77y
C=an’ +bny, +cn’

D=ag +bS +c, +dS +ed,

E=an, +bn +cn, +dn +en,

F=f,G=¢

The form of equation (i) and (vii) is same except independent variable and
coefficient function. Under this transformation the kind or nature of PDE does
not change.

Jacobian transformation:

From this transformation it is assumed that |J | # 0. This condition is imposed

to ensure that the transformation of a PDE can be converted to original form

Let A =b> —4ac — for equation (z)
A" =B?>—4A4C — for equation (vii)
Here A" =B* —44C
=[2ae, +b(en, +En) v 2t | ~ 40l +bE £, +e& [an? +bnn, +en’]
= 4PE A B (Em, +En,) +ACED +dab] Enn, +EE ]
be| £ &7 +Enn, [+8ack &, —4d’ En} —4abgin g, —4acEn,

~Aab&inn, —4abgln, —4b’E & n, —4bc £, —dacdn; —4bes ., A4S,
=b’ [(éﬁy vEm,) - 49393%%} —dacgln, —4acdn; +8acs &,

=0’ &+ Eml + 28 Enn, —4EEn, | dac| Enl + Enl —2E £, |
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= v [&nt v gt 22 8mm, ]~ dac(En, ~Em,)
=b* (&, - &) —ac(Em, - &)
A =(én, —Em, )2 (b* —4ac)
= A =|J[A

Now |J | #0 ie. if A >/<O then A° >/<O under this transformation the

nature of PDE does not change.
e.g. $.—¢, =0
a=0,b=0,c=-1
A=b*—4ac=(0) —4(1)(=1)=4> 0 which is Hyperbolic.
¢ — ¢, =0
a=1,b=0,c=0
A=b*—4ac=(0) —4(1)(0) =0 which is Parabolic.
¢ — 4, =0
a=1,b=0,c=1
A=b"-4ac =(0) -4(1)(1) = -4 < 0 which is Elliptic.
Classify the equation in the Right Half plane;
b+ 4y —x4, =0  (x<0)
a=1,b=1,c=x
A=b*—4dac=(1)" —4(1)(-x)=1+4x
When x =0 A=1+4(0)=1>0

The equation is Hyperbolic.
Now the equation is Hyperbolic if A >0

=1+4x>0 = 4x>-1

64

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




-1
=X > —
4 :
Parabolic
The equation is parabolic if A =0 l
= 1+4x=0 4
_1 Hyperbolic <+ Elliptic
=>xX=— >
4
The equation is elliptic if A <0 ~ -
= 1+4x<0 A
—x<—
4

Classify the equation in the Right Half plane;
b+, x4, =0  (x>0)
a=1,b=1,c=-y
A=b>—4ac=(1) ~4(1)(-»)=1+4y
Equation is Hyperbolic if A >0

=1+4y>0 :>y>—%

The equation is parabolic if A =0

v

=1+4y=0 _
] Elliptic

=>y=— Paraboli

y 1 arabolic i
The equation is elliptic if A <0 Hyperbolic
= 1+4y <0
—y<—

d 4
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Canonical form of Hyperbolic equation:

In the general transformation structures of A and C are similar i.e.
2 2
A=ag; +bs &, +cg;
C=an:+b ’
=amn, +on.nm, +cyj,
Let z denoted either & or 7
. 2 2
ie az, +bz z +cz,

We select A and C such that they are annihilated i.e. A=C=0

Now z = constant = z(x,y)=constant = dz=0
0 0
= Lt —Zdy =0
ox oy

= zdx+z,dy=0

L Ho Y (i)

z, dx

Also, we have azi + beZy + czi =0

2 2

z zZ zZ . 2
= a3 +b—+c—=5=0 divide by z,

z, z; z;

2
= a(_—dy] —b(ﬂj+c =0
dx dx

Which is called Characteristic equation.
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Lecture # 06

Question: Show that the equation y’¢ —x’¢ =0 , x>0,y >0
Is the hyperbolic and determine its canonical form.
Solution: The given equation is y°@,_ — x° ), =0
Compare with ag.. +bg , +cp, +dp. +ep + fp=g
=a=y,b=0,c=-x",d=e=f=g=0
Now A =b" —4dac = (O)2 - 4(y2)(—x2)
A=4y"x>>0

So, the equation is hyperbolic

Now the characteristic D.E is

Q:bix/ZZOi\szyz

dx 2a 2y°
Y _ 2 _ X
dx 2y° y
d_x d__X

dx ; Cdx _;
vdy = xdx , ydy =—xdx
vdy —xdx =0, ydy+xdx=0
On integration
Y =X =cq , Y X =c,
There are two characteristics curves
Suppose E=y"+x",n=y"—-x"
¢ =2x ,1m,=-2x
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$u=2,M,="2
cw=0,1,=0
$, =2y ,m,=2y
Sw=2,1,=2
Now A=agl +bE &, + ek
A=y (26) +(0)(2x)(20)+ (=) (20)
A=4x"y* —4x’y* =0
B=2afn, +b(En, +En,)+2cEm,
B=2(y?)(2x)(=2x) +0+2(-x)(2y)(2y)
B=—8x’)" —8x%y” = —16x7)
C=an; +bng, +cn;
c=y*(-2x) +0+(—x2)(2y)2
C=4x"y" —4x*y* =0
D=a¢, +b&, +c, +d& +ed,
D= y2(2)+0+(—x2)(2)+0+0
D=2(y"-x*)
E=an, +bn, +cn, +dn, +en,
E= yz(—2)+0+(—x2)(2)+0+0
E= —2(y2 +x2)
F=f=0,G=g=0
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Now Ap.. + B9, +CP, + Dp. + E§ + Fp=G
0., + (163}, +0.4,, +2(y” =3 )g. +(-2(»* +x°) )¢, +0=0

—16)c2)/2gé,:,7+2()/2—xz)¢§—2(yz+xz)¢77 =0 *

As E=y"+x" ,n=y"-x
By adding By subtracting
=y +x =y +x°
n=y —-x’ : =+ F x>
2" =&+, 2 =&-n
y2:§+n ’ 2osn
2 2
2 2
52 2_5_775"'77_6&_77
Y= : =
2 2 4
. & -
Putin * = —-16 2 P, +2n¢9. =254, =0

4(& -1 ), +2nd, 284, =0
., — +¢§ + Lgﬁn = ( is the required canonical form of
27 -n')" 2(e ')
given equation.

Question: Show that the equation y2¢xx - X 2¢yy =0

Is the hyperbolic and determine its canonical form.

Solution: The given equation is y*¢, —x’¢,, =0
Compare with ag. . +bp. +cp,, +dp. +ep, + fPp=g
=a=x,b=0,c=—y°,d=e=f=g=0
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Now A =b* —4dac = (0)2 —4(X2)(_y2)

A=4y’x>>0
So, the equation is hyperbolic

Now the characteristic D.E is

dy bEJA  0£4x’)’
o o 2

dx 2a 2x
b_ 2 _L)
dx 2x? X

On integration
Iny-Inx=In¢, , ny+Inx=Inc,
ln(lj =In¢ ,Inxy=Inc,

x
Y

=c, Xy =¢,

There are two characteristics curves

Suppose E=xy,n="2
X
-y
fx:y ’77)(: 2
X
2y
gxx:O ’ﬂxx__‘j.
X

70

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




-1

gxyzl ’nxy:?
1
gy:'x ’ﬂy:;
§yy:O ’77)’)’:0
Now A= acff +bS.S, —I—Ccfyz

A=(2) )+ 0+ ()
Azxzyz—xzyzz()

B= zagxnx + b(gxny i gynx) + zcé:yﬂy

a-2(¢)00) 2 Jro+2(7) )1

X X
B= -2y’ -2y* =-4y°

C=an; +bn.n, +cn,

o= #( 2o o))

y_
2

¥,
X x2

C=

D=a +bS, +c5, +dS, +eg,
D=x"(0)+0+(-y")(0)+0+0
D=0

E=an. +bn, +cn, +dn +en,

E= x{i—f}+0+(—y2)(0)+0+0
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X
F=f=0,G=g=0
Now Ap.. + By, +Co, + Dp. + EP, + Fp=G

2
0.5 +(~4y" )¢, +0.4,, +0.4. +7y¢,7 +0=0

2
_4y2¢§77 + 7y¢n =0

—4(301)(%)% +2(§j¢ﬂ =0 -y’ :(xy)(gj

—4éng., +2n¢, =0
4cneg., =219,

¢§n = 2—77 is the required canonical form of given equation.

Question: Show that the equation e’¢,, —e*¢,, =0
Is the hyperbolic and determine its canonical form.
Solution: The given equation is e’¢, — "¢, =0
Compare with ag. +bo , +cp, +dp. +ep + fp=g
= a=e"',b=0,c=—e",d=e=f=g=0
Now A =b" —4dac = (O)2 — 4(ey)(—ex)
A=4e" >0

So, the equation is hyperbolic
Now the characteristic D.E is given by
dy b+JA 0+4e™
B B v

dx 2a 2e
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x+y x oy x
d 2e ? e’.e? e’
dx 2e” e’ 5
e
x x
dy e* dy e’
gy gy
dx 02 dx 02
y x y x
eldy=—e%dx , e*dy=e%dx

y x y x
eldy+e*dx=0, e’dy—e?dx=0

On integration

Y > Pa g
e’ e? e’ e?
SR
2 2 2 2
yoox g yoox
e’ +e? :Ecl , el —e? :502
There are two characteristics curves
P A J B
Suppose E=e’+e? ,n=e>-¢?
1 2 1 2
:—ez ) :——ez
S, 5 T.=77
1 2 1 2
__82 , ___eZ
Cor 2 Te==7
§xy =0, Ny = 0
1 pa 1 P4
_ 2 _ 5
S, = 2e 1, = 2e
1 2 1 2
_ 2 _ 2
egyy _Ze > 1,y _Ze
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Now A= acff +b8.8, + cfyz

d=e’ (%ej +(0) +(_ex)(%65]2

B= 2a§x77x + b(gxny + gynx) + 204:)177}/

x x y y
B=2¢ (%ez ](—%ez ] +0+ 2(—6)‘)(%@2 j(%ez J

1 1

B=——¢’e"——e’ e =—e"™

2
C=an, +bn.n, +cn,

(13 a(LA)
C=¢'| ——e +O+(—€)—€2
2 2

1 1
C=—e'e’ ——e'e’ =0
4

D=ag +bS +c, +dS +ed,
1 NREE
D=¢"| —e +0+(—e ) —e? |[+0+0
4 4

y(»y x 1] 2y =
e?| er —e? =Zez e’ —e?

E=an, +bn, +cn, +dn +en,
1 = a1 2
E=¢"| ——e? +0+(—e ) —e? |+0+0
4 4
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Ez_

N

x oy y x 1] 2y
e?.e?| e? +e? :—Zez e’ —e?

