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Chap 5 - Function of several wvariables . ' : 11

< Implicit Fzmct:ou
[f Fix,»,z) is a given function of x,p & z, then thc equation F(x yz)=0isa

rclation which may describe onc or scveral functions z of x & y.

Thus it & + "+ 2" =1=0, then

1~x*—y* or z——j—\/:..xz——y?
Where both functions being defined for x° +y2- <1. Either function is said to be
implicitly defined by the cquation x* + Y +z-1=0. ' '
Similarly, an equation 7 7(x, y,2,w) =0 may dcfnc one or more 1mphut funct:ons -
w of x,v,z. If two such equations are given;
Flx;y,z,w)=0 , Glx,y,z, w) -0,
It is in general p0851ble (at least in thcory) to reduce the. equatlons by climination to

the form
. w= f(xy) . z=g(xy)
ie. to obtain two functions of two variables, In general, if m equatior:s inn
" unknown are given (m <n), it is possible to solve for m of the variables in terms of

the remaining n ~m variables; thc number of dependent variables equals the number
- of equations : .
<+ Example
If 3x+2y+z+2w 0
2x+3y z—w=0
then w= f{x, y)-—Sx«-Sy & z=g(xy ) 7x+8y
+ Example
Suppose that the functmns w= f (x y) & z=g(x,y) are 1mphcltly defined by
' 2x° +y +z8—zw=0 -
st vt 22 -8 zw= 0

Then taking the differentials, we obtain
Gxelx +2ydy -+ 2zdz —wdz — zdw=1 ......... | (H

widlz 4 zdw + 2xdx + 2ydy + dzdz = | SR (i)

L[lmmatc dw betweem (;) and (i) to have
 Gxdx +dydy - 6zdz=0.

o d =--—ia‘x—2—ydy
3x

_ z
Q{ X Dz 2),
oz Ov - 3z

I limiinating of dz from {i) and (u} gives
6x{ 2z -+ w)dx J—4y(z+w)a"y 6z%dw = 0

© x(2z+ 29(z +
> dwe o= ( i;' w)-dx + y(:;zz w) dy
dw_x(2x+w) 8w 2p(z+w)

ax x* Ty 2



12 g 3 - Funccien of several variables

< Examplcs
' Supmm& fanctions w = f(‘l‘ y) & z=g(x,y) are 11r1p1101tly deﬁnc by
Flx, y,z,w)=0 and G{x, y,z) 0, then
Fdy+Fdy+ Fdz+ Fdw=0
wd Gdx+Gdy+Gdz+Gdw=0
= Fde+ Fdw= —[Fra’x A+ f‘la’y:[ '
ad Gdz+Gdw=-[ Gdr+G,dy]

Then by crammer rule, we have

Fdx+Fdy F, 'F_r E, F, F,
|Gdi+Gdy G, G, G|, |G Gl
_ x - w = X Mw a: _ A bl a{
| F: F:u ‘F; P:r ": ‘F; w 4
|G, G, G, G |6, G,
. . . aZ . G_‘, Gw aZ G'\- .' Gw ’
B e e e et M
al' F—_- F:\- (‘}:V ‘F: I‘W
' G. G, G. G,
oz _. Hxw) - Pz 3w o OFLG)
T w ARGy ame P e
(z,w) Oz, w)

Slmllai 1y, we have
' F, Fdx+Fdy

: NG, Gdx+G,dy
dw= - - —
G, G,

and we can find o and g-w—”in the same manner.
ax Ay - :
"% Particular Cases
i) One equatlon in 2 unknowns i.e. F(x, y) 0
= Fde+Fdy=0. —~
= -({)iz*F—"_ (F _q:O)
_ v F,
u) One’ cquatlon in 3 unknowns ie. Fix,p,z)= 0
' qurm»ud.—

Oz _i , _EE:_I_. (F=0)
_ 6x r ay F ) :
: 111) 2 uquallom in 3 unknown L
Flx,y,2)=0 , Glx,»,2)=0
AHF,G) L AFG)
'E{__‘C(V,\‘) &z __ 3(w,y)

& - AF.G) oy WG
oz oz, w)




Chap 5 - Function of several variables - -

. < Example .
Find the partial deri ivatives wor.l v & v, whcn_

u+2v—x +y7 =0

: 2u~v—2xy=10
‘Solution '
Take the differentials _
du+2dv~ 2xdx+2ya’y ¢ ... s {

2du—dv~2xdy- 2ydx=0......... weee (i)
Eliminating dv between ({) and (u) we have -
Sdu— (2x+4v)alr+(2 y 4x)dy 0

= du= -.(2x +4y)dx ——(2y—-4x)dy

= -—=-(2x +4y) & :%u;w-—(Zy-ﬁlx)

Eliminating du betwecn (i} and (i}, we get
Scdv—~{4x—2y)dx +{4y +2x)dy =0

= dv= -;—[.44: ~2p)dx —%(4)' +2x)dy.

ov 1 & 1, -
= —=—{4x-2 & —=——(4y+2
O% 5( ») oy S(y %)
< Question |
“Give that
x4 y~3z-2u=0
& x+2y+z+u=0

o (5050
Oy ), \éx/, \ou/, \dz/

Soluiion _
Take the dillcrentials . '
- 2dx+dy ~3dz —2du=0 ... (@)
cde+ 2dy+dzdu=0 ... e (i)
L]mnulmg dii between (i) and (i), we havc
CAdx 4 Sdy—dz=0 .......... (i}

= dx=_§dy +‘_—dz'
| 47 4

- From {iii), we have
- Sdy=dz~4dx

| = dy.=-_l_:dé—%dr

=>[62 '—5.'

