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Lecture # 01

Recommended Book:

Rainville, Earl David, Special function 2" Edition Chelsea publishing Co. 1971
Gamma Function:

The Gamma function is denoted by [n , where n > 0 and it is defined as

[n= jex. xdx ,n>0
0

Example: Forn=1

=1
Forn=2 E:Ie_x.xz_ldxzje_x.xdx
0 0

Integrating by parts
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By L-Hospital
I 1
X—>00 e e

eq(i) :E:—(O
=[2=1

Some properties of Gamma function:

G In+l=nln=n!

o]

(i) [n=2z" Ie‘zx X7dx inz>0

, n>0

(e

(z) by first proof

rule

Lo

o0

-0)+1

By definition of Gamma function

IZ = J.e_x. x"dx
0
Replace n by n+1
n+l=|e™. x""dx =|e*. x"dx

|
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Integrating by parts

o] 0 —x

-X
n+l=x"—

0 0

€ -1
—I 2x"dx

n+l= —(x”e’x )O + nJ.ex. x"dx
0

n+1= —(x”e_x ): +nln

Consider

X—>00 e

X
X—>0 e

n-1
. hx
= Lim , (

:LimM

X—>0 e

Up to so on

Lim x_x , {fj form
o0

n(n —1)(11 - 2).....3.2.1.x°

=Lim

X—>0 e

Eq ()=

Now [n+1=nln
ln+1=n(n-1)ln-1
[n+1=n(n-1)(n-2)n-2
[n+1=n(n-1)(n-2)..3.2.11
[n+1=n!

Collected by: Muhammad Saleem !

)

As n+1=n|;
n+l=nn-1+1
n+1=n(n—l)n—1

Upto so on
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Proof: (ii) By the definition of Gamma function

[n= Ie‘x. x"ldx 3 n>0
0

)

Let x=zy
dx=z.dy
y—>0as x =0 , y—>0 as X —> o0
Eq (i) = lzzje_zy.(zy)nl zdy
0

Replace ‘y’ by ‘x’

o0
i -1
IZZ Z”Ie = ox"dx
0

Proof: (iii) By the definition of Gamma function

mzje_x.x”_ldx ; n>0
0

Let leogl
y
.1
= e'=—
y
-
e
dy =—e "dx
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—dy =e "dx
y—>las x—>0
y—>0as x>

= f(logﬂnl (—a)

1

[n= j(logi} _ dy

0

Proof: (iv) By the definition of Gamma function
Ezje‘x. x'dx ; n>0
0

1

Let x= y;
= x'=y
nx""'dx = dy
x"dx = @

n
y—>0as x—>0

Yy —>00 as x — oo

6
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)
Question: Evaluate Ie Ydx
0

Solution: I e dx (i)
0
By the definition of Gamma function

|;=Iex.x”ldx ; n>0
0

Let y=x" = x=.ly
dy =2xdx

dy = 2\/;dx

dy

——=dx

2y
y—=>0as x—>0

Yy —>00 as x — oo

o T T dy
Put in (1) edx =|e’——=
A Y

[e'e} loo —1

Ie‘xz dx = EI e’ y2dy

0 0

o0 0

Ie‘xz dx = %J‘e_y .y;_ldy

0 0

]Oe_xzdx :% 1 o In= Te_x. x"dx
0

0
J‘e—dexzﬁ ...E:\/;
0
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0 5

Question: Evaluate je4xx2dx
0

5

Solution: I e x2dx (i)
0
By the definition of Gamma function

|;=Iex.x”ldx ; n>0
0

y—>0as x—>0

Yy —>00 as x — oo

© é © 5/2d
Put in (i) je‘4xx2dx =je‘y.(lj 4
. ) 4 4
© 5 0 5/2
= d
je‘“xz X =je‘y ys/z 24
) 0 47 4
T ;d _ 1 h -y S/Zd
e x¥dx =—=e’.y" dy
0 4 0
T_4x 2d __J’ -y 7/21d
X e’y ly
0