F=f=0,G=g=0
Now Ap.. + By, +Co, +Do. + EP, + Fp=GC

ey (yoox ey yox
0.4.. +(—e”+y)¢§,7 +0.4,, +%e 2 (ez —ez]@ —{—%e 2 (ez +ezn¢77 +0=0

| o r  x 1 = r =
—e“yg/ﬁén—lrze2 e? —e? ¢§—Zez e +e? | =0

x+y

Divide by e 2

Xty 12 = 12 =
—e ? ¢§,7+Z e’ —e? ¢§—Z e’ +e’ g =0 __ *

yooox yooox
As E=e*+e? ,np=e*—-¢?

By adding By subtracting
Y A Y x
E=e? +e? , E=e? +e?
Y x Y X
n=e?—e? ’ n=e?—e?
Y i
2er =&+ , 2e? =¢—-1
2 ostn 2N
2 2
p2p2 SN S+
2 2
ex-l-Ty_§2_772
4
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. E—n? 1 1
Putin * = —( 2 ¢§"+ZU¢§_Z§¢" =0

S
& -

= @, = - @, is the required canonical form of given

i _
P

equation.

Question: Show that the equation e'pg. — €y¢yy =0

Is the hyperbolic and determine its canonical form.

Solution: The given equation is e*¢  —e’¢, =0
Compare with ag. +b¢xy + C¢yy +d¢_+ e¢y + fo=g
—a=e,b=0,c=-e",d=e=f=g=0
Now A =b” —4dac = (0)2 —4(ex)(—ey)
A=4e" >0

So, the equation is hyperbolic

Now the characteristic D.E is given by

dy brNA  0£+4e™

dx 2a 2e
x oy y
d 62 e2 2
dx e’ g
e
y y
dy e’ dy e?
dc X dx =
e? e?
-y —X -y -X
2

e2dy=—e?dx ,e>dy=e?dx

-y -X -y -Xx

e2dy+e?de=0,e>dy—e?dx=0

On integration
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er,er el e’
I e S
2 2 2 2
-y -x -y -x
e? +e? ——;cl ,el —e? :—%cz
There are two characteristics curves
-y =X -y ox
Suppose E=e? +e? ,n=e? —e?
1 = 1 =
=—— 2 , =—e?
S, 5 1. =3
1 = 1 =
:_62 5 —__ez
gxx 4 nxx 4
gxy:() 977xy_0
B 1
§y=762 ,77y=7€2
1 =2 |
gy :Zez ’nyy_zez
Now A=al’ +b§x§y+cfy2
2 2
A=e¢" _—le%x +(O)+(—ey) _—le%y
2 2
1 1
A=—e'e " ——e’e? =0
4 4

B= 2a§x77x + b(gxny + gynx) + 204:}177}/

(=1 =1 = 1 2\ -1 >
B=2e"| —e? || —e? +O+2(—ey) —e? || —e?
2 2 2 2
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1 1
B=——e'e'——e'e’ = LS
2 2 2 2

C=an; +bnn, +cn;

(1 7Y NEEal
C= Ee —I—O—I—(—e ) 76

1 1 1

C=—¢e ——e'e’ =———

4°° T4 4
D=ad +bS +c, +dS +ed,

-x -y
D=e¢" le2 +O+(—ey) le2 +0+0
4 4

F=f=0,G=g=0
Now Ap.. + By, +Co,, + Do. + EP, + Fp=G

1 ¥ 1y =
0.4, +(-1)g., +0.4, +Z(e2 —eZJ@ —Z{ez +e? |g,+0=0

| oy x | o r
—e’”y¢§n—|rze2 e —e? ¢5§—Ze2 e’ +e’ | =0
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1 2 1 2
—¢§,7+Z e’ —e? ¢§—Z e’ +e’ |9 =0 __ *

-y X -y ox

As E=e? +e? ,p=e? —e?

By adding By subtracting
-y -y x
E=e? +e? , E=e? +e?
-y -* —y —-x
n=e? —e? , n=e? —e?
-y -X
2e? =&+ , 2er =&—7
sy Eudl N L2571
2 2
Gz g2
S+ -1
S5 2 2 _2(S+n=C+n) 4y
2
§-n  &+n & -n & -
Soa_ 2 2 2c+nte-n) 4
§-n &+n & - &=
: 1 4n 1 4¢
Putin * = _¢§”+Z(§2—02]¢§_Z[§2—n2]¢" =0

¢§n — (52 7_7 e }ég - ( 2 f 7 j¢n 1s the required canonical form of given

equation.
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Question: Show that the equation ¢ —sec’ xg,, =0

Is the hyperbolic and determine its canonical form.

Solution: The given equation is ¢ —sec’ x4, =0
Compare with ag.. +be. , Tt c¢y ot de. + e¢y +fop=g
=a=1,b=0,c=—-sec’x,d=e=f=g=0
Now A=b" —4ac=(0)" —4(1)(-sec’ x) =4sec’ x>0

So, the equation is hyperbolic

Now the characteristic D.E is given by

dy bxNJA 0fsec'x

dx 2a 2(1)
d—y:iseczx
dx
ﬂ:—seczx J Y _sec?x
dx dx

dy = —sec’ xdx , dy =sec’ xdx
dy +sec’ xdx=0 , dy—sec’ xdx =0
On integration
y+tanx=¢c ,y—tanx=c,
Suppose E=y+tanx,n=y—tanx
E =sec’x ,m, =-sec’x
& =2secx.secxtanx ,n_ = —sec’ x tanx
y=0.7,=0

¢, =l,n,=1
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§yy = O ’ 77yy = 0
Now A= aﬁxz +b8.¢, + C§y2
A= (1)(sec2 x)2 +(0)+ (—sec4 x)(l)2
A=sec*x—sec’*x=0
B=2afn, +b(En, +Em,)+2cEn,

B= 2(1)(8602 x)(—sec2 x) +0+ 2(—sec4 x)(l)(l)
B=—2sec’ x—2sec’ x =—4sec’ x
C=an, +bn.n, +cn,

o (e")(—sec2 )c)2 +0+ (—sec4 x)(l)2
C=sec'x—sec’x=0
D=ag +bS +c, +dS +ed,

D= (1)(2sec2 xtanx) +0+ (—sec4 x)(O) +0+0
D= 2sec’ xtan x
E=an, +bn, +cn, +dn +en,

E=—2sec’ xtanx

. y 0y
E=—le 2—leyzz—l 2 te?
4 4 4

F=f=0,G=g=0
Now Ap.. + By, +Co,, + Do. + EP, + Fp=G
0.9, +(—4sec4 x)¢§,7 +0.4,, +(2sec2 xtanx)¢§ +(—ZSec2 xtanx)gﬁn +0=0

(4sec4 x)¢§,7 = (28602 xtanx)gég - (28602 xtan x) ?,
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(4sec4 x)¢§,7 =2sec’ xtanx(gzﬁgy — ¢,7)

tan x

P = 2sec’ x(¢"‘t _¢'7) —
As £ =y+tanx , 7=y —tanx
By subtracting
& =y +tanx

+n==xyFtanx

E—n=2tanx
tanxzﬂ
2
&1
Putin * = ¢§ﬂ: 2 : (¢§_¢n)
2(1{5_77) ]
2
o= (8. )
4[1+(5_77) j
4
&1
¢77 - 5 ¢ _¢77
iy P (4:4,)
4
¢§,7 = c 11 3 (¢§ =’/ ) 1s the required canonical form of given equation.
4+(§—77)
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Canonical form or Normal form of parabolic PDE’s

Since for parabolic PDE’s
A=0 & A =0
b*—4ac=0 , B*—4A4AC=0
= b=+2Jac ___ (i) , B=%2J4AC

This shows that we cannot arrange both (a&c) or (A&C) to be zero. Now the
characteristic equation

dy bt
dx 2a

= ﬂ:i ~A=0
dx 2a

So, the characteristic D.E has only one solution. This means that parabolic
equation has only one characteristic curve. Suppose that we choose ¢(x,y) =& as
the solution of equation (1)

Let we select A =0 for parabolic

afxz +b8.¢, + c§y2 =0
From (i)

ag? +2acg &, + &) =0
(Vag,) +2Jag ez, +(et,) =0

(Vag, ++Jeg,) =0
— \/Zﬁx +\/E§y =0 _(ii)
B = 2a§x?7x +b(§x77y + §y77x)+ chfy?]y

B=2atn. + 2\/%(5)(% +&.1, ) +2c¢8,m,
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B=2| atn, +~ae&n, +Navegn, +cén, |
B=2[ag, {Nan, +en, | +eg, {Nan, +en, } |
B=2|(Vag, +eg, )(Van, +Ven, )

B=2| (0)(Var, +en,)|

B=0
So, the canonical form of parabolic PDE is written as
Ap.. + Bo., +Cop,, +DP. +EP + Fp=G
= C¢, +Dp.+Ep +Fop=G

Where the characteristic curve 7 =71 (x, y) 1s taken as arbitrary such that the
Jacobian |J| # 0

A" =|J] A
= A:%A*
7
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Lecture # 07

Canonical form of Elliptic equation:

For elliptic equation A = b*> —4ac <0 then the characteristic D.E for elliptic
PDE’s

dy _bxyJA (0

dx 2a
So, there are no real characteristic for elliptic equation. For this we show that
A=C,B=0

Let € and n be the solution of equation (i) and § = a+if3 , N = a—if3

Where o and B are the real and imaginary parts of & and n 1s the complex

conjugate of € 1.e. 17 22

Here wetake A=C=0
A= afxz +b§x§y +c§y2
Put & =a+iff

S=a, +iff ., S =a,+if,
a(a,+ip,) +b(e, +i,8x)(ay +i[)’y)+c(ay +i,8y)2 =0
a(a - B +2ia B.)+b(a.a, +ia, B, +ifa,~ B.B,)+c(a; - B +2ia,B,)=0
ac, —af; +2iac, f. +ba.a, +iba, f, +ibf.a, —bp.f, +ca, —cf, +2ica, f, =0

(ac +ber,at, +cal)~(ap: +bB B, +cf; )+ 2a B.+b(a B, + B, ) +2car B, | =0
= A -C +iB =0
=4 -C=0,B=0
=4 =C,B' =0
So, the canonical form of elliptic equation is written as
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*

Ap,+B¢,+CP,+D¢ +EP,+F¢=G
APy +04,,+ APy +D@,+E Py +F =G

A (foy +055)+ Db, +E ¢+ Fp=G
G -D'g,~E,~F'g
7
H' (a..6.4,.9,)
Vi

Question: Solve the PDE y°¢  +x’¢ =0 , x>0,y >0

¢aa + ¢ﬂﬂ -

Also write its canonical form.