'Ehmmatmg dz between (i) & (ify, we get
. S 5dx+‘?dy+du 0 '

15




Mgty T = _"-E'unct_j_on . .:\'V«ﬂf.iables

= dvz——-dx—:i;du

()
Ny, 7

- Now chiminating dy between (1) & (i), we get
' =3dx—5dz ~3du =0

=y (fz == -—Ecé\"— —3-({1:
. 5 5
oz 3
= | — ===

Auj 5

oy -V I 3]
xt =yt +z V27 =2 (i)

a) Fmd du & dv interms. of dx,dy & dz at the point
x=1,y=1,2z=2,u=3 & y= 2

> Questioh
Given that

'b) Find (-@i) ; (f}i] " at the point given above.
) (.2} (5.5} .

ox oy

¢) Find approximately the values of u- & v for x=1 1. y=12,2z=1.8
Solutions

Differential gives _ _ _

2xdx + 2ydy + 2zdz — 2udu + 2vdv =0 ... .0 (J)

: 2xdx = 2ydy + 2zdz + 2udu + 2vdv=0 ......... (v}
- a) Puttmg x=1,y=1,z=2,u=3 &v=2 in (i) & (iv), we obtain
' 2dx + 2dy + 4dz - 6du +4dv=0 i ()

&  2dx—2dy+Adz+6du+8dv=0 .' ........... ().
Adding gives o

12.5.-.'\'):—'(4dx+8£!z)
= d ——-;:(dv+0 dy+2d~)
Simil 1rly uhmmalmg, v l}ctwum (1} and (w) we get

Cdus= —(dx +3dy + de)

. b) | e du ='§(cix+3c&+2c@) '

. (ﬁuj Nl
“lax 9

& v odv= ;(dxw iy 242)

¥l

R S LT X I
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- % Question : ' :
Find the transformation of x=rcos@, y= rsm@ from rectangular to-polar
coordinates: Verify the relations

- a) . dx=cos@dr—rsinfdoé
dy =sinfBdr +rcosddo

b dr=cosO.x+sin0dy

29 =300 g 0050
r ¥ ‘
) (a_xJ =.c058 . (2) =secl , M:l '
T a-"_y . al‘ K i a(x)y)._ ..P'

Solutions :
Given that x=rcos@ & y~r51n9
a) Dlﬁ'erentnl gives ' ;
: dx = cosBdr — rsinfdo R €1
 dy=sin@dr+reos0d@ ... ()
b) Multlplymg (§) by cos8 & (ii) by sin@ and addmg, we get
dr =cos@dx+sinfdy .
Now multiply (/) by sind & (/) by cos0 and subtract to obtam
sinf cos®

i do = de+ 227
: ’ ¥ »

- ¢)Given x=rcosd

:[Q{) =cosd
OF b

We have already shown that dr= cosﬂdx +sin Ody

Wh:chcanbe wrlttenps dx- —taany ' ) | S .['
ey ——-'l.=SC‘9'
(6:‘}_‘, =
dx,y) |or o8¢ |cos@. —psin®|. '
2r,8) |3y | |sine reosg | T ST OFrSMO =r
: lor o0 |
or or} 6" sing : :
= I cos sin
org) |a&x & 11 1. ¢
and ——i-= oo — . == 29 = 2 =2
" Gy |ee 26 _sin@  cos@ rc.os +r$1n 7] .
: A r r =

& oy
% Question .
~ Giventhat  x*—p®cosup+z=0

x* yz —suvir 2z = 2
_ and xy—sinucosv+z=0 _ o
" " ox ax \- ' T A
Find =1 , == at x=1, y=1,u==, v=0, z=0
{U) (7) I
Solution . ' o
 Differential gives L : :
2xdx— 2ycosrrvdy+y sinuy- ua’v+y sinuy - vdu+2zdz 0..... (i)
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2xdx+ 2y dy —cosuv- udv—cosuv-vdu +4zdz =0 ......... '(;'f)_ )

‘& xdy+ ydx—cosu-cosvdu +sinu-sinvdv + dz = 0 ......... F113)
- At the given point, these equations reduce to '
2dx=2dy=0 ... (iv)
2dy+ 2dy——a’v 0 ) |
; & dx+d-y+dz-—0 O (vi)'..
" Adding (iv) & (v), we have '
Cddx—Zdv=0
2

= dre=Zdv+0-du = (@‘-] -0
. .8 6”_v

% Question

Find [@J if ¥’—y’+u’+207 =1
: ox ), ' '

: ._.xz-{-yz —ul—v? =2
. Solut;on

Taking the dll[elemmle we have
2xdx— 2ya’y+2udu +-4vdv 0

2uf‘(f2wz’v 2uu’u—2vdv 0

Llnmmtmg, dv, we get. _
Sxdy-+2vdv—2udn =0

o> = 3—'dx + 1—dy
' i T

Su’ 3x

= || =22

&/,

% Question :
leen the trans{‘ormat:on '

X=u—2v

y= pIESE

a) Write the equations of the inverse transformatlen |
b) Evaluate the Jacobian of the transformatlen and that of the inverse

" transformation.
Solution ' .
a)'From the equations, we have
| | | uf—lx+2
5T
ve—E
L | s¥sY
whleh are the equatlons of the inverse transformatwn
- b) Jacobian of the -gi\r;en transformation IC ou o .
- . o a(u_,v) . a_y ?Z

ou ovl
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o
. ox &
Jacobian of the inverse transformation :M = P
d(x,y) |Ov ov
ox oy
. L 2
= 2 Alal
21 s
S 5
% Question
Given the transformation x= f(u,v), y = g(u,v) with Jacobian J -__E,_y)’ show
u,v
that for the inverse transformation one has ;
Ou 1% ou_ 10x & _ 1% ou_10&
_ ox Jov " Jov ' & Jou ' oy Jou
Solution
The given equations are
fu,v)—x=0 . ()]
g(u,v)—- y-O .......... (i)
Differentiating w.r.t. x, we get [ -
O, 7 Math(it
ﬁrs“""f.-a_l:o a l .0r
au By Merging man and maths
wart8——0=0 .
ox
Solving these equations by Crammer’s rule, we have
¥
ou_ 10 g&| & _1% ( & _ J
o ‘/;, "7 T "o o
g;;' &,
-/llf _]
.al}.z Eu 0 - grt l_a_}_)_ ]
ax J i J ou
Differentiating (i) & (/i) w.r.t. y, we have
i (7
P LA
nu Ay
ou v
gll'_+g! __] _'0
O
Solving thesc cquations by Crammer’s rule, we get o
0-.f ~
ou__171 &l L __1&
oy - J J ov
Jo 0
v__l& 1 _L _1ox
oy J J J ou
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s Qucstmn
Gwcn the transformatmn
X = !.52 —V2
yp=2unv
. @) Compute its Jacobian.

b) Lvalvale- [—?ﬂj & (,\1)
.' ox J, ox j,

* Solution
lhc given equations can be W[ 1tl<.n a8 _ _
: v —x=0 . (i)
2uv—y=0 ..., (if)
leferentxatmg (I) & (i) partially w.r.t. x,we have -
ZM%—ZVQ—I.:O ............ (i)
x ax .
20 o0 (iv) -
. & ox : .
dx  dx : . .
oy 2u -2 e
J¥xy) (0w av| |4 AV A4 )
u,v) (dy oy 2v 2u o
. S “lou ov _
Solving (iif) & (iv) by Crammer’s rule, we have
) -1 . -2y )
(@J 0 2 24 L u
ox J, J ) 4(1:? + vz) : 2(14:2 + vz)

: (@) _l2v 0] -2y o —v
- - : - | o), - J 4@’ +v?) ._'Z(uzfvz)

Noie

o & o can be determined in the same manner.
ay . ay ) _ g B

- ¥ Question
- Prove that if F(x y,H) 0, then

. %J [2—;} .. [ %zz_ J : —1

Fx,y,2)=0
R Ft.{xkf({vifcz'é—

- Solution

e | L
= dx:—ﬁf-dy—_—fdz = (g} =
Fo i'.l\ . S .