!e 128( 128‘—
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128 212

0 5
Ie‘“xzdx —L éF cln+ znlg
0

g < > 33 151
256 212 51212

0 5

je“xzdx = ELP

7 512 212
5

Ie“"‘xzdx = 15 \/7
0

O'—.S

1024

Question: Evaluate j\/; e

Solution: _[ Jx eV dx (i)
0
By the definition of Gamma function

mzje_x.x"_]dx ;. n>0
0

Let y=3\/; = Jrx==

-1
lxzdxzﬁ

2d2
A L

y—>0as x—>0

Yy —>0 as x —> o
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Put in (i) j Jx.e NV dx = j%.e‘y 2?yaly
0 0

o]

i -3x 2 )
VXx. dc =—\|e ' vd
! x.e X Y !e ydy

0

i -3Jx 2 -y 3-1 2
Jx e ax = Py ldy =3
.([ Xx.e X = 27.[6 Yy ay =

) 27

I\/;.e_3\/;dx = i 2+1
7 27
I\/;.e3‘/;dx = i25
) 27
Ix/;.e_3ﬁdx :i.l '.'Ezl
) 27

.[x/; e Vg = i
) 27

Beta function:

The Beta function denoted by f (m, n) where m,n > 0 and is defined as

B(m,n)= Ixm_l.(l — x)n_1 dx

Some properties of Beta function:

i p (m, n) = ﬂ(n m) (symmetric property)

(i) B(m.n)= !T ‘j T

(i) B(m,n)=2 (sm@) (cos@)zn_ldﬁ

c!—,[\)\ﬁ —

10
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Important calculus property . I f (x)dx = I f (a — x)dx
0 0

Proof: (i)  L.H.S=p(m,n)

1
=J.x"’_1.(1—x)n_1 dx

0

1 a a
= J‘(l—x)m1.(1—(1—x))n_1 dx jf(x)dx = Jf(a—x)dx

0 0 0

1
=J’(l—x)m_l.(1—1+x)n_l dx

0

1
= .[x”_l (l—x)m_1 dx

0

ﬂ(m,n) =,6’(n,m)
Proof: (ii) By the definition of Beta function
1
B(m,n)= J’xm_l.(l—x)n_1 dx (9
0
1 -1
Let x=— = dx= >dy
l+y (1+y)
l+y 21
X

y—>o as x—>0
y—>0as x—>1

Put all values in (1)

i) (o5
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1+y)m1 1+y 1+y)2
n—1

FE % 1
)= ) d
Pl = (Hy) (+y)

F 1 Y 1
plm,n)= —. —. dy

( ‘([(1+y) 1 (1+y) 1 (1+y)2

Proof: (iii) By definition of Beta function
1
B(m,n)= Ix'"_l.(l — )c)n_1 dc (i)
0

Let x=sin’0 = dx=2sinfcosOdb

d—->0as x—0

0—>%asx—>l

Collected by: Muhammad Saleem 2= Composed by: Muzammil Tanveer




Put these values in (i)

Relation between Beta and Gamma Function:

,B(m,n)z% ;m,n >0

As we know that

ﬂ(m,n)z ;mon>0 _(z)
m-+n
Also Bmn)=2] (sin0f"" (cos0)""d0 __ (i)

From (i) and (i1)

[mln
lm+n

Putin m=1/2 and n = 1/2 in above, we get

=2((sin@)™"" (cos0)"" db

O'—;N‘§

13
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1

1 z
1212 = 2J2‘ (sin (9)2@_1 (cos 6’)2(2}1 do

1 1
7+7
2 2
111 z z
L :
2—22 = 2J‘(sm¢9) .(cos&)l_1 dé =2_[(sin0)o .(cosé’)0 dé
- 0 0
2

Theorem: Prove that ,B(m,n) = ﬂ(m,n + 1) + ﬂ(m + l,n)

Proof: RH.S = ﬂ(m,n +1)+ﬂ(m+1,n)

B %|n+1 N |m+1|;
m+n+l |lm+n+l

Tl il
(m+n)|Tm (m+n)|Tm

%.n@+m%.|;_ %E(n+m)
(m+n)lm+n  (m+n)m+n

14
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,B(m,n+1)+,8(m+l,n): — :,B(m,n) =LH.S
,B(m+1,n) B ﬂ(m,n—lrl) ﬂ(m,n)