Solution: The given equation is y’¢ _ +x°¢, =0
Here a=y",b=0,c=x",d=e=f=g=0
Now A =b”> —4ac = (O)2 —4(y2)(x2)

A=—-4y"x" <0 So, the equation is elliptic.

Now the characteristic D.E is

dy btJA  0£4-4x7)’
a 2y°

dx 2

Ay _ 2y K

dx 2y° y

d_ i dy_i
dx y dx y
2ydy +2ixdx =0 , 2ydy — 2ixdx =0

On integration

2 .2 2 .2
yio+ixt=c , y —ix =g¢,
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There are two characteristics curves

Suppose E=y+ix’ ,n=y"—ix’

Leta=y" ,B=x

a =0,8 =2x
@, =0, p. =2
a,=0,p,=0
a,=2y,p,=0
a,=2,p,=0
Now A=aa; +baa, +ca;

A=y (0)+0+(x*)(2y)’
A=4x*y*
B = 2aa._p. +b(05x,3y + ayﬂx)+ 2ca,p,
B=2(3%)(0)(2x)+0+2(x)(25)(0)
B=0
C=A=4x’y’

D=aa, +ba, +ca, +da, +ea,
D=*(0)+0+x*(2)+0+0
D=2x"

E=af, +bp, +cB, +dp +ep,
E=3"(2)+0+¢c(0)+0+0

2

E=2y

Collected by: Muhammad Saleem ¢’
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F=f=0,G=g=0
Now A(4,, +85)+ Dd, +E¢,+ F$=G
45V (B + By ) +2X°8, +25°4, +0=0

Divide by 4x”)”

1 1
+ +—@, +—¢, =0
(¢aa ¢ﬂﬁ) 2y2 ¢a 2x2 ¢ﬂ
(¢ + P ) + Lgﬁ + Lgﬁﬁ = 0 is the required canonical form of given
“ 2% 2B

PDE.
Question: : Solve the PDE e”¢  +e"¢, =0 Also write its canonical form.

Solution: The given equation is e’¢, + "¢, =0
—a=e,b=0,c=e",d=e=f=g=0
Now A =b"> —4dac = (O)2 —4(ey)(ex)
A =—4e"” <0 So, the equation is elliptic.

Now the characteristic D.E is given by

dy btNA  0x—4e™
y

dx 2a 2e
x+y x oy x
d i2e ? ie?.e? ie?
Foz —+
dx 2¢e” e’ %
e
x x
T 52

dy_ _ie* dy_ie

dx 27 dx 2

e? e?

X X

y x y x
erdy +ie’dx =0, e*dy—ie*dx=0

Collected by: Muhammad Saleem % Composed by: Muzammil Tanveer




On integration , On integration

yooox yoooox
e? +ie* =—c, ,e* —ie* =—¢,
2 2

There are two characteristics curves
y X ¥ x
Suppose & =e? +ie? ,n=e? —ie?

y X

Leta=e? , f=e?

1 X
a =0, =—e?
X ﬂx 2
a. =0 ,8 —leg
xx > xx 4
a,=0,05,=0

1 pa
_ 12 _
ayy_ze "Byy_o

. 2 2
Now A=aa; +ba.a, +ca,

2
y
A=¢’ (0)2 +(0)+(ex)£%ezJ = Aziexey

B=2aa f, +b(a.p,+a,p,)+2ca,p,

X

B=2e¢’ (o)eez) +0+ 2(@)(%5)(0)
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D=aa, +ba  +ca, +da, +ea,

Y

D—ey(o)+0+(eX)Ge2]+0+o

1 y
D==—¢"¢e?

E=af +bp +cp,+dp +ep,

E-= ey(%e2j+0+(ex)(0)+0+0

0| =

E=—e2¢”

N

F=f=0,G=g=0
Now A(@,, +8)+Dd, +E¢,+Fp=G

1 . 1,2 1 =
Ze ey(¢aa+¢ﬁﬁ)+ze e2¢a+ze2ey¢ﬂ+0=o

1, 1,2 2
Ze ey(¢aa +¢ﬂﬂ)+ze e’qg. +Zezey¢ﬁ =0

. 1 .
Divide by Ze e’

¢, P
¢aa +¢ﬂﬂ +_;+_£:0
e’ e?

¢

P + Ppp + ?ﬂ =0 is the required canonical form of given PDE.
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P.D.E’s with constant coefficient:
Let ag_ +b¢xy +c¢yy +dg, +e¢y +fop=g
And A =b* —4ac is also constant.

For Hyperbolic P.D.E’s:

dy biJA
dx 2a

dy _b+yA dy b-+A
dx 2 dx 2a

On integration

_[b+\/XJ _[b—\/X]
y= xX+c¢, y= xX+c,

2a 2a
b+A b—~JA
y— xX=c¢, Yy x=c,
2a 2a
Letgf:y—(b—h/x}c, Letn:y—( _\/ij
2a 2a
+
Ifa=0 d_y:b_\/X is not applicable.
dx 2a

Remove this difficulty

2 2 _
az; +bz .z, +cz; =0
2 _ =

bzz, +cz; =0 ra=0

Divide by z.

2
zz z
Xy Yy _
b 2+cz—0
z z

X
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Let z dx+z,dy=0

By _dx

z dy

& b—c@ =0
dy dy

—@:0 , b—cﬁ:O
dy dy

On integration
=>x=¢ ,by—cx=c,
LetE=x , n=by—cx

For Parabolic P.D.E’s
dy brJA b0 b
dx 2a 2a 2a

On integration

—ix+c
Yy 24 1

— —ix_c
Y 24 1

b
Let £=y —Zx and 77 =arbitrary
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For Elliptic P.D.E’s

dy bEVA briV-A
dx 2a 2a

On integration

_(biiﬂj
y=|——|x+c

2a
b+iv-A b—iN-A
y= X+c¢ , y= C,
2a a
N AL S b N e
4 2a 2a 1o Y 2a a 2
b IN-—A b IN—A
= YV——X— X=¢ , Yy——X+ X=06
a 2a a 2a
b iN—-A b iN—A
Let{=y——x— X, n=y——x+ X
2a 2a 2a 2a

Question: Solve the P.D.E 44 +5¢_, +¢ +¢ +¢, =2 also find its

canonical form.
Solution: Given 49 _+5¢ +¢  +¢ +¢, =2
Here a=4,b=5,c=1,d=e=1,f=0,g=2
A=b’-4ac=25-16=9>0
So, the equation is Hyperbolic.

Now the characteristic equation

dy biJA 5£J9 5%3

_ L
dx 2a 2(4) 8 4
av_, a1
dx T dx 4

On integration
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1
y=x+g¢ , y=Z)c+c2

1
Yy—X=¢6, y—zx=62

1
Let&=y—x, N=y=7%

1

6e=0 1, 17,=0
6o =0, 7,=0
s =1 ,1n,=1
&y=0,1,=0
A=afl +bEE, +
A=4(-1) +5(=1)(1)+(1)(1) =4-5+1=0
A=sec*x—sec'x=0
B=2aln, + b(cfxny + %m) +2¢6,1,

-1

a=2()0( 3 Jrs{ o003 2000

B=245(-1-L|i2=44s[-2]=10=25_2
4 4 4 4

C=an, +bn.n, +cn,
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1 5 1-5+4
4 4 4

D=ag +b5 +c5, +dS +eg,

D=4(0)+5(0)+1(0)+1(-1)+1(1)=0

0

E=an, +bn, +cn, +dn +en,

3

E= 4(0)+5(0)+1(0)+1(_71j+1(1):—%H: 2

F=f=0,G=g=2
Now Ap.. + By, +Co,, + Do. + E¢, + Fp=G

O.¢§§ + (_ng ¢§,7 + O.¢,m + O.¢§ + %(’577 +0¢ =2

-9 3 - -9
7415&7 + Zg]ﬁn =2 Divide by FL

1 -8
Ds, — §¢77 Y is the required canonical form of given P.D.E

1 -8
Let ¢,7:W = ¢§’7_§¢77:_

-1 -1
1.F = ej?lg = 675

Multiplying (1) with L.F
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On integration

- ¢=§jdﬂ+e3§jhl(n)dn+h2(§)

= p=sn+e by (1) b (¢)

= ¢(x,y)=§(y—§j+ey;xh3(y—§)+h2(y—x)

3
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Lecture # 08

. ¢ —_ 2
Question: I e dx
0

Solution: Let

Collected by: Muhammad Saleem

I’=[edx[e dx
0 0 . "
5 r _ 2 F 2 4
I"=|e dx|e’ dy
0 0
&
%t x+y
—“‘e dydx {0
00 » ()
0
Let x =rcosB , y =rsin0

PP=x"+y",0=tan" (l)

X

In first quadrant
0<o<Z
2

0<r<w

dxdy = rdrd6

= 2= (e rdrao

O 0 | N
S =8

7 Composed by: Muzammil Tanveer




Some Basics:
f(x,y)=0

if  f(—x,~y) =1{(x,y)
if  f(—=xy) =1{(x,y)
if  f(x,~y) =1f(x,y)

Let y = f(x)
f(—x) = f(x)
f(—x) = —f(x)

[0,1] unit interval

— 2 7 01 <0
Z—O ) —1 [Lime T e | Lime™ = if m
2 2 rF—0 B X—>0 OOlf‘mZO
, (-1 T
= I =—.(—J[0—1]=—
2\ 2
= I=—7T
2
]:J.e_xzdxzﬁ
) 2

symmetric w.r.t origin
symmetric w.r.t y-axis

symmetric w.r.t Xx-axis

even function

odd function

[—a,a] symmetric interval
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Question: | f (x)dx

—a

Solution: .a.f(x)dx = _(ff(x)dx+jf(x)dx

—a

Put x = —y = dx = —dy in the first integral

[ £(x)de= J F(=2)(-a)

_If (x)dx = !f (=y)(dv) = !f (=x)(dx)
j;f(x)dx B If(—x)dx+_‘jf(x)dx

If f(x) is odd function i.e. f(—x) = —f(x)
j f(x j x)dx + j f(x)dx=0
If f(x) is even function i.e. f(—x) = f(x)

_j;f(x)dx = If(x)dx+If(x)dx

_j;f(x)dx = 2_:[f(x)dx

Question: j e dx

—0

Solution: T < dx = Lim .[

a—>0

o]

— 2 . .
I dx Lim 2.[ . as e " is even function

a—x
—00
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T e dx= 2]1‘ e dx
0

—00

Gamma Function:

a+1= je‘x.x“ dx
0

e
a+1=—1.x“

OOe—x
—I— ax® dx
0o 0 -1

o]

a+1= —[Lime‘x.x“ —eO.O“J—aIe_x Cx“ dx

la+1=-[0-0]-ala
la+1=ala

—X

1= Te_x Xy = Te_x dx = ©
0 0 -1

= —[Lim e — eo}

X—>0

0
[1=-[0-1]=1
If n is a positive integer then [n+1= an

Im:n(n—l)m
[n+1=n(n-1)(n-2)..32.11
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(=]
(=]

Let x=2z> = dx=2zdz

-1

1- j (2)? 22d: = 2j 2 zde
peofers
f Jr

Sl V A

P Ty

gt

{; '7531J_

1 (2n-1)(2n-3)..7.53.1
s ’

2]’!
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2n —3)...7.6.5.4.3.2.1

( .
2 2"2n(2n-2)(2n—4)..6.4.2

Piecewise Continuous function:

A function f(x) is said to be piecewise continuous throughout an interval except
at a finite number of points.