-

& dy=-"Ldx—-—24 = | = | =
© pepage =[3)-

£ ¥

B
I ICIICTIC I e

dz ~—:—f-dx— tdy :[2) =
S ;




Chap 5 - Function of several variables 19

Hence : :

BICICEEEIE

- Qnestmn
Prove that, if x= f(u,v), ¥= g(u v}, then

(&3 -2)3)
- (3 5)3)
also that {a_ﬂ(%] =1 .

Solution
o M) —x=0
K L gy~ y=0 _ S
() e () &
A [ax ] A [m) -
(.(?_”_} - , [QJ N as already shown
dyj I ) J _ -

‘Taking differentials of the given cquations, we have '
Sodu+ fdv-dc=0

_ g,du+g,dv—dy=0
= 'dx:_ﬁ,du?l-j:,dy..'..;_ ....... (i
dy=g,du+g,dv .conee... (i)

=) B
&)-s - (B

e (518G E)

- = A_'%"‘ﬁ&."é’f. which ia tmg_

_ Siuiilarly, we have.the second relation.
Eliminating dv between (i) & (if), we get

(f, &~ 1, 8, )du—g,de+ f,dy=
= dx=fi—l—-’g'._f"g"-'du+—&dy
: 8, &,
2, . Ju8T fg.,

. a}' .“ gv ax o f:ﬂ
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+ Question
Given that x = f(u,v, w) y=g(u,v,w), z*h(n v, w) with the Jacoblan

a(x Ax,2) , show that for the inverse transformation one has
a(u,v, w)
H @i=l6(_}.’. z) ou_108(zx) Ou =l8(x, y)
ox Jo(vw) ' dy Jowmw) ' @z Jo(v,w)
i ov _18(y2) , Q\_z=i d(z,x) ‘ _33_1:=16(x,y)
o J ow,u) dy Jo(wu) 0z Jo(wu)
i @=l6(y,_) iw_ 1 8(z, ).) 6w=16(x,y)
o  Jo(uyv) oy J u,v) oz  J d(u,v)
. Solution

We have f(u,v,w)—x=0
glu,v, w)'— y=0
h(u,v,w)—2z=0
Differentiating w.r.t. to x, we get
ou . ov . ow
o e +fv +/w . 1=0
ou av ow

g, — ~ g‘a +g'”€;_0=0
B B 2 i
arx  "ox ox
By Cranmumer’s rule, we have
=L & K
0 2 g/ |a g(
ou _ |0 h, k| |h A, _la(g,h) _19(y,2)
ox J ST AW T a,w)
' Jo =L
8. Y & N -9
ov _ {h, O A, | |k h| 108(gh) _138(2)
o J T T T Tawu) T a(wu)
o fo =l
g & 0 8. B
“ow_ |k _h O '*!aﬂ h_,' 13(g,h) _18(p.2)

x J J T awy)  Jauw,v)
We can find the other relations in the same way by d:fl“erent:atmg given relation
w.rt. y and w.r.t. z respectively.

MathCity.org

Merging man and maths
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< Bi-Harmonic Equations

Anothcr important combination of derwatwcs occurs in the equation
Oz, 9z 0"z

+ 22— =0

: ax' ey’ Uy

which is kno‘"n to be the Bi-harmonic cquatiou This comblnatlon can be
expressed in terms of Laplacian as .

v (v{) = V'z =0

"The solutions of V¥z =0 are termed as Pri-harmonic fimctions.

% Higher Derivatives of Functions of Functions : _
(1) Let 2= f(x,y) and x=g(¢), y=h(t) so that z can’be exprcssed in terms of ¢

alonc. Then
rf_ 6_ dt o dy

' dz T x dz Oy dt
'r;’.z:i(a’zJ & d’x .{.i‘.’lff_(ﬁ]._ﬁzi_.ﬁ_F dy d(az) L
dt di\dt) ox dit - drdilox) ey di didiley) T
Using (i), wc have ' '
f_f_[@% &'z dv | &'z dy.
dit\ax} ox* dt dyox dt
'i(é): &z dx Pzdy
_ dtlay | axdz dt - &’ dt-
- Putting these values in (i), we have :
Az oz dx o (dx} o O de dy P [djz_] azdy
drt ox dit Br dt Bxay dt dt 5y at ay d!
2y If z=/(x,y) and x=g(u, v) y= R(u,v), then
6_2 0z ox . oz Oy

&

% 02 ox & o
v Ox dv 8y v

Pz _o x 0foz) ox afoty), v ofe o
+— — | it Ieenll I e (1)
ou® ox ou ox) ou oy Bu? au ouldy, .
Usmg(:u), we havc _ . S
- 2[2)_92_2.@& __fii@_y
Bu\dx) &' fu dydx Ou .
Z_
e 2[22)_ &z o Pz dy
ou\ 8y ). 6xoy fu oy’ ou
Putting these valucs in (#v), we get : S
’ 622_6_262x D%z [BAJP‘Z 8’z ox -8y az[ay) +§:"_ﬁ
out ox dut Ou oxdy Bu ou ou o \ou) @y aut

il

SR . L 0Tz,
We can find the values of - & — in {he sarme manner.
oo _ dudv - OV o

oz
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-+ Partial Derivative-bf Higher Order
7
Lot a function z = f(x,y) be given. Then its two partial derivatives. 3_2 & -2—2-
X i

are lhcmsclvu I'uuumm nl‘ & V.
ic. -_-=.f_..(x,.vJ , —f(x,y) o -

Henee éach can be dlll(,u,nlml)lt, wrl v & y. | T g
Thus, we obtain four partial derivatives '

3z s

a 2 [LI('\' J} LI .ax /W( 1])
62 ' 'z

2 = fu{xny), Pl j;,.(x,y)

2 2

i% is the result of differentiating -af- w.r.t. x, where -
o : ax y Ox

is the result of

. .. Oz L L .
-differentiating ~—— w.r.t. y. If all the derivatives concerned are continuous in the

9%z 8%z I .
domam conmdered then ——-= - le, order of dlffercntlatlon is 1mmater1al.
dxdy ayax :

Third and higher ordcr partial derivatives are defined in the same manner and
_under appropriate assumptlom of continuity the order of dlffcrentlatle does not

matter.