Theorem: Prove that = —
m n m+n

Proof: Consider

Bm+Ln) 1 Im+lln 1 mlmln
m _m'm_m'(mﬂfz)lm

ﬂ(m—l—l,n) [mln _ ,B(m,n) —(Z)

m _(m+n)m+n_ m+n

Again consider

B(mn+1) 1 lmln+1 1 [maln
n _n'm_n'(mﬂfz)m

,B(m,n—l—l) [mln B ﬂ(m,n) _(ii)

n _(m+n)m+n_ m+n
From (1) and (i1)

,B(m+l,n) ﬂ(m,rH—l) B ,B(m,n)

m n m+n
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Lecture # 02

Relation between Beta & Gamma function:

i
[m+n

Proof: By the definition of Gamma function

Theorem: Prove that 5(m,n)= cm,n>0

|;=Iex.x”1dx ; n>0
0

o]

Also n=z" e ™. x""'dx :nz>0 (z)

O'—;

-

n

z

S

:Ie‘zx.x”_ldx yn,z>0 (i)
0

Multiplying (i) by e ~ and z"" then integrate with respect to z from 0 — o

IZT e’ z"dz = Te_z. z"! {Z” Te_zx .x”ldx}dz
0

0 0
nlm = J.Ie_z(m). 2" " dxdz
00

By changing the order of the integration

[nlm = J- x"! { je_z(l+x). Zzml dz}dx
0 0
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n—1
dx

m
[mln

Since by the property of Beta function — =f (m, n) proved
m+n

[nlm T ox
_'([(1+

m+n

Duplication formula:

Prove that [m m—i—%: \/;_1% ;m>0

22m
Proof: By the relation between Beta and Gamma function

Bl =12 (i)

Also, by the property of Beta function.

B(m,n)=2[(sin@)"" (cos@)""do ___(ii)

O L 10 | N

Compare (1) and (i1)

= [l (iii)
Imen T

Putn=1/2 = 2n—1=01n (iii)

2

(sin@)™" (cos8)"" dO

O 0 [N

1
. y2m-l 0 %E
(sm@) .(cos@) do =

|
m+—
2

2

O'—;N‘N

2

(sin@)zm_ldﬁz%\/; () "'E:‘/;

1
m+—
2
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%
Put n = m in (i) = 2 j (sin@)™"" (cos8)"" db = b
0 m-+m
V4 2
2 [m
2[(sinGcos0)™" d6 = Q
0 2m

2 2m
z 2
2
-
2231 - ! (sin20)™" do = %

Put20=t = 2d0=dt

t—>0as0—->0

T
t—)7ras6’—>5

T 2m—1 % 2
Now - J(sim) ﬂ:%
w m ’ b b
1 -[(sin6)™" de:(Z—n)i [ £()de=[r(6)do

If(x)dx=2_zf(x)dx i f(2a-x)= f(x)

% . 2m-1 (W)z
S 2_([(s1n49) d@z—%
m T W 2
221 ! I_\/T: (|2m) w by (iv)
m+ —
2

18
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%\/; I_ 1
———=Im |m+—
2 2
Hypergeometric function:
Learning objectives:

(1)  To solve Hypergeometric equation and obtain its solution.
(i1))  Differentiation of Hypergeometric function.

(111) Integral representation of Hypergeometric function.

(iv)  Some applications of Hypergeometric function.

Historical Background of Hypergeometric Function:

The term Hypergeometric function was introduced by John Wallis in his book
1655, which also appear in the work of Euler, Gauss, Riemann and Kummer.
Mellin-Barnes studied their integral representations and some other special
properties, was discuss by Schwarz and Govrsat.

However, the first in depth treatment was executed by Gauss in 1813, where he
presented most of the properties of Hypergeometric functions that we se today.
Hypergeometric function has motivated the development of several domains
such as complex functions, Riemann surfaces, differential equations and so
forth. Here we concentrated on the Hypergeometric function of single variable.

To understand the Hypergeometric function, we must know about the
Pochhammer symbol.