Laplace Transform:

Let f(t) be a piecewise continuous function then its Laplace transform is defined

0

as L‘[f(t)] = Ie_”f(t)dt , $ > 0.And it is denoted by F(s)

0

LLr(0)])=F(s)

Question: f(t)=c¢

Solution: L[f(t)] =L[c]= ]Oe‘s’cdt

Lle)==
L)< e
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Question: f(t) f(¢)=1"
Solution: L’[f(t)] = /L[t“] = Te“t“dt
0

Letz=st=>t=1z/s

C[t“] = ez dr =
o+l o+l

S ' S

la+1

If o is a positive integer

E[qum _ n!

+1 +1
n Sn

S

1
fa=n+—
2

20
S n+— ||n+—
£tn+2}:: 2 2

2n+142

S 2

2n+1

ﬁ{ﬁé}_ 2] (2n)Nz  (2n+)Wz

2n+3 ° 22}1 ! 2n+3
n!
s 2 22 g 2
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Question: f(¢)=e"

Solution: L[e"]= I e e dt
0

efst-#atdt

S ey 8

e—(s—a)tdt

[l
S =8

e—(s—a)t *®

—(s—a)|,

—(s—a)

Similarly, L[e “']=

s+a
Question: f(t)=cosat
Solution: L[cosat] = I e " cosatdt
0
e” .
'.'je“x cosbx dx=———[acosbx + bsinbx|
a +b
—st
= %[—scosaw a sinat]oo
(—s) +a 0
1
=0-———[-s+0] = L[cosat]=———
s +a s +a
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Question: f(¢z)=sinat
Solution: L[sinat] = J.e“ sinat dt
0

ax

'.'Ie“" sinbx dx= e [asinbx —bcosbx]

—st

e . w
=————[-ssinat—a cosat]o

(=s) +a
1

2 2
S +a

—0—

[0~a]

L[sinat] =

2 2
S +a

Linearity Property:

Let f(t) and g(t) be two piecewise continuous function c; and ¢, are two scalars
then

E[clf(t) + czg(t)] 7 clﬁ[f(t)]+czﬁ[g(t)]
Proof: Ll f(t)+cg(f)]
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First Shifting property:
Suppose that E[f(t)] = F(S) then prove that ﬁ[emf(t)} = F(S — a)

Proof: as L[ £(1)]= je F(0)dt = F(s)
e (1)]- jee ()t

E[e‘”f(t)} = Te_(s_a)tf(t)dt =F(s—a)

Unit function / The Heaviside unit function:

Let a > 0 then the unit function denoted by u, (t) is defined as

0ift
ua(z‘)zu(l‘—a)z{l ;f;‘:

0ift<0

“0(0:”(0:{1#»0

D
1
<

Q
—~
~
N
L1
Il
O L Q
D

2
A~
)
S~
=
+

? —38

N

2
A~
[e—
—~—
=

Llu,(1)]=0+2

tta=0 L[u,(1)]= <=1
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Lecture # 11
Second Shifting property:

Let f(t) be a piecewise continuous function. Then

Clu, (1) £ (i~ a)] = Ie‘”ua(t)f(t—a)dt

£, (1) (t-a)]= jeu (0) f(t—a)dt+zes’ua (1) (t-a)de

Clu, (1) £ (t-a)]= m}-sma (1) (t - a)de

Clu, (1) f(t=a)]=

Letz=t—-a =>t=z+a

dz=dt

Q ——y 8

eu,(t)f (t—a)dt

z—>0ast—>a

Z —> 00 as t—

E[ua (1) f(¢— a)] = e_s(”“)f(z)dz

Q=8

L[ua(t) ] Ie s(z+a) f(z)dz = I ~E f(2)dz

E[ua (t)f(t—a)] e e f(z)dz

Q'—»S

[0 (-a))=e [ s (o)
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,C[ua (t)f(t — a)] = eas]ge“.f(t)dt " z is dummy variable

E[ua () f(1- a)] =e “F(s)
Differential formula for Laplace transform:

Let f° (t) be the derivative of f(t). Then

LLf(t)]=[ef (t)at

Llr (@)= s (o) e (=s)f (¢)at

£[f (t)] =3 e_s’.f(t)‘: [Lime_”.Li?f(t)—eOf(O)} +s|e

LLf(6)]=0-1(0)+sL[ f(1)]
LLr(0)]=scl s J £0) ()
L ()] =l (0)]=1 ()
£l (0] =sls£lr(0]-7(0) -1 (0
L O] =L ()] (0) - () (@)
L @]=se[r (0] 1
e[ (o)) =s[ s 1 ()] -5/ (0) =1 (0)]-1"(0)
L @0]= 2L (0] =521 (0) =5 (0)=1(0)
Ingeneral, L] f"(1) |=s"L[f(0)]=s""£(0) =" (0)~ /" (0)

I
<
~
—~~
o~
N
RS

0
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Inverse Laplace Transform:

If F(s) is the Laplace transform of f(t) then f(t) is called inverse Laplace
transform of F(s). i.e.

LLF0]=F(s) & f(0)=L"[F(s)]

Some Functions:

) n!
,C[e””} = ! = [ ! =t
sTa sTa
s ) s ]
E[cosat]z —— = L'|—5— |=cosat
s +a sS+a’
. J a | .
L[sinat]=—5— = [ —— |=sinat
s +a s +a
s s ]
E[coshat]z — = L'|5— |=coshat
s’—a | s*—a” |
. a ARl VIE ¢
L[smhat]: —— = L7\ —— |=sinhar
s’ —a | s’ —a” |

—das

Llu,(1)]=2 :Ll{e }zua(t)

S

L[ua (1) f(¢ —a)] =e“F(s) = L [e_”SF(S) } =u,(t)f(t—a)
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Question: Solve the following D.E
d :
—y+y:smt ; 1.C y(0)=1
dt

Solution: Taking Laplace Transform on both side

,C{—y+y = L[sint]

s 141 5742
s7+1 57+

(s+1)L]y]=

T +2 )
(S+1)(S2+1) _(Z)

s*+2 A Bs+C
Let =

(s+1)(s*+1)  (s+1) " (s> +1)

s2+2:A(s2+1)+Bs(s+1)+C(s+1)

Lly]=

Put s+1=0 = s=-1
(<1 +2 = 4((=1)" +1)+ Bs(~1+1)+ C(-1+1)

4=2
2
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Comparing s°
l1=A4A+B :>B=1—A=1—%

p=-1
2

Comparing s

0=B+C =C=-B = C:%

3 -1 1

$+2 3 2"
(s+1)(s +1) (s+1) (s7+1)
3 s 1

Putin() = L[y]= 2(s+1) L 2(52 +1) v 2(s2 +1)

Taking Laplace inverse

Lﬁl[y]z,/ll[ (00 AN N— }

2(s+1)  2(s*+1) 2(s*+1)

el s o
y_z'C |:(S+1):| 2£ [(SZH)] 2£ {(szﬂ)]

3 ., 1 1 .
y=—e ——cost+—sint
2 2 2

Question: Solve the following D.E

d’y dy .
Ee Y ou(i-1) 51 p(0)=a. ¥ (0)=p

Solution: Taking Laplace Transform on both side

E{CZerz—y}:E[u(t—l)]

t
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(SZ +S)£[y]—s(a)—,8—a=

S(S+1),C[y]=a+ﬂ+s(a)+e

N

_a+,6’+sa+ e ;
E[ ]_ S(S+1) S2(S+1) —()

[op G Ptsa 4 B

s(s+1) s s+l
a+f+sa=A(s+1)+B(s)
Puts=0 = a+f+0=4(0+1)+B(0) = A=a+p
Putstl =0 = s=—1
a+f-a=A(-1+1)+B(-1) = B=-p

a+ﬂ+sa:a+ﬂ_ o)

S(S+1) S s+1

1 C D E
Now ——m=—+ —+ ——
OWSZ(S+1) S+S2+S+1

1=Cs(s+1)+D(s+1)+Es’

Puts=0 =D=1
Puts=-1 =E=1
Compare s? —0=C+E = C=-1

112

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




Putin() = E[y]:a+'8— B e L€, e

S s+1 s S s+1

S o 2 e P

L‘{e‘s.lz}:u(t—l) Ft-1) where £(1)=£[F(s)] & f(z‘):L‘l[iz}:t

El[e:}zu(t—l)f(t—l) where f(t—1)=t-1

L [e—s.i} (1) £ (1) where £(0)=[F(s)]& f(1) =" {L} —e

s+1 s+1

L' [B_S.LJ = u(t —1).e{t_l) where f(t —1) — e
S+

Putin (i) y=(a+p)(1)-fe’ —u(t—1)+u(t-1)(t-1)+u(t-1)e""
y=a+p-pe’ —u(t—l)[l—t+l—e_(t_l)]

y=a+p-pe’ —u(t—1)|:2_t+_e—(f—1)]
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Convolution for Laplace transformation:

Let f(t) and g(t) be two piecewise continuous function. Their convolution is
denoted by f*g where

f*gzﬂf(r)g(t—r)dr
g*fz_[;g(r)f(t—r)dr

Then f*xg=g*f

Proof: g*fzj‘otg(r)f(t—r)dr
Lett—7=z = 71=t—-z2
dr =—dz

z—>t as >0

z0 as >t
g /= g(t-2)1(z)(~c)
g*f:jotg(t—z)f(z)dz
g% f= IO’ g(t=7)f(r)dr - zis dummy variable

g*fzj;f(r)g(t—r)dr
gxf=r*g

Convolution Theorem:

Let E[f(t)}= F(S) and ,C[g(t)]= G(S) then prove that
frg=L" [F(S)G(S):l

Proof: By definition  f*g= J:f(r)g(t —r)dz'
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f*gzjotl.f(r) t— rdr+j 0.f(7)g(t—7)dr

f*gzjgl.f(r) t— rdr+j 0.f(7)g(t—7)dr
frg=[u(t-7)f(z)g(t-7)dz + [ u(t-7)f(z)g(t-7)dz
f*g=J?u(t—r)f(r)g(t—r)dr