% Laplacian of z = k o . L
if z= f{x,p), thcn the Laplacian of z is dcnoted by V?z is the cxpressmn . i
gz, 8

ax2 6y

) 1f w= f(x,y,z), the Laplacian of w is the expression
Fw o'w w

= + +-

_ P sz e

The symb_ol “¥* is a vector differential operat_or define as

Vi =

Vi

6 i 6 A 3 "
=—i+_—j+—k
_ X~ OyT O
We then have symbolically - _
2 2 2
Vi=v. V—a—-+ 9 az : '
o By"- g - >

< Harmonic Function _

[ z=f(x;)) has continuous second order derivatives in a dornam D and V z=90 ' e
“in [, then 7 is said to be Harmonic in D .The same term is used for ihe tinction of -
threé vartables which has continuous 2™ derivatives in a domain D in space and

whose Laphcxan is zero in . The two cquatlons for harmonic ﬂlnctlorls

. : 2
Va_az 3 —0
ay .
v;{w 8 W 82w 62 —
a.v s

are known as the Laplace equanons in two and three dlmensmns respect vely
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+ The Laplacian in Polar, Cylindrical and Spherical Co-ordinate
We consider first the two-dimensional Laplacian :
. 62w 62
a 2 ayz
' and its expression in terms of polar co-ordinates » & 8.
Thus we are gwen w=f(x,y) and x =rcosf, y=rsinf and we wish to express .

. V?w interms of r,  and derivatives of w with respect to » and 9 The solution is

as follows. One has
' aw ow or @ ) 29_

% or ox 00 ax
dw ow dr Hw .00

Vi

—=—-—+-—-— by chain rule
8y or oy 088 9y E
To evaluate ﬁ % o % , We use the equatlons
ox’ ox’ By ay

dx =cos@dr —rsinf do
dy =sin@ dr+ rcosf do

Theie can be solved for dr and d6 by determinants or by ellmmatlon to gwe '
dr=cosfdx+sinfdy . '

-d0;~smgdx. cosf dy |
r r : L
Hence 9’— =cos0, “c’iL =sind, 69 = $ing and 9_9_ = 2??_

: . fx Gy . 8x r ) R
Putting these ﬁalucs above in expressions of @ & @ . we have
aw 0w sinQow :

— =08 —~ iy
or r 08 : "
i"t}_ 9 2_\2 COSQ aw ..............
‘ y o r 86

These equations provide general rules for expressmg denvatwes w. rt rory 1n -
terms of denvatwes w.rt, » and 9 By applymg the first equation to the function

—aaﬂ one finds’ that ’

- _ - o
.-f_ Otw. a[ ) B (aw) sing o (3w
P g E— =cos@—| — j—~——| —

axj 5]

. axt dx r .98\ ox
- By (i) this can be written as follows: - _ o L
aw ) ow_sind ow _sinf 3 ( ow sn9_5‘w -
-—T—cosﬂ cosfd—— . . _ :
ax or or  r 80 ¥ 69k r 08/
The rule for differentiation of a product gives fmally o . R
Fw 8w _2sinfcosh - o*w  sin®@ &w o
—-2~—cos- ‘g- 5= — + — .
ax or ’ 3:-69 A 08 e
' ' sin?@ Ow 2sinfcosh dw L
+ by (i)

. / N r- 09 rf o
In the samc'manncr one finds : B ' .
2 o Y :
dw_ 8 W ing L 3 (sm@—aﬁ cos@ 6w)+cost9 6 ( 8 6w 5:059 iﬁf_}
6y or 2 aeL r 86

ayay o r 80
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&*w  2sinfcos@ w - cos’8 w
=gin’G- + '

. : e
ort e oo gr00 ot 06 _
- cos*® Ow 2sinbcosé Aw ..
+ T 3 = . §113]
roor r o8 :

Addmj, (u) & (i), we u)m,ludt. ' o
Viws= aw+a? 8?+10w+_@ .......... ) -
ot & ot r 59* ror -
This is the desired result, ' : ' :
]:quatlon {iv) at once permits onc to wrltc the cxprcssmn for the 3 demensnoml

Laplacmn n cylmdncal co-ordinates for the transformation of coordmates
x=rcosd , y=E slnG

T
y 20

involves only x & y. In the same way as above we havc
V2, Pw w i iﬂf
a8yt ol
w1 3w 1ow 3w
R Iwre S
ort Frae’ ror 82’
< Laplacian in Spherical Polar Coordinates
" The transformation form rectangiular to spherlcal polar coordmates 18
: x=psinpcosd , y= psmrpsm@ , z-pcosqw
ertmg r=psing, we have
x=rcosf , y=rsing, z=z

Which can be considered as a transformatlon from rcctangular to cylindrical
-coordinates (r.8,z)

We have R
o Fw 1 &w law 82
Vip= — et i
E ar2 !.‘2 662 P 61‘ aZ (-)
where z:p'cosrp'} .
T R e {if)
r=psing

We have transformation from (x, v) to (7, 9) as
w Pw Fw 13w law
T2t RT T Ty
oxt &t ot a8t roe
Now ifwe takc tmm.immat:on from [ ) to (p,rp), then
' CPw Bw w1 Pw 1 ow
A I R T s s
T ot wépt p 6<p__ .pOp
Also ow Ow Op ow dep '

& dp or aq) or.

y tang=-—
P . .
= 2p ,'O =2r = §£=£=-psm¢'=8fl‘r¢’
o 2 . '2 .
- o z & -z - pcosp P
id =2Hifsm + ow Ll A (iv)
ar ap do . p