(@) =a(a+1)(a+2)..._(a+n-1)
Where > 0 and ‘n’ is a non-negative integer.

Note: Pochhammer symbol is actually the generalization of factorial.

We can also write the Pochhammer symbol in the form of gamma function

(@), =22
" a

Proof: By the definition of Pochhammer symbol
(@) =a(a+1)(a+2)...(a+n-1)

; a>0,n2>0

19
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_ a(a+1)(a+2)...(a+n-1)
(a-1)(a-2)....3.2.1

(a+n-1)(a+n=-2)..a(a-1)(a-2)...32.1

(a)n - (a—l)!

Note: (), =1 "*(a), ===1

Hypergeometric function of one variable:

Hypergeometric function of one variable can be define as

(@), (8), ¥
zﬂ(a,ﬂa%x):nz_;‘w-;
:1+a_ﬂx+a(a+1).,8(ﬂ+l).x_2+a(a+1)(a+2).ﬂ(ﬂ+1)(ﬂ+2).x_3+m
y 7(7+1) 2! y(r+1)(r+2) 3!
Remark: If o = 1 and B = y the above expression become the geometric
series

1
F(Ly,y;x)=l+x+x"+x" +... =——
l1-x
The Hypergeometric equation is given by

x(l—x)fle+{7—(a+ﬂ+l)x}%—aﬂy:0 _ (@)

This equation was studied in detail by Gauss in connection with this theory of
the Hypergeometric series but it was Euler who had worked with this equation
and its solution at an earlier date. Using Frobenius method we solve this
Hypergeometric differential equation.

20
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Lecture # 03

Hypergeometric equation:

The Hypergeometric equation is given by

x(l—x)cj;{+{y—(a+ﬂ+l)x}%—aﬂy:0 _(9)
x

X

Using Frobenius method, we now solve the Hypergeometric equation.

Eq(i) can be written as

x(l—x)y”+{7/—(0{+ﬂ+1)x}y'—aﬂy20 _ (i)
Also  y"+p(x)y'—0(x)y=0 __ (iii)
Where P(x) </ Z{EAHDX oy b

X)=

x(l — x) x(l 4 x)

We observe that xP(x) and x?Q(x) are both analytic x = 0, implying that x = 0 is
the regular singular point of (ii1).

Therefore, we can apply Frobenius method

Let y:iCm XG0 (iv)

=0

3

y' = iCm (k + m)x'”'"_1

Put all of these value in (ii)
(i) =

(x—x2);Cm(k+m—l)(k+m)xk+’”_2 +{7/—(a+ﬂ+l)x};Cm(k+m)xk+m_l

—aﬂi C, x*"=0
m=0

21
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iCm(k+m—l)(k+m)xk+’H +i€m(k+m—l)(k+m)x“’” +7/§:Cm(/’c+m)x“’”‘1

0

—(a+p+1) ic k+m)x"" —aB> C, x"" =0
m=0

m m
m=0

Zcm(k+m—1+7)(k+m) o _Zcm{(k+m—l)(k+m) (o B1) (he+m) + 048} o

_ ™
Now(k+m)(k+m—1)+(a+B+1)(k+m) +048:(k+m)2 —(k+m)+ a+f+1)(k+m)+of

:(k+m)2+(k+m)(a+ﬂ+1—1)+aﬂ

:(k+m)2 +(k+m)(a+p)+ap
:(k+m)2+a(k+m)+ﬂ(k+m)+aﬂ
=(k+m)(k+m+a)+pB(k+m+a)
=(k+m+a)(k+m+f)

Put in (v)

S'C, (k- m)(k+m—1+)x -3 C, { (k+m+a)(k+m+B)} P =0 _(vi)

m=0 m=0

Now we equate to zero the coefficient of the smallest power of x, namely x*! to
get the indicial equation as

C, k(k+y—-1)=0 -rwhenwe putm=0in(vi)
C,#0, k(k+y-1)=0
k=0 & (k+y-1)=0
k=1-y

We equate to zero the coefficients of x*"™! (for the recurrence relation)

22
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C,(k+m)(k+m—1+y)-C, {(k+m-1+a)(k+m—-1+ )} =0

Cm(k+m)(k+m—1+;/)=Cm_l{(k+m—1+a)(k+m—l+ﬂ)}

_ (i)

(k+m-1+a)(k+m-1+p)

" (k+m)(k+m—1+y) "l

Case-I: For k =0 and substituting m=1,2,3.4,...