Taking Laplace transform

[/ *g] :L[ [Cu(t-) /() g(t_f)df}

L[f*g]= Ie‘s’ [Iowu(t—r)f(r)g(t—r)dr}dt

0

Interchange the order of integration

L[f* If U e ut r)g(t—r)dt}dr

L[f*g] :Tf(r)“ore_“u(t—r)g(t—r)dt+J.:Oe_“u(t—r)g(t—r)dt:|dr
0 / /

t<rt t>7

o]

L[f*g] :If(r)[0+fe_s’u(t—r)g(t—r)dt}dr

L[f*g] :If(r)“je‘“g(t—r)dt}dr

Llett—7=z =>t=74+z2
dt=dz

z=>0ast—>7 & z—>wast—>o
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C[f*gl=] [ dz}dr

L[f*g]= f(r) Ceve “g(z dz}dr

L[f*g]— f(r) _” dz}dr

L[f*g] :(IO f(r)e"dr)(.[o eszg(z)dz)
L[f*g] :(.[:f(t)e”dt )(I:e“g(t)dt)

-+ z & T dummy variable
£l el =L[ 1 ()]l (0]
L[+ =F(s)G(s)
£l =L [F(5) G(s)]

. _ S
Question: Solve £ 1[(s+1)(S2 +1J

. -1 5 - 1 :
Solution: £ [(s+1)(sz+1)]:£ {(5+1)°(32+1J

Let F(S) =

f(6)=L"[F(s)]. g(r)=L"[G(s)]
f-e e 5

s+1 s +1
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f(t)=e", g(t)=cost

£ [(s + l)zs2 + 1)} ok [F(S)'G(S)]

f*g:I;f(f)g(t—r)dr

t

f*xg= J’;e‘f cos(t—7)dr = J.Oe" cos(—7+t)dr

frg= (—1)26+(—1)2 [(—l)cos(—r +t)+(—1)sin(—r+t)];

fHg= _e2_T [cos(t —7)+sin(¢ —z')]lo

f*g:

;_t [COS(I —1)+ sin(f_t)] +%[Cos(t—0) +Sin(t_0)]

t

f*rg= 2_ [cos(0)+sin(0)] +%[cost+ sint]
=t
fxg= _; +%cost+%sint

t

Question: Solve y(7) :1+Iy(r)(t—r)dr

0

t

Solution: y(t):1+:y(r)(t—z')dz'

Compare with y(t)=l+j.f(2')g(t—2')dr
y(t)=1+f*g

Where f(r) = y(r) = f(t) = y(t)
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g(t-1)=(t-7) =g(t)=¢
= y(t)=1+y=t
Taking Laplace on both sides
= L[y(t)]:ﬁ[l+y*t]

£[v(0)]=£[1]+ £+

£Ly()]=~+£[3]£[1]

(0]=t+ £l £li]=
£[3(0)]- L[y}~
1= Jel)=+
U epy)=t

1 s S

Taking Laplace inverse

L‘lﬁ[y]zﬁ‘l[ ZS_J

S

y =cosht
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Question: Solve (1) =t+% [y(r)(=7) de

0

Solution: Y=+ L[ w(e) i) e

Compare with y(t)=t+%j.f(2')g(t—r)d2'
y(0)=r+2(frg)

Where f(Z') = y(r) — f(t) = y(t)

— y(t)=t+é(y*t3)

Taking Laplace on both sides

= ,C[y(t)] :,C[H-%(y*f)}
£[w(0)]= £l [ (=0
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(—D)(r+1) (r=1) (r+1)

r:A(r+1)+B(r—1)

Putr=1= 1= A(1+1)+ B(1-1) = A:%
Putr=—1= = A(-141)+ B(~1-1) :B:%
r 1 N 1
(r=1)(r+1) 2(r—1) 2(r+1)
Ly ? 11 d1dilv
(s -1)(s*+1) 2(s*-1) 2(s+1)
o 1 1

Putin i) = ﬁ[y] = +

2(s*=1) 2(s*+1)

Taking Laplace inverse = £ E[y] =L [2(S21—1) + 2(321+1)}

1 1 1 1
=—L" +—L
4 2 LZ—J 2 Lz%—l}

1 . 1 .
y =—sinht + —sin¢
2 2
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Question: Solve %: L+ [y(e)(1=e)dr 5 9(0)=1
0

t

Solution: %:H ‘y(r)(t—r)dr

@ =1+ | f(7)g(t—7)dz

Compare with

dt 0
%zl—kf*g
Where f(Z')zy(Z') :>f(t)=y(t)
g(t-7)=(t-7) =g(1)=t
— %:Hy*t

Taking Laplace on both sides
dy
L —|=L]] t
- Lﬁ} [t y=]
Sﬁ[y]—y(0)=£[1]+£[y*t]

sz[y]_1:§+c[y]c[¢]

1 1
SE[y]—I:;+£[y].S—2

SE[y]—E[y].SLZ:§+1
(-t
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ﬁ[y] B (S—l)(s2 + 5 +1) —(Z)

s*+s A Bs+C
Let =

+
(s—l)(s2+s+1) s—1 s*+s+1

s+s :A(s2+s+1)+Bs(s—1)+C(s—1)

Puts=1 = (1) +1=4((1)" +1+1)+ B)(1-1)+C(1-1)

A8
3
: 2 1
Comparing s° = 1=A4+8B :>B=1—A=1—§ = B:E
Comparing s = 1=A-B+C= C=1-A+B
C:1_2+l:3—2+1 _ ng
3 3 3 3
1S+2
5 el
ST +s _ 2 L3 3

(S—l)(s2+s+1) 3(s—1) s*+s+1

» 23"
Putm(l):> ‘C[y]:3(s_1)+sz+s+l

1 2 1 2
Letsz+s+1=s2+s+(—j —(—J +1
2 2
2 2
Pasil=lser] o[ Lerzfs+ L] 432
2 4 2 4
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1V (BY
2) T\ 2

1
+7
e u; (S 2) 1 1
+_

'C[y]3(s1)+3(s+1)2+(\/§)2 2(s+1)2+(ﬁj2
2 ? i

2

Taking Laplace inverse

el

—ge’ +—cos| —t
4 2
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Lecture # 10

Question: Find Laplace transform of

op , Of

—+x—=0
ox Ot
Boundary Condition ¢(0, t ) =t
Initial Condition ¢(x, 0) =0

Solution: Apply Laplace transform

ool )0
£ glwt) |+ s g (x0)]-#(x.0)] -

By putting initial condition
%c[qﬁ(x,f)]+x[sc[¢(x,f)]—o]:o
R OIS CYIRT

et L[p(x,0)]=d(x,5) __ (i)
0PS) | axs)=0 (i)

ox

Which is linear equation

XZS

st dx N

ILF=e¢e =e

Multiplying (i1) by I.F

62@4_ seTg(x,s) =0
X
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;;x[e?g(x,s):l =0

On integration

—x25

¢(x,s)=eTA(S) _(iii)
NowbyB.C  ¢(0,t)=1 = L[#(0,1)]=L][(]

p0.0)=5 (i)

S

Put x =0 in (ii1) and compare with (iv)

¢(O,S) 4 eOA(S)= A(S)

Put in (iii) d(x,s)=e 2.

A

Taking Laplace inverse

—)CZS

LL[p(x,0)] =L |:e 2

¢(x,t)=u(t—%2]f(t—x2—z

DJN|,_
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Question: —=c"—
ox

6¢(x,0)
ot

Boundary Condition ¢(O,t) =sint ,Lim¢(x,t) =0
X—>0

Initial Condition ¢(x,0) =0, =0

Solution: Apply Laplace transform on both sides
0’ 0’

£| 24 |- 2
ox ot

68722[,[¢(X,l‘)] =c’ |:S2£[¢(xaf)]—S¢(x, 0) _W}

By Initial condition

%E[ﬂx, f]=c [Szﬁ[gﬁ(x,t)]—s(O) Y o]

2

%E[ﬂx, t)] =c’ s2£[¢(x, t)]

Say L[¢(x,1)] = §(x,s) (i)
2 J—
% (x,s)—0252 (x,s)
X
0’ - —
F (x,s)—0252 (x,s)zO
X
0’ -
(?—czszj¢(x,s):0
2
%—cz st =
X

126

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




—=cC"s
Ox?
gzics
Ox

gﬁ(x,s) = A(s)e™ + B(s)e ™ _(z’i )
Now by boundary condition
$(0,¢)=sin¢
Applying Laplace transformation
£[¢(O,t)] = L[sin¢]

] 1
¢(O’S) ] st +1

_ (i)

Lim¢(x,t) =0

X—>0

£| Limg(x.1) | = £[o]
é_i)izz;(x,s) =0 _(iv)

Put x =0 in (i1) and compare with (ii1)

#(x,0)=A(s)e’ + B(s)e™ = A(s)+ B(s)
1
s?+1

Take limit x —o0 of (ii)

A(s)+ B(s) =

Limg(x,s) = Lim A(s)e™ + LimB(s)e ™"
0=A(s)Lime™ +0

X—>00

A(s)Lime™ =0
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Only possible if A(s) =0

1
Putin (iv) = O+B(s)=S2+1 :>B(S)=S2+1
Putin (i) = 475(x,S)=0+521+1€_“x
- 1
— —CSX b
P(xs)=e ™ S— by (i)

LL]p(xt)|=L" [e L }

st +1

d(x.) =ult—cx) fli=cx)  Where f(t)=£1[ 1 }zsint

s”+1
= f(t—cx) = sin(t—cx)
¢(x,t) = u(t - cx).sin(t — cx)
Question: Find Laplace transform of

¢ _0f
ox* ot

Boundary Condition ¢(0,t ) =1= ¢(1,t )
Initial Condition ¢(x, 0) =1+ Sin(ﬁ x)

Solution: Apply Laplace transform
2
2] o]
ox ot

2 Llo(sn)] 5L o)) -o(x0)

By initial condition

128

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




%ﬁ[ﬂx,t)] = S£[¢(X,t)] —1—sin(7zx)
et L[p(x,0)]=p(x,5)

2

Fg(x,s) = sg(x,s) -1- sin(irx)

X
0’ -

(?—Sjgé(x,s):—l—sin(ﬂx) (if)
X

For complementary solution we have

(8%22 — Sjg(x,s) =0

¢Tc(x,s) = Aeﬁx + Be‘ﬁx

For particular solution

(6%22 —~ sj@(x,s) =—1—-sin(7x)

(D2 —s)gp(x,s) =—1-sinzx

- 1
¢p(x9s) - (D2 —S)

(—1-sinzx)

gp (x,8)= ﬁ(—l) + (Dzl_ S)

129
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S A T +s

gp(an) = l(l +D_2+..](1)+ 21 (sinzx)

1 1 :
9,(x,5) = ;(1+0) o (sinzx)

sin zx

— 1
xX,8)=—+
$,(%:5) s T +s

The general solution is g(x,s) = ¢_C(x,s) + @(x,s)