Substltutmg {iify & (w) in (f), we have |
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Ghgo| Tw Sw) 10w Tow
at ) P07 ror
= — s o ! _
dp’ p 2op* pop plsin? P 36° psm(pkap dp p
__f)jEJr 1 o'w Fw Low 1. ﬁz_."f. 1 oow cot ow
apt p o9’ p op plsin'e 987 p Op -pz o0
_d'w ______{7‘2{_5_6»-; 1 olw W cotg ow
o 640 3 p sin’ L ERT R

az' 152 1 ow .1_ w1 (ow . '5wcos¢p}.
—_—— —sing +

< Qucstwn
" If u. & v are functions of x & y defined by the equations
xy+uv=1, xu+yv=1 '
. 2
- then find a_;:
o ox
" Solution _ - L
© U ydy+xdy+vdu+udv=0 ... ()
) _ udx+'vdy+xdu+ydv=0 N (1 K
Eliminating dv between (i) & (i) '
(y —-u )fiv+(xy uv)dy+(vy ux)a‘u 0

el AN 2y -
woux - vy- ux'-

= du=*
511 ut =y uz_—'yz
o vy—ux i—_2ux
(-2ux)-2u- g‘i—(u* - y’)[(—zu) —'2;:@]
_ox _ T e

= .a_zf.t. =
.oxt . (1~ 2ux)

. (using giveneq. )

. 9¢ Queestion

2 2
- Find- — Ow -E'l-z- when’
oxt’ Byt

. 1
iy w= >

X +y2
i) w=tan"'Z
x -
iy w= et

S Question :
Sh:*w that the’ followmg functlom are harmomc inx & y

z) e'cosy-
iy x*=3xy

itf) log \,‘x" + _]’}'
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< Sufftc:ent Condition for the Vuhd;ty ochversaI in the Order
of Denpatmn
" We now prove two theorems which lay sufficient conditions for the equahty of f

and f,,.

& Schawmz. s Theorem
If {a,5) be a point of the domain ofa function f(x v) such that

A (x,y ) exists in a certain nhood of (4,5).
i) [, (x,¥) is continuous at (a,b).
then fl_(a,b) cxists and is equal to ﬂy(a;b)_; .
Proof
~ The given eonditions imply that thcre exists a cor tain nhood of (a,b) at every pomt
(x,y) of which f (x,y), [, (x y) and [, (x,y) exist. Let (a+A, b+k) be any point

cof this nhood. We wrile -
- Pl k) = fla+ A, b+k) Jla+iby— fla, b+k)+f(a b)

_ g =fla+iy) = [lay)
sothat ¢(Mik)=gb+hk)-gd) ...... N
= f, exists in 2 nhood of (a, b) the function g(y} in derivable in [b,b+ ], and,
tht.rciorc by applying the M.V, thwrun to the expression on R.A:S of (:) we have
plhky=kg'(b+0k)  (0<8 <1)
_ =k(f,Ca+h, moﬁ) = [ (@B 08} v (D)
Agam since f_ exists in a nhood of (a,b), the function f,(x,b+0k) ofx is

derivable w.r.t. x ininterval (a,a+ h) and, therefore, by applymg theM V. theorem .

to the right of (é), we. have

p(h k) =hk f, (a+6’h b+0k) (0<9,<1) |

Smce J.(x,y) exists in a-nhood of (a, b) this gives when A —>0
HC A fn e ) =lim /,, (a+ 0, b+ 0K)

Let, ndw k=>0. Smce S (\‘ y) is continuous at (a,b), we obtain
fiula,0)= limlim fn (a+l9 b +0k) = j;‘,(a,b)

- Youngs Theorem
If (a,b) be a'point of the domain ofdeﬁmtmn of a function f(x y) such that

fr(x y) and f {x, y) are both differentiable at (a b), then
 fyaby=f(ab) '

Proof
. The dszcrennab;hty of f,and f, at {a,b) implies that thcy exist m a certain

_ nhood of (a, b) and. that £, fir Sus Fy exist at (a,b).
Let (a+4,b+h) be a point of this nhood. We write :
pUn )= fa+hb+h)- fla+h, B) - fla, b+h)+f(a b)
gy)=fla+hy)-[f(a,y)
so that qﬁ(h h)= g(b+a’1) g(b) .......... (i)
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Since j; exists in a nhood of (a,b), the functic_::n g(y) is defivabl_e in (&,b+h),
and, therefore, by applying the M.V theorem to the expression on the right of (i), -

we have :
 phiy=hg'(b+oh)  (0<0 <)

=h{f(a+hb+OR) = (@b +0R)) .ocoun. Gy
~ Since f,(x,y) is difforentiable at (¢,5), we have, by definition,
" fle+hbyORh)~ flab)=hf, (ab)+0h S, (a,b)

+ho (M B)+8hy (MK) ...... (m')
an jy(a,b+9h) f(a tY=6hrf (a, b]+9hl]/3(ﬁ ) B - (iv) ' '
whcreqo,,w,,wzallﬁaﬂaah—m '

From (i), (iif) and (:v) we obtain
PO = /by 1)+, 01 - ewzth h) - )
By a snmllar argument and on conSIdcrlng ' o
&)= Jxbrk)~ f(xb)
We can show that _ o - ) _
N IGRD) 3 . , g
= fu(@b)+y (A h) 00, () -0 o (LAY ..o (V)

H:
where g, 5,y all >0 as A0 -
‘Equating the right .h.'_md side of (v) and (vi) and mziking h >0, weobtiin
. .l..r).' (ﬂ,b) = fu\: (G’,b}

.........................................
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< Maxima and Minima for Functions of Two Variables
Let {x,.%,) be the point of the domain of a function f(x,y), then f (X5, %) saidto
an extreme value of the function /(x;y), if the expression :
. Af f(xo +'L"9 Yot h) "“f(xos }’o)

preserves its sign forall /# and k.
The extreme value of /{x;,y,) being called a maximum or a minimum value.