_af.

m=1 C 0
4

- (a+1).(p+1)
m=2 , = 2(7/+1) .C

¢ (DA ap .

g 2(y+1) y
i a(a+1).p(S+1) G
? y(y+1) 2!

- (a+2).(p+2)

m=3 3= 3(7/+2) .C

(a+2).(B+2) a(a+1).8(L+]1) G,
3(y+2) y(y+1) 2

_a(a+1)(a+2).B(S+1)(S+2) G,

’ y(y+1)(y+2) -3

C, =

Put the values of these coefficient in (iv)
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y=Cx"+Cx' +Cx* +.......

y:CO+aﬂcox+a(a+l),8(,8+l).§x2+a(a+1)(a+2),8(,8+1)(,8+2).§ X
y y(r+1) 2 Yy +1)(r+2) 3

v=c |19 x+a(a+l)ﬂ(ﬂ+l) x_2+a(a+l)(a+2)ﬂ(ﬂ+l)(ﬂ+2) X,
Ny yy+) 2! Hy+1)(r+2) 3

If we put Cy= 1, the series obtained is called Hypergeometric series and is
denoted by F(a,,B, }/;x)

Case-II: Fork = 1—y
o (vif) = Cm:(1—7/+m—1+0¢)(1—7/+m—1+,8)Cm_1
(1—7/+m)(1—7/+m—1+)/)
Let ad'=a+1-y , ' =p+1-y
(' +m=-1)(p'+m-1)
B (1+1—7+m—1)m

m m—1

Let y'=2—y
o +m—1)(ﬂ +m—1)C

m—1

Zal

m

(7' +m—1)m
a'p’

m=1, C=-t-c,
4

a’+1)(ﬂ’+1)c
2(y'+1)
c :(a’+1)(,8’+1).a’ﬂ’co

2 2(7'+1) y'

a'(a'+1) (B +1) G,
Yy +1) 2!

m=2 C2=(

C,=

24
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3 Z(a’+2),8'(,[)"+2)c
» 3(y'+2) B
(&'+2)B' (B +2) o'(a'+1) (B +1) G,
3('+2) Y(y+1) 2
:a’(a’+1)(a’+2).ﬂ’(ﬂ’+1)(ﬂ’+2) G,
’ Y7 +1)(y +2) 3!

C, =

Put the values of these coefficients in (iv)
(iv). = vy 4%y 3 K e vk=1-y
m=0 m=0

y=Cx' 7 +Cx 7T+ Cx' T+

y=x" [Co +Cx+Cx° +....... ]

| dB d(d+)B(B+]) G (0/+1)(0{+2),6’(,6’+1)(ﬂ+2)5 N
{q} 7/(; (7 +) 2vx2' (7 +)(7+2) '3!x3 }

ol 1P a’(a'+l)ﬂ(ﬂ+l)i Ia’(a'+1)(a’+2).ﬂ(ﬂ+l)(ﬂ+2) £+

G {1' Yo ) 2 Y7 +)(7+2) 3 }

If we put Cy = 1 the series obtained is called Hypergeometric series and is

denoted by F (a LB, }/';x). Hence the Hypergeometric equation is
y=AF(a,B,y;x)+BF (a',B.7";x)
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Lecture # 04
Symmetric Property of Hypergeometric Function:

Theorem: Prove that F(a, B,y;x)=F(fS,a,y;x)

Proof: As we know that

(a,B.7;x nz:; 0!2;/(),3) -

F(a,B.y:x)=F(B.a.,7:x)
Differentiation of Hypergeometric function:

Theorem: Prove that
d
) d—F(a,,B,y;x) :—a’BF(a+1,,B+1,7/+l;x)
X y

(11) %F(Q,ﬂ,y;x):a(a+l)ﬂ(ﬂ+l)

F(a+2,0+2,y+2;x)