- y 1 sin(ﬂx)
= A Jsx B sx =

o(x,s) (S)e + (S)e + ; + R (zzz)

Now by boundary condition
$(0,1)=1
£lg(0.0) ]=£01]
J05)=r ()

Now ¢(Lt) =1 = L]#(Lr)]=L[1]

)= W

S

Put x =0 in (ii1) and compare with (iv)
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Zs(o,s,)=A(s)+B(s)+l

S

- ézA(s)+B(s)+§

= A(s)+B(S)=O _(vi)

Put x = 1 in eq (i11) and compare with (v)

(Ls) = A(s)e” +B(s)e " +1
S

l = A(S)eﬁ +B(s)e‘ﬁ +l
S S

A(s)e" +B(s)e =0
PutA=-B
~B(s)e" +B(s)e =0
(~e +e " )B(s)=0
=  B(5)=0= A(s)=0
Putin (iii) = g(x,s):O+O§+%

L[p(x,1)] =§+M 2 p(x,5) = L[P(x,1)]

i+

2
To+Ss

LL[pxn)]=L" [1  sin(m) }
S

Y/ )

CL[p(xn)]=L" {1 } e {Sinf”) }
S
P(x,t) =1+ sin(ﬁx).e‘”zt
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Question: Solve by Laplace transform
2
¢tt =d ¢xx -8

Initial Condition $(x,0)=0 , a¢(a); 0 o

Boundary Condition ¢(O,t) =0, limi¢(x, t) =0

X—>0 8x

Solution: Apply Laplace transform

Llg,]=L| a8, |- £L[g]
([0 28]y

ot

8¢(x,0)

ot

e o) -s0(00) -2 L tlpn)]-

By initial condition
2e[p(e0)]-5(0)-0=a" T £[p(x)]-5
S ()] =o' o= £[o ()]
¢ T efp(ea)]-eo(x0] -
et L[p(x,0)]=d(xs) (i)
@ ;%%(x, )= 5" Prs) =

2 —_— —_—
2 (x,5) -5 h(xs) - =0
ox S

82 _ S2 _
§¢(X,S) —%—?ﬂxﬂ) =0
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(%Za(x,s) _Z_z[m,s) +;£3} -0 (if)
Letl//(x,s):gﬁ(x,s)JrE3 _(iii)
S

0 0~
aW(an) - a¢<xas)

82 SZ
Eq (ii) = @V/(x,s)——zl//(x,s)zo

\) \)

g_ﬁ(x, s)= Aegx + Beix _& _(iv)
Now by B.C ¢(O,t) _0
L[ #(0.2) |=L£][0]
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¢(O,s): o W

lim-2p(x,t) =0

X—>0 ax

L’[}g&aﬁﬂx,t)} _ [0]

X

1im3,c[¢(x,t)] =0

x> Ox
limig(x,s) =0 (vi)
% OX
Put x =0 in (iv) and compare with (v)

#(0.5)= A(s)" + B(s)e" —&

3
S

= A(S)+B(S):;%:o _ (vid)

Diff. eq (iv) w.r.t x

S N

_ ¢ Seg S

8, (x,8)==Ade” —=Be *
a a

Taking lim on both side and compare with (vi)

X—>0

N

limg, (x,s) = A(s)=lime* —=B(s)lime «

X—>0 a X—>0 a X—>0

0=A(s)=lime* —0

a X—>0

A(S)ilimegx =0

a X—>0
Which is only possible if A(s) =0
Put A =0 in (vii)
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g 8
B(S)—S—3=0 = B(S)ZS—3

Put the value of A and B in Eq (iv)
y g ~_ &
¢(x ’ S) = S_3 e DY

3
S

£[¢(x, t)] = ;%e_“x __s%

Taking Laplace inverse

e
) _x
Where f(t)=£‘1[si3}_% :fﬁt_gj: 2a
2
X

x (t_a) t*

t) = -= o

Hx.t) gu(r aj gt
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Periodic Function:

Let f(t) be a periodic function with period | , then

f(exl)=f(¢) ;1>0

Period of f(t):
(LA (0) )= fe ()
LLr() )=[e f()de+ e f(¢)ar (i)
Put t =z + [ in 2" integral
dt=dz

z>0ast—>! & zo>wast—>o

Ooe_”f t)dt =Ooe_s(z+l)f z+1)dz
! (e)dr =] (z+7)

Te‘“f(t)dt =

S =8

e_SZ_Slf(Z+l)dZ= Ie_sz.e_SIf(Z+l)dZ
0

0

e f(1)dt = e_Slje_SZ.f(z+l)dz

0

~t—38

Since f is periodic function with period I’ i.e f (t +/ )= f (t)

J‘e_“f(t)dt = e_SZJ.e_SZ.f(t)dt " zis dummy variable
! 0

je £t =e L[ £()]  Putin(i)

l

Llr(e)]=[e" f(t)dt+e L] £(1)]

0
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l

LLr0]-e e[ ()] = [e " (0)de

0

l

(1=e) [ £ (t)]= e f(¢)dt

0

[ g
Lr0] e e
Question: Find the period of sin(at)

Solution: f(¢)=sin(at)=sin(at+27)= sina(f + 2—”)

a
Period / =2—7Z
a
L
As we know that E[f(t)] = na je f(t)dt

27
E[sin(at)] = ! ]{e—“ sin(at)dt
0

2z

a

E[sin(al‘)] _ 1_2m [(_52“ : {—s sin(ar) —acos(at)}]

g 2 +a .
2T o
— 1_:2;“ Sez +;2 {—s sina(%[j—acosa(zfj}_ Sziaz {—s sin(0) —aCOS(O)}
o
= l_elzam = +;2 {—s sin27z—acos2x}— o {-0—aj
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e a
= 2 | 2L {_S (O)_a(l)}+sz+a2
l—e ¢
B —27s N
1 —ae a
- D7s S2 +a2 Sz +a2
l-e @ | 1
1 B a ( 2ﬂsj_
= l-e
—27s 2 2
l—o @ _S +a i
L|sin(at) |=
[sinar)]=—
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Lecture # 11
Fourier Transform:

Let f(x) be a real valued function s.t f(x) — 0 as x —=+o0. Then its Fourier
transform is defined as

S (1= [ ¢ (s = Fi)

And is denoted as F(k) i.e.}[f(x)] = F(k)

Then its inverse Fourier transform is defined as

I[F(k)]= " F(k)dk = F(x)

1 o]
— j e
N2 5,
Fourier transform of Gaussian function:

fx)= Ne ™ ,a >0

Solution:

We know  J[ f(x)]zﬁ j ™ £(x)dx = F(k)

1 * il 2
—— | € Ne ™ dx
N2 2,

N ¢ _

e ax*+ike dx

—(axz—ikx)dx (1)

V5

Let ax® —ikx =(\/EX)2 —2xx/5(2j%j +(2i§5j2 _[%f

i) ] e
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ik

Wa
1

dz= Jadx = dx=——dz

Ja

Put sz/ax—

z—>100 as x —> too

ik o

NI for L
N2 b .\/E

I f()]= jzia ea

Contour Integration: j g(x)dx =27i x Residue of g(x) at x = o

o]

j g(x)dx =27 .Lim[(x - a)g(x)} where o is the simple pole of g(x)

under the contour.
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a

2 2"
a +Xx

Question: Find the Fourier transform of

Solution: Applying Fourier transform on both side

1 o0
3 e dx
[ :| [a +x° } N2 -[O @t +x?
© ke
a e
= .[ —dx
N2t at +x
Here arise three cases
i) k>0 (i)k<0 (i)k=0
Case-I: K> 0
o % o
Consider the integral dx = x)dx Where g(x)=
Ia = e g(x)=——

Puta’+x° =0 = x==ia
Here x =ia is the simple pole and lies under the contour then Residue of g(x)

at x =1ia is

Res(g(x),x ) Lzm[ x—ia g(x)]

xX—ia

eikx

Res(g(x),x=ia)=g’z} (x_ia)'(x—ia)(x+ia)

eik(ia)

Res(g(x),xzia) =

R X =ia)=—
es(g(x)x za) ;

0 ikx
ence J 2 2

dx = 27zi><Res(g(x),x = ia)
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0 ikox —ka —ka
e . e e

I 5 dx =27mix——=

ca +x 2ia a

Hence (i) becomes as

Case-I: K< 0
ikx

Consider the integral j © dx = j g(x)dx Where g(x) =

2 2
ca +x

Puta’+x° =0 = x==ia
Here x = —ia is the simple pole and lies under the contour then Residue of

g(x)at x=—ia is

Res(g(x),x = —ia) = Lim[(x+ ia)g(x)]

x—ia

eikx

Res(g(x),x=~ia)= P>+ ia)'(x—ia)(ﬁia)

eik(—ia)

Res(g(x),x = —ia) = i

eka

Res(g(x),x = —ia) = Y

© ik
e : .
Hence, j — dszmees(g(x),x:—za)
ca +x
0 eikx . ka _ﬂ_eka
j T dx =2mix——=
ca +x —2ia a

Hence (i) becomes as

S ()= - L
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Case-III: k=0

From (i)
a ¢ € a 7 1
\S[f(x)] \/ﬂ_'[oa2+x2 * V27 ) a® +x° g
— ltan](ijoo
27 a a).
:\/;_ﬂ[tan_l(oo)—tanl(—oo)]
_ Z_(‘”j - L ()= JF
2 2 2r 2
Linearity Property:

Let f(x) and g(x) be two real valued function and a, 3 be two scalars. Then

S[af(x)+ﬂg(x)] =—_]ie”“(af(x)+ﬂg(x))dx

Attenuation Property:
If Fourier transform S[ f (x):| =F (k ) then
S[f(x—a)] = eik“F(k) and S[f(x—l— a)] = e_”‘“F(k)

Proof: (i) By the definition
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1 7 .