according as this difference is positive or negative rcspcctwcly
Necessary Condition o
The Necessary Condition for f(\fu,yo) to be an extreme value offunctlon f(x y)
“isthat f,(x,,y,)=0= S (%4, 5), provided that these p'lrtlal derivatives exist.
It is to be noted that it is impossible to determine the nature of a‘critical pomt by
studying the function f/{x,y,) and f(xo,y)
-e.g Let flxy)y=1+x" =y
then f(0,y)=1-y" = 1, y)u—zy 0 = (0 0) 1saturn1ngpomt
‘Now /7(0,y)=-2 = (0, O] is a point of1mx1mum value,
But F(x,0)=1+x> :
= f(x, N=2x=0 = x=0 = (0 0) is the crltlcal pomt
= "(x,0)=2>0 = (0,0 is the maximum valuc _
Hence we fail to de‘ci_de the nature of the critical point in this way.'
Sufficient Condition -
Let z= f(x,») be defined and have continuous 1™ and 2" order partial derwatwcs
ina clomam D . Suppose (x(,,yo) is a point of D for wh]ch . z_md f}, are both zero,
Let A= f.(%:3,), B= f (xnayo) C= f (xc:J’o )
then we have the following cases
DB -AC<0 a.nd A+C <0 = relative maximum at (xo,yo)

i) B* -~ AC<0 and A+C>0 = relative minimum at (xo,yo)
i) B*— AC>0 = saddle pomt at (xy, y,)
iv) BB —4C=0 = naturc of the critical point is undetermined

Proof
By the application of M.V, theorem for fusnction of two V'lrnbl(:a we have

Af hf (o +6h, y, +9k)+k/ (x, +8h,y,+6k) (0<8 <:1)
= h[ 0 !()k S0k = [, 7)) m[/ (% - 0h, p, +0k) — /(.ru,yU)] '
_ (it is because f, (%o ) = -/, {xo,yo) =0, aturnmg point)
- ;:[m;,f“(\[, Vo) 1 OB (g0 - £, 00 46 Ofr] . ‘
| +k[@hij(ln,yn)+9@" (xn,yu)+s Oh+e ak]
whcrc £, 80,5, & oy~ 0 as bk >0 - :
AF=hF, (xo,yo)-4—24‘111:]',rl (xo,yn)+k fvv{;o,yo) +gh* +(£:2-1—.5'3)1f'z;l'c+£4;!:2
= Af = R*A+20kB + K*C + £ )i +(r,+a)}n’f+s i* ' : :
The sipn of Af depends upon the quadmtu. d? _{ =N A+ 20k B +1°C
: :&u’)Let B AC<0 (A;tO) : ;

= a’j (h A+2!:kAB+k Ac)
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= -1—(1:2,42 +2hk AB+Kk*B* + (K AC - k‘B’)) .

((}:A+kB) +k*(AC - BY)

Since (kA+kB) is positive and 4C - B (supposcd) is +ive, therefore the sign of

df depends upon the sign of 4. .

= Af>0 if A>0 & Af <0 if A<0

Again; since B2 —AC<0 = B < AC = AC>0

= 4 and-C are either both +ive or bath —ive,

If A>0, C>0 then A+C>0 andif A<0 , .C<0 then 4+C<0.

LTence-we have the fellowing result _ . .
“ay Af>0 when A+ C>0 = {x,%,) is a point of minimum value.
By Af <G when 4+ C<0 = {x,,,) s apoint of maxivoum valie.

iy Let B2 —AC >0, t'hcnl ) o o .

Cdf = j—((fm +kBY + k24 C - 32))

———((hA+kB) }cz(B’—-AC))
which may be +ive or —ive for ccrtam value of h & k, therefore -{ {x, ,y;.) isa

saddle point,
) Let B —AC = 0 A#O

= d'f= (hA+kB)

which may vanish for certain values of 2 and &, implles that nature of the pomt
remam undetermined. :

% Question B
Test for maxima and minima

zz]-x? =)t
Solution _
%=-—2x=0 = x=0
ox .
oz

== 0 :>'y 0
o

= (0,0) is the only crlt:cal point.

© a2, L z

A= g o L2

ot 6x8y oy’
~AC=0-4=-4<0 and A+C=-2-2=—4<0

= the function has maximum value at (0,0).

- Question

Tcst for mwaxima and minima

S Z=X —3:cy
Solution _

a—"—Br' 3pP=0 = x=—-y & .x=y.' :

oy’ , o
Oz
-{-ﬁ—6.1y 0 = xy= 0
Sy
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= (0,0} is the crilical-point. _

62
A=2Z—6x=0 at (0, 0)
i’

-

B=E _6y=0 at(00)
oy
az
2 ——6x=0 at (0,0)

B'-44C=0. also A+C= 0 S _
Therefore we need further consideration for the nntnre ofpomt
Az =z(0+h,0+4k)—2(0,0)

= z{(h, k) — z(0,0)
- =i -2hk

. Forh=k
L Az=R -3k =22

= Az>0 if h<0 & Az<0 if h>0

Hence (0,0).is a saddle point.

< Questmn
Examine the function

. § —f(x »=xty
Solution

S=0 = Z*cy“~0

j =0 = 2yx* =0

'unphcs that (0,0) is the L.rltu:"ll poml
=f.=2=0 at (0.0)

'B: . =—4y=0at (0,0)

C= f 2% =0 at (0,0)

_ Smce B*—44C=0 and aiso A +C 0
Therefore we need further consideration for the naturc of point.

'L\f S k)= £(0,0).

. -kzk"' §
CAf>0 forall b &k
. ‘Hence (0, 0) is lhc, pomt whctc functlon has.minimum- value
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“ Lagrange's Ml r"pl ier

(Maxima & Minima for Function with Side Condition)

A problem of considerable importance for application is that of maximizing and
minimizing of function (optimization) of scveral variables wherc the variabies are
related by ong or more equations, which are turncd as side condition. c.g. the
problem of finding the radius of largest sphere inscribable in the ellipscid
X237 =6 s equivalent to minimizing the function w=x? +y* + 2" with the
side condition x* + 2y + 22 =6. '

To handle such problem, we can, if possible, ellmmate some of thc variables by
usmg the side conditions und reduce the problem to an ordinary maximum and

minimum problem such as that consider previously.
This procedure is not always feasible and following procedure oﬁen is more
convenient which treat the variable in more symmctr;cal manner, so that various

simplifications may be possible.
Consider the problem of finding the extreme values of the function f(x,x,,....x,) "

when the variable are restricted by a certain number of side condltlons say’
£ (%5 %5500X,) = 0.
. o &afxp X X,) = 0

. (X Xy ) = 0
We then form the lincar combination _ .
PN ey X,) = f(x,,._..,x,,) 3 (X X,) Ay 8y (s X, ) cicent 2,8 (X000 X,)
where A,,4,,...,A, arc m constants, '
‘We then dlfl'clcnlmlc @ w.r.t cach coordinate and consulcr the following system
of w+m cquatlons
: D(p(x],xz, . “) 0, r=12,..
g Xysenx,)=0 ., k= 12, .
Lagrange discovered that if the point (x,,X,,....,X,) isa solution ofthe extreme
‘problem then it will also sdtlsfy the system of 7 + i cquation. :
o In practlse we attcmpt to solve this system for #+m unknowns Wthh arf‘
Ay & X500 : .
Theé pomt 50 obtain must then be tested to determine whether they yicls a

‘maximum, a minimum or nelther
The numbers A,,4,,....,4,,, which are introduced only to help to solvc the system

for x;,X,,....,x, are known as Lagrange’s multiplier, One multiplier is introduced for
cach side condition. o S ' '

% Question o ol

Find the critical pomts of w=xyz, subjccttocondmon x* +y +22=1, ' - i
Solution o o _ _

We formthe function - . o S o
- - p= xyz+l(x +y 21y I ' ' T
i then o . .