) =——|¢ d
[ﬂm]igiefw%x
Replace f(x) by f(x—a)

1 5 .
—N=—— | ¢ —ad
[/ (x ”]iﬂief“ a)dx
In the integral x by x+a
1

= I ") £(x + a — a)dx

N
=ﬁ_]ie”“”k" £ (x)dx
= ﬁ z e ™ f(x)dx
= ¢ ﬁ}m £ (x)dx
3| f(x=a)|=€"F (k)
Proof: (ii) By the definition
ﬁﬂﬂki%iﬂV@Mx
Replace f(x) by f(x+a)
I[f(x+ a)]=ﬁ;‘ieﬂ“ f(x+a)dx
In the integral x by x—a

*a) £(x —a+ a)dx

L
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o0

1
el

eikxfikaf(x)dx

= —%r j e™ e ™ f(x)dx

S[f(x + a)] =e¢"“F (k)
Question: Find the Fourier transform of e sin(bx) where a >0

Solution: By the definition of Fourier transform

J[f(x)]= e™ f(x)dx

g

_ 1 J-e”""“e‘f”‘2 sin (bx ) dx

V27 -
ibx_e—ibx

—ax d

J—L ( 2 ]

0
ke —ax? sz lkx —ax? —ibx
e™e —ee e dx
—00

1 Oo'kx—z'b Oo'kx—z—'b
= evee”dx— | e e™dx
2iN2 U; _'[O
Put g(x)=e*

= L { _[ e™ g(x)e™dx - j e™ g(x)eibxdx}

I
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—0 —0o0

T’%mg@w———j Wg@w}

-
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1

2i

=2ii[G(k+b)—G(k—ib)]

Now
G(k)—LTe
N2
o *
G(k)=——e * -
\N2a
—(k+b)?
Gk +b) =——=e 4
J2a
1 —(k*+b>+2kb)
— e 4a
2a
1 ~(k=b)’
= G(k—-b)=——=e 4

V2a

—(k*+b>=2kb)
4a

1
2a

Put these values in (1)

e

—kb

—(K*+b*)  —kb
eZa _

4a

_L
2i

1

—F¢€

V2a

_i 2a

Collected by: Muhammad Saleem

1 ”
E[G(k—z(zb))—G

|:S(eibx g(x))_s(e—ibx g(x))]

(k=i(=ib)) | = 3[e“f(x)|= F(k-ia)

I ¢V

G(k) = S[g(x)]=ﬁ [ ¢ g(x)ax

ikxe—ax2 dx

iy
e 4a

1

V2a

1

NGy

0

—ke  —ax?
Ie e “dx=
—0

1 —(K*+b*) kb
=2 e 4a e 2a
\V2a
1 —(K*+b*) kb
— 2 e 4a e 2a
\2a
1 —(K*+b*) kb
\/_ e da e 2a
2a
—kb kb
—(K*+b?) BV 2a
e —e
4a
2
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—(k*+b%)
11 s (iz)sinh(@j
I 2« 2a
. —(k*+b?)
I kb
I[(x)]= e * sinh| —
[x)] N2 (2(1)

Theorem: If Fourier transform [f(x)] = F(k) thent[e**f(x)] = F(k—ia)

Proof: By the definition of Fourier transform
S s [
S[e“xf(x) ]L I e™e™ f(x)dx

[ e(ikx+ax)f(x)dx

) e(ikx—izax)f(x)dx

1 % ...
_ i(k—ia)x
=——\e f(x)dx
N2 _‘[o
= F(k—1a)
Question: Find the Fourier transform of e cos(bx) where a >0

Solution: By the definition of Fourier transform

I[f(x)] =ﬁ j ™ f(x)dx
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1 e —ax?

—— | e™e™™ cos(bx)dx
e (bx)

1 7 o o™ +e’
= | e ™ | ————— |dx
N2 ( 2 J

1 o0

( lkx —ax esz+elkxe axe ibx)dx

—00

1 % . 2 % . 2
.[ezkxeaxeszdx_i_‘l'ezkxeaxeszdx

:2V2ﬁ

Put g(x)=e™

B |: I e™ g(x)e™dx + J- e™ g(x)eibxdx}

—00

227z

—00 —o0

e*e™ g(x)dx + —— j ibx g(x)dx}

[l
l\)lb—‘
[—
8'—38

2

{S(e”’Xg(x)) S(e ™ 8(0)]
:%[G(k —i(ib))+ G(k—i(=ib)) | - S[e" f(x)]= F(k-ia)
=%[G(k+b)+G(k—ib)] (i)

Now G(k)= S[g(x)]:ﬁ_]ieﬂ“ g(x)dx

zkx —ax?

G(k) =

e
1 —k? —i?

i 1 % | R—
—kx
e 4 . —Ie e d e
—00

V2a - o 2a
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G(k) =




—(k+b)?
4a

Gk +b) =

e
J2a

1 —(K*+b*+2kb) 1 —(K*+b*)  —kb
— 4a
= e

e 4a e 2a
J2a J2a

1 —(k=b)*
= Glk—-b)=—=e %

a

1 —(k*+b>-2kb) 1 —(K*+b*) kb
= 4a 4a

Put these values in (i)

—(K*+b*)  —kb
:l 1 4a

1 —(K*+b*) kb
e e + 2 VBN §
2| \2a N2a

—(k2+b%)
= f el i cosh( e J
N2« 2

a
Fourier Transformation Derivatives of a function

Let f(x) be a function J[f(x)]=

\/7 _[ " £x)dx

3[f(x)]= \/_ j ™ £ (x)dx

1

y

AC) T ik ™ f(x)dx
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:ﬁ{o - ik_]i e f(x)dx}

! j ™ f(x)dx

PR
3L )] =ik I f ()]
Similarly, I (x)]=(=ik)’ S f(x)]

=(~ik)

In general, SLf"(x)]=(—ik)" I f(x)]

2

Question: If f(x) = \/EeT. Find Fourier transform of f(iv) (x)

Solution: We know that ~ I[ /" (x)] = (—ik)* I [/ (x)]

3 (1=K {ﬁe:} _ (1)

Put in (i) I (x)]=2k" e
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Question: If (x) =e_(k_1)2 . Find Fourier transform of f () (x)
Solution: We know that [ £ (x)] = (—ik)° S[f (x)]

S ()] = ke Y
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Lecture # 12

Question: Solve by Fourier Transform

2
d f+2a%+w2y=f(x)

Solution: Applying Fourier transform on both side

2
S{Z’ f +2a%+w2y} :S[f(x)]

X

3{2—?}+2a3{%}+w23[ V]=F (k)

(—l'k)2 S[y] +2a(—ik)3[y] + WZS[y] 3 F(k)
—kZS[y] —2aik3[y] + WZS[)/] :F(k)
(W —2aik —k*)3[y]=F (k)

F (k)
@&—2a%—kﬁ

3[y]=

Taking Fourier Inverse on both side

)= e (v _Zi’fﬁ_kzﬁk
Question: ¢ =9,
¢(x,0)=f(x)
¢,(x,0)=0
Solution: 3[e.1 =3[4,]

S{%(x,t)} :S{%(x,t)}
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k7 S[x0] = 2 S[pn)]
Suppose S[ o(x, t)]z Eﬁ(k, t)

N2 _8_2_
(=ik)” p(k,1)= p¥e d(k,1)

2 _5_2_
—k ¢(k=f)—at2 d(k,1)
& - -
_2¢(k>t)+k ¢(k9t)=O
ot
(?w ]gzﬁ(k,t):o

—+k*=0 & P(k,0)%0

gk, t)=A(k)cos(kt) + B(k)sin(kt) ()
Now #(x:0)=1(x)
3[¢(x,0)]= 3/ ()]
gk, 0)=F(k) (i)

Put t =0 in (i) and compare with (i1)
F(k)zA(k)cos(O) + B(k)sin(O)
F(k)=A(k)

153

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




Now diff. (ii) partially w.r.t ‘t’
% d(x,0) = — kA(K)sin(kr) + kB(k)cos(k) (iv)
Also ¢,(x,0)=0
[4,(x,0)]=0
0
3| —(x,0) |=0
J{ Py P(x )}
9 3[¢(x,0)]=0
ot ’
% g(x,O) =0 7(\/)
Now put t =0 in (iv) and compare with (v)
% $(x,0) = — kA (k)sin(0) + kB (k) cos(0)
0=—0+kB(k)(1)
B(k)=0
Put the value of A(k) , B(k) in (i)

g(x, t) =F(k)cos(kt)

Taking inverse Fourier on both sides

- B (kY cos(kt) dk

)= e
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Question: Solve by Fourier Transform
b= ¢,
#(x,0)=f(x)
4,(x,0)=ag (x)

Solution: Applying Fourier Transform on both side

3p o] =324, ]
Joe 1 [
‘5{(%4 (x,t)} =a \S|:5t2 (x,t)}
(k) 3[px.0)] = a? 573[¢(x,r)]

3[g(x.0)] =a® %s[ $(x.1)]

Suppose S[¢(x, t)]z @(k,t)

Gl
K gk.0)=a —gk.1)
2 az o 47
a _2¢(k7t)_k ¢(k7t)=O
ot

(aza—;—k“j&(/{,t) =0

2 —
az%—k“zo & Fk.t)%0
ok
ot a
o0_, K
ot a
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g(kaf)=z4(k)cosh(k—2t]+B(k)sinh(k—ztj (i)
a a —
Given condition #(x,0)= £ (x)

S[¢(x,0)]=5[f(x)]

p,0)=F(k) (i)

Put t =0 in (i) and compare with (ii)
¢(k,0)= A(k)cosh(0)+ B(k)sinh(0)
F (k)= A(k)

Diff. (1) w.r.t. ‘€

0glkt) K> o (K K Kt
1 " A(k)smh( 1 j+ . B(k)cosh( . j (i)

¢,(x.0)=ag"(x)
3¢ (x.0)]=aT[g" ()]

%S[¢(x,0)]=a3[g”(x)}

% #(x,0)=a(-ik) 3[g(x)]

%5(1{,0) = —ak’ G (k) (iv)
Put t = 0 in (ii1) compare with (iv)
9 5(k,0) = k—zA(k)sinh(O) +k—2B(k)cosh(O)
ot a a
k2
—ak* G (k)=""B(k)
a

B(k)=—a*G(k)
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Put the value of A(k) , B(k) in (i)

2

Plk.)= F(k)COSh(ﬂ)—az G(k)smh(k tj

Taking inverse Fourier on both sides

d(k,t)= T a { cosh(k—ZZJ— a’ G(k)sinh (k—ztﬂ dk
a a

—00

Question: Solve by Fourier Transfomr
¢.=a’¢,
o(x, O)=e“”2 ,a>0
Solution: Applying Fourier Transform on both side

3041 =3la’4]
S[Z%( x,t)} :S{azz—f( x,t)}
) 3[dxn)] = & %Sw(x,t)]

—kz‘”[ (x, t)] o a—J[ o(x, t)]
Suppose [ o(x,t )] = ¢(k ,1)
1 gkt = gk, 0)
ot

o’ ﬁé(k,z) +i2 p(k,t) =0
ot

22 2 | 4 _
(a at+k j¢(k,t)—0
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a2§+k2 =0 & ¢(k,))#0

o__kK
Ot a2
- -kt
¢(k,t)=A(k)e G
Given condition #(x,0)= o

3. 0)]=3[ e |

_K?
e 4a

¢(k,0) Uy (if)

Put t =0 in (1) and compare with (i1)

#(k,0)= A(k)e’

V2a

Put in (1)

A(k) =

1 da @* — __
0= g ¢ NN

Taking inverse Fourier on both sides

-K? [a2+4at

dal o ]dk

2/ 2
. —ikx—K (a +4at

’ ]dk (i)

158

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




Consider

2 2 2 )
il — k2 a” +4at _ k2 a” +4at ik
4o a 4a a
2
k| |o +4at k |o’ +4at a .
- +2 o > (lx)
20 a 2a a a” +4at
2 2
a .
M Y el U
ki
[ S e s
+iox
2a a” +4at a2+4at
(A [ Jﬁ o’
+iax '
2a a” +4at a” +4at

a’+4at a+4at

Put in (iii)

1
¢(x,t)_2\/5\/;_£

a +4at
2 a x2a
a’+4at

e a +4at dk

1
#(x,1) Nk

—o0

P(x,t) = \/,1\/76 ;LZ,]Z _[ Jm HJ

\/m \/7
a” +4at
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2
PR U L BTRRN dk:Mdz
2a a va© +4at

z—>t00 as k— too

2.2

A S-S PN
P(x,t) = @i [ _ZEND g
2War L Ja? +4at
a _ ngxza o0 - 5
d(x,t) = e @ Hiat | o7% (7
JrNa? +4at _'[o

e_ o +4at \/;

P(x,1) =————
\/;\/az +4at

azxza

a _
P(x,t) = e @ +4at
Ja© +4at

—e 4

J2

Solution: By applying Fourier Transform

Question: Find Fourier transform of

5 _sz —Lwe"kxieTx
{ﬁe }‘mfo N
:ﬁj‘e 4 dx _(l)

2 2
Consider ikx — N ikx
4 4

A
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- 1 = NEIA
Putin (i) = S{ et =—Ie(2j dx

LetZ:g—ik :>dz=% = dx=2dz

—k?

| P e
3| —=e * =——|e- 2dZ:—\/;
{ﬁ } 2&_[0 A2

(]
1
o
[Q\)

o]
1
1
o

=,
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Lecture # 13
Fourier Sine and Cosine Transform:

Let f(x) be a real valued function such that f(x) — 0 as x — o then Fourier sine

transform is defined as
2 o0
x)|=.— x)sin(kx)dx
)] ﬂ/fr j f(x)sin(kr)

And is denoted by Fy(k) i.e. I, [f(x)} =F (k)

Also, Fourier cosine transform is

3.[f(x)]= \/% j £(x)cos(kx)dx

And is denoted by F. (k) i.e. I, [f(x)] =F, (k)
Question: Find Fourier sine transform of f (x) =e " Ccosx

Solution: As we know that

5[/ (x)]- \/%If(x) sin(lr)x
¥)]= \/%Ie cosnsindlold ~<cosasinfi=1[sin(a+ §) -sin{a— )]
F(x)]= \f e [ sin(x-+ k) sin(x—kx)}}dx
Ss[f(x)]Z%\/%Te_x{Sin(“k)x—sin(l—k)x}dx
T SR S

I
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_[ e* sin(bx) dx = zeax

= 2[asin(bx)—bcos(bx)]

o]

’[f } \/7[ 1+k s1n1+k) (1+k)cos(1+k)x}

=;\/7§Z[1+(1+ ){ge lf( —sin(1+4)x—(1+k) (1+k)x)—eo(—sin(0)—(1+k)oos(0))}

0

e’

(=1 +(1-k) Tt

sin(1—k)x—(1- k)cos(l—k)x}

L {zime”Lin{sin cos{1-4) ¢ -5 <o>—<1—k>oos<o>>}}

1+{1-k)"
ssmxﬂ%ﬂ eEa 004
1+k
] \/7[k2+2k+2 k* — 2k+2}
. (1+k)(k* =2k +2)—(1-k)(K> + 2k +2)
)= \f[ k2+2k+2 k2 -2k +2) }

‘”[f } 2 K =2k+2+k =2k* +2k—k* =2k —2+Kk +2k* + 2k
(# +2) —(2k)’

SLf (x)]:l\ﬁ {k4+4k§]f4 41\4
3L/ (x)]= \/7[k4+4}
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Question: Find Fourier cosine transform of f (x) =e ' cosx

Solution: As we know that

3.[/(x)]= \/%If(x) cos(kx)dx
(x)]z\/gTexcosxcos(kx)dx scosacos = cos(ac+ ) +cos(a— )]
f(x)]-= f e [ cos(x -+ Kx) -+ cos— kx)}}dx
scmxﬂjﬁ feos(1-+ ) +cos{ 1K)}
5.[/(0)] Z%E j ¢ cos(1+ k) xde+ j ¢ cos(1—k) xdx

_[ e* cos(bx)dx =

b b b
=73 [acos x ) +bsin( x)]

o0

@I:f ] \/7[ 1_|_k cos(l—i—k)x—(l+k)sin(l+k)x}

:%\/%[H(H 7 {fi’fe lzlz(—oos (1-+k) x+1+k)sin(1+k) x) - (—oos(0)+(1+k)sin(0))}

0

B e 2{_Cos(l—k)x—(l—k)sin(l—k)x}

(=1 +(1-k)

1+(11 7 | Lime Linf-cos{ 1K) +{1-R)sin{ 1)) - (—oos(0)+(1—k)sin(0))}}
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A3 e o
Sc[f(x)}%ﬁkz+;k+z+k2—;k+z}
]
sif(xﬂ;ﬁ[(kz ff)sz(‘zk)z]
3/ Jﬂkz i }
<x>1=€{i?iﬂ

Question: Find Fourier sine transform of f (x) = e " sinx

ion: As we know that 3 = EOO I
Solution: As we know that 3 [ /()] \E ! £ (x)sin(kx)dx
3, [f(x)} = \/zTe‘x sinxsin(kx)dx - —2sinasin = cos(a + ) —cos(a— B)
r
] \/7.[ [ cos(x—kx) cos(x+kx)}}dx
1 [2%
3 f(x)}za\/;je {cos(l—k)x—cos(l+k)x}dx
c~|:f ] \/7J‘e cos(1—k)x je cos(1+k)xdx
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_[ e” cos(bx)dx = zeax

s | acos(bx)+bsin(bx) ]

o]

AL f [ (-4 (1))

:Egzlu(l—k)z{fi’l?ex?% -oxs 1=Kt 1=H}sin{ 1K) ¢ -oxs( 0} {1-)si(O)

0

_ 2{ cos(1+k)x (1+k)sin(l+k)x}

—{Lime 1 m<1+k)x+<1+k)sin<l+k>x)—e°(ﬂ<°>+<”">sm(°))}}

Ss[f(x)]:%\/%{lﬂﬂlg_zk{0+1}_1+1+llcz+2k{0+l}}
Ss[f(x)]zl\/g[kz—;k+2_k2+;k+2}
)
sl (x)];\/gl k2+242k— 2k)2}
3[/(x)]= \f{k4+4k2+4 4k2}
] \/7{k4+4}
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Question: Find Fourier cosine transform of f (x) =e “sinx

Solution: As we know that

3.[/(x)]= \/%If(x) cos(kx)dx
(x)]zFTexsinxcos(h)dx 2sinarcos f=[sin(ac+ ) +sin(a— )]
£(x)]- f 5 [ sin( -+ ) + sin (x— kx)}}dx
Sc[f(x)]%\/%!ex{sin(“k)“sin(l—k)ﬂdx
Sc[f(x)]:%\/%]jexsin(1+k)xdx+]§exsin(l—k)xdx

_[ * sin(bx) dx =

oy [asm bx)— bcos(bx)]

o0

ovl:f ] \/7[ 1+k s1n(1+k)x—(1+k)cos(l+k)x}

e st o s ]

X—¥0 X—»0

0

S {sin(1-k)x—(1—k)cos(1-k)x}

1 2{£jme_x£1 —sin(1—k)x (1—k)oos(1—k)x)—e°(—sin(0)—(1—k)°08(0))}]
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Sc[f(x)]:%\/%{lﬂﬂlcz+2k{0+(1+k)}+1+1+11cz—2k{1_k}}
- 1 [2] 1+k 1—k
Jc[f(x)}za\/;[kz+2k+2+k2—2k+2}

ST/ \f[ (1+k)(K* =2k +2) +(1- k)(k2+2k+2)]

(K +2k +2)(K* -2k +2)

3 [/()]- \f 2422k + 1 42k =20 + k2 42k +2— k> =2k —2k>
(K +2)" —(2k)

) 1 (2 2k* +4
‘Sc[f(x)]zi\/;[kuw+4—4k2}

SO

Fourier Sine and Cosine transform of derivatives:

Let f | (x) be the derivative of real valued function f(x) then

\f j ) |sin/x)dx

3, [/ (x)]= —{f(x)sin(loc)‘: j 1 (x) cos(ex) k dx }

3/ (x)]= \/% {%} f(x)Limsin (kx) - f(O)sin(O)—kI f(x)cos(hx)dx }

X—>0

3, f(x)]= \/%{O—f(O)O—k\/%zf(x)cos(kx)dx }

5[ (9]= 3L ()]
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And 3, \f j ) |cos(kx)dx

5.0/ (x)]= J% {% £ () Limcos (k) ~ f(O)cos(O)+k]: £()sin(ko)ds }

X—>00

3 f(x)]= \E {o- f(O)+k\/zT f () sin(ex)dx }
- {Er0)-+

Now Ss[f( )] —k3 |:f( )]

(x)]= —1{—\/% F(0)+k3,[ f(x)]}
3L >]=kgf(o>—ms ()
And 3./ (x) =—\Ef' 0)+43,[
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Question: If 3, [ f(x)]=F (k) and f(0) = 1 then find 3, [ 7 (x)]

Solution: As 3 \/7 f(0)-k*3,[ f(x)]
sl <x>]=kﬁ ()-KF (k)
3 (x)]= k\/% —I*F (k)

Convolution for Fourier Transform:

Let f and g be two piecewise continuous function. Their convolution is denoted
by f * g where

f*FﬁIOf(é‘)g(x—f)dé

gef = [ s(E)(x- gz
Then f*g =g f
Proof: Leth(x)= f *g
Consider 3(h(x))=F(k)G(k)
Applying Fourier inverse transform

3'3(h(x)) =3[ F(k)G(k)]

(x) e ™ F (k)G (k)dk

e
e

—00

Interchanging the order of integration
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[ 2(&)| [ e (k)dk |ag

Tg(g) Te4“*@f(k)dk dé

h(x)=g*f
frg=g*f
Question: Find Fourier transform of f (x) — e_(x_a)2

Solution: Applying Fourier Transform on both side

-3

lLetz=x—a = x=z+a
dx =dz
z —> 100 as x - too

Slif(x)} :%ﬂ- J‘ eik(z+a)e—zzdz
S[f(x)] = ﬁ j eik2+ikae_zzdz
S[f(x)] = %7[ T e“e™e dz
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2 -k
< _ ika 1 % ~ —ax? | Ne 4
3 f(x)]=¢" 2(1).e41 [Ne ]— N
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