R SN
-‘?ﬂ=xz+2a,y=o

ay
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o .— _
62 =xy+2iz=
& Xy +zi-1=0
Maultiplying the first three equations by ‘c,y & z respectively, addmg and using
the fourth equation, we find :
4= Jxyz .
“using this relation we find that (0,0,+1), (0,£1,0}, (£1,0,0} and

I R SRR TR T WO -
: *H—ee, t—=,k—= | arc the critical points,
( V3TN ) |
< Question '
. Find the critical points of w= xyz, where x* +y ~1 & X~ z-—O Alsotcstfor

‘maxima and minima.
Solution

. Consider F:xyz+/11(x2+y2+l)+22(x~é)

For the critical points, we have

Fo=y+2Ax+2,=0 ... e {Nn
Fo=xz+24y=0 ... (i)
F=xy—2=0 iiriiiiriinnnns (i)
and ¥+yi=l (iv)
x—z=0 ... {v
Xz
From (#i), 4, =xy & {from (u) A —-—2—
S : _ v

Use these values in _equatlon (¢) to have

.2

y:~£+xy:0
}’
= iz z=x 2+ xp” _0
x=z from (v)

L yix— x+xy =0 = 2xp'-x —0
But y* =1—-x*, from (iv)’

Zx(l—-xz)— =0 = 2x-3x -0 = t-—O ,i\/?

Th]S im hes the crltlcal oints 'ue \/7 \/‘ \[7 \/7}
i g ( Nk ] [

(0,1,0), (0,-1.0)

A=F, =2],
B=Fty.=-z .
C= '=.2/11'

—4 _
4yt y

(£ At[ 2 \/1— \F] weha.vc.
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oy . 2y 2}
.= function has maximum value at | +,|=,—=,+.[=
R - L EN Ry

“Similarly, we can show that 7 is also maximum at. (0,—1,0) and is minimum at -
~ remaining p'oinls.'(Chcck yoursell) ' '
% Question

Find the point ofthc curve : ' - '..

X —xy 4yt -2 —1 x+yt=1

wh;ch is nearest to the origin, '
Solution _

Let a point on a given curve be (x,9,2)

Implies that we are to minimize the ﬁmctlon

f=d*=x*+ y +2z

subject to the condltlons
' x’—xy+y -zt =1

xtay?t =1
Consider : :
F=x+y'4z +/'11(x —xyp+yt-7 —-l)+lz(x +y —1)
‘For the critical points - :

F,=2x(14+ A +24)~Ay=0 .......cc.. ()
=2yl b+ &)~ hx=0 RO ()
F, 2z(1 A= 0...;.....;._. (i)
-t -xy-l—y --z =1 i (V)
x +y? =1 v -
Frorn cquanon (i), we have
z={ and )L,—l

Put z=0 in equation(iv), gives - S
x? —xy+y ~-1=0
= xyzx +y -1
= xy=0 by ()
_ _ = x=0 or y=0 or botharc zero.
20, x~0 in (v) gwes,_y =1 = y==#l
:> (O;il 0) are lhe critical points. . :
z=0,y=0 = x=rl = (&l 00) arc the critical points. .
.We can not take x = 0 y=0 at the same time, because it gives (0 0, tJ) whlch is

origin itscll’ asacr iical point,
d* =1 at all these four points. _ _
lhcsr., are lhc required poml al wlm.h ﬁmcuon is ncarcst to origin.




. Chay 5 - Function of several wvariables

34

< Question

Find the point on the curve .
Xyt +zt=l
which is farthest hom the point (I 2 ,3)

Solution :
We are thc maxunlzc thc ﬁmctmn

L e e (p-2) ( ~3)
subject to the condition . : '
_ x? +} + 2t —1 o
Let - o _
F=(x- 1) +(y- 2) +(z- 3)2+,l(x2'+y2 +'zz--l)
For the critical points, we have .

X=14Ax=0 et (0)
y—24+Ay=0 ... (i)
_ 4—3+lz=0_ ............ (i)
& X +y'+zi=1 ... )
1 2 - 1 -
= x= . ¥= , Z==
I+A4 1+4 3+A

Putting in (iv)

(—I-] (14449)=1. = (1+2)'=14 = 1=-1%14
. _..—->' . 1 1,---~. 2 . 3 .
N V- TI V SV (V'

.=> critical points are

c2
(e )

Its clear that the rcqulrcd point w]nch is farthcst from the pomt (1,2 3) lS :

e
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% Directional Derivative :
:) Lei f:V > R, where ¥ —R”, is nhood of g ER" Then the directional

derivative D, f at @ in the direction of f§ e R", is defined by the limit, if it exists,

D, f@)= hmf(“hﬁ) /@

i) The directional’ derwatlve of f(XpXpsrsXppenrX, ) 2t & -(a,,a,, ,a,, »@,) in
- the direction of the unit vector ((} 0,..,1,0,0,..;,0) is called partial dcnvatlvc of f at-
-'a WLt the Ith componert x; and is denoted by : c-

'D,f(a) or i(—— or j;‘(a)'

f(al,az, a+h, o, )— f(a[,;:zz,...,ai;'...,a;,) |
A ' .

whcre D, f (_) 11m

“ Examp!e
- Let f(x,y)= 24y x+y, then f has a dzrectzonal derwatwe in gvery direction

and at every poinf in R, :
Since, if f=(a,b) e R ,wc have o .
2 2 . _
Dy /(%) =lim (e ha) +(y+hb) +(x+ f’?:) (phb)-x=y -x—y
= hm(2u1 +2by+ ha® + hb* +a + b)

fi—0

=2(ax+by)+a+b

% Excrcise _ _ _
(22
Let f(x.p)= — (: ' :—) i X0
- . .. X +V | E (,\',_}’)-‘?"- (0‘0)
Notc that if B = (a.b)e R, ' .
| (0+ah}(0+bh)[ (0-+ uh)’ (Q+bh)’] S |
if(+an) (0o | o |
ab(a* - b* .
limi-—ml
o Ao f:(a +b )
Thls limit obviously exists only if g =(1, 0) or (0, l) Hence the directs: saal
_denVatwes of f at (0. 0) that exists are the partial derlvatwes J, and j; #ven by
: . ; o o _ ' .
& Example ' '
Let

2, £(0,0) = llm

. 2 ) . i
xy - . : )
" - (x¥)=(00)
Ty =¢x*+y* ( _

. 1 R (x,y):t(0,0)
it is discontinuous at (0 0. To see it, notc that

lim f(x,y) is zeto along y 0 and i is -;— along y =x.

(5, 3)=+10,0%
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However, if 8 —(a b), then

0+ ah)(0+bhY
fﬁ (0 0)=lim ( 2( ) -
_ “"“fz[(0+._ah) +(0+_b1'1)]
o a}h-bih2 Y ab®

= lim

e im—_—
ﬁ%h[.2h2+bﬂlfr4:| ,ﬁ]l_>m(, al _'{P.hlbéi :
b/ » AF 0
. . 0= 0
Ilcncc the directional derivative of j at (0,0} oxists in every direction.

o Qucstmn _ : .
Let == f(x.3), t__”:_v . v=2uv, Then show that

) -wle) )

Solution
We have o : _ - _
. ﬁ=2u. , g:—Zw , -ai:.ZV , .'6—y=2v
_ du ov S ou “ov
Also : - _
l—-ZIf%—Zv@ 0, 0=21,1-@}—{—-—21_)9—E
S ax ax 8y ay
Cand . 0 2'»'13E 21‘.«!@ , 1~2v~€—3}i+2u@
' . ax ax. dy ay
Salving these four equatlons for Q’:‘_ Qv__ o & — ov. we get
' _ ax’ O 8y &’
' in" u o —v
ax. '2(::_2 +v2) T 2(1:2 +v2)
8_:4 Vo ' QE_ o
Oy 2_(1;2_44 v’) Y -_2(u:+u2)
And - o o
T
dx oOu dx oV x _ .
R | _]i,-,..@;_;.'_ai] |
_ 2(5:24-v:) S ouw ov
. & . a_z—.a_z.@__g.z,,av '
. Gy Ou dy ov Oy
1 l: | Oz az}
e | P —— Y
2( +v° ) o v
Hence ' o

RERCE 2 CRCIS
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o Qu:cstion
Let f:R?*— R be given by

Xy ; (x
; (x,9)#(0,0)
f(xy)={x’+y*
. 0 ’ (x’y)=(0’0)
Show that f,, f, cxistat (O, 0) but f is discontinuous at (0,0).

Solution

e —
—1111:——L

el h(a +h” )

Which exists only when S =(1,0) or (01)

=> [, & [, existat (0,0)

Now
Xy

lim (x, )= lim
'[r._v)—*lil.mj( y) (. n-b{lltl}x +y

Let y=mx , then

mx
lim xy > =lim— 3
(x,0)—=(00) x _|_y = x“ 4 m x
m
=[im
=014 m?

Which is different for different m .
= f(x,y) is discontinuous at (0,0).

< Question
Let f:R* > R be given by

Xy
5 5 (52)2(00)
TEDZT L (0y)=(00)

Show that f,, f, existat (0,0) but f is discontinuous at (0,0).
Solution

(azhz )(bh)

/};(0 0)-;}—1}3mﬂ . ﬁ:(ﬂ,b)

a’h
=lim

h=0 3*h? + b?
2

=

, bh=0
0

{x.)-{0,0)" - )
=> it is discontinuous ai (0,0).

Now lim f(xy) iszeroalong x=0 and is % along y =x"

.........................................
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R Qnestmn _
Find the greatest volume of the box cortamcd in the eIhpsmd 3% +2y" + 2 =18,

when each of its edges is parallel to one of the coordinate axes.

L »
Eu
4

1 | o Solution .
. ' ' : V =volume of the box= (12\:)(2)})[22) 8xyz
; | We need to f'nd maxtmum ol V sublcct to 3x? +2y +z° .—18 0

Consider rp(x,y, IE 8JLy_+}{(3\ +2y +z° —18) 0

Then
' @, =8yz+06Ax=0

(py;g.xi+4-.ly20
p,=8xy+24z=0

-f:_. | o : = 4xyz+3Ax* =0

' | | 2xyz + Ay? =0

© o Axyz+AzR =0

= A{3x"~2y?)=0
l(3x2—22)=0.

2 Zyz z’

= X E——=
303

Substltutmg these values in
3t + 2y 427 —18= 0
We'ge't o _ -
' 3x1+3x2'+-3x2~13 = 9 =18
= Xx= \/_ y= \/5 and z= f
Which gives
S(x ¥;z ) Bxyz =48
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< Definition
If /:R" >R, aeR" then

_xdf(a) _0df(a) 0O (a) df (a)
W= 5~ = a ey o

< Definition
Let f:G— R, G isanopensetin R".
i) f issaid to have a local maximum at a € G, if there is a nhood V, (g_) such that

f(x)sf(a) V xeV,.

if) f is said to have a local minimum at g € G, if there is a nhood ¥, (g) such that
f(x)2f(a) Vv xe¥..
< Theorem
Let f:G—R, G isanopensetin R”,If f has a local extremum at ¢ € G, then
Vf(a)=0. '
Proof

Itis clear that V/f{a)=0 iff ﬂagl=0, i=12,3,....%
X,

Write [ (x +1)= (X200 X, + X, ) = f(x)
If / has a local maximum at a, then

S(a+)-/(a) <0 if t>0
t

= lim
1—0

f(a+1)-f(a) <0 if >0
; _
9 (a)

Ox,

A

So that 0

Similarly, :
li.n-’((“*'”t)"”(“‘) >0 if 1<0

1=>0)

of (a)

So that —=~>0
a.

) ox;
5
Hence f?(ﬂlﬂ) , i=1,2,3,...,n
x.n‘

= Vf(a)=0
Note :
There are situations when Vf ( a ) =0 but f has no local maximum or minimum at
a. If so and if the sign of f(x)- /(a) depends upon the direction of x and a, f is
said to have a saddle point at a. '

={END }=
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