7/(7/+1)
(iii) jx—ZF(a,,b’,y;x):a(a+l)(a+2)’8(ﬂ+l)(’8+2)F(a+3,,b’+3,y+3;x)

7/(7/+l)(7/+2)

“_FAapfyx)= o a+1)(a+2)..{ a+n-1) B f+1)( f+2).. f+n-])

Ar+)(y+2)... y+n-]) Flatn f+ny+mx)

= ”F(a+n,ﬂ+n,]/+n;x)

26
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Proof:(i) As we know that F(a,ﬂ,j/;x) = i (az” ()'B)” x_”'
=0 V), n:

afx ala+])p(B+1) x¥* a(a+l)(a+2).8(f+1)(L+2) X’

— 4+ — 1+ —+...
y 1 y(7+1) 2! y(r+1)(r+2) 3!

Diff. w.r.t x’

o ol a+1).0f+]) 2 ol a+1)(a+2).5( f+1)(f+2) 3
y Hr+l) 2 Ar+1)(r+2) 321

%{H(aﬂ)(ﬂﬂ)x+(a+l)(a+2)(ﬂ+l)(ﬂ+2) i +} (o
y (7+1) (7+1)(7+2) 21 T

=1+

%F(a,ﬂ,yf,x):OI

%F(q/i’,y,x) =%F(a+l,ﬁ+l,7/+l;x)

(if) Again Diff. eq (i) w.r.t ‘x’

d 0 B _ap (a+1)(ﬂ+1)+(a+1)(0:+2)(ﬂ+1)(,6+2) 2
o Flap.rx) 7{ o) i)z }

& M :a(a+1)ﬂ(ﬂ+1) +<a+2)(ﬂ+2)x+
o F(af.r) 1 {1 PO }

d o B :a(a+1),[)’(ﬂ+1)
Flap.r) y(7+1)

Similarly, in the same way we get the following results

LA _a(a+1)(a+2)B(B+1)(B+2)
g0 T\ L) o))

Fa+2,5+2,y+2x)

F(a+3,8+3,y+3x)

d' o _(a),(8),
ﬁF(a,ﬂ,y,x)— o) F

(a+n,f+ny+n;x)
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Integral representation of Hypergeometric function:

Theorem: Prove that F(a, f3,7;x) = v J.t/“ (1- t)yﬁl(l —xt) " dt

[Ar-p1

Proof: By the definition of Hypergeometric function

F(aﬂ7X)=g(az;()ﬂ) %
_ < L+n |; X" _la+n
Plaprin)=3e) L ), =5

x—' " Multiplying and divideby |y —

a,,7;x) l— t/“ tyﬂl a () ¢

F(af,7:x) lﬁlLﬂ jtﬂ ey (1= xt) “dr g(a)n.();t!)n —(1-x1) "
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Gauss Theorem:

rly-p-a
y—a ly-p

Prove that F(Ot,ﬂ,}/, s y>a+ >0

Proof: By the integral representation of Hypergeometric function

F(a,B,y;x)=

1
jﬁ”lt”“lxt) dt
0

1
(=0 (1=0) “ de

Putx =1 (aﬂj/,

0

Fla l_ P (1=1) 7 d
B.7) = =1 j (1) d

F(a,p,r1)= ml——ﬂ B(By—a—p) . B(mn)= _l[tm‘l(l—t)”ldt

0

o y__ply-a-p . " [mln
NG e T

ly lr-p-a

F(a,By1)=
ly—a ly-p
Vandermonde’s Theorem:
(»-AB),

Prove that F(—n,ﬂ, 7/;1) =

(7),

Proof: By the Gauss theorem

|—7/ﬂa _(l)

F(a,B,y:1)=
ly—aly-p
Put o = -nin (i) F(—n,ﬂ,}/;) E::; |f+;
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F(—n,ﬂ,y;l): |7/ “(7_,B+n—1)+1

‘(}/+n—1)+1 W
Flon gyl 7= Ben Wy —pen-t o pom o
(7/+n—1)|7/+n—1 |7/—,B
:E/ .(7—,B+n—1)(7—,8+n—2)(7—,B+n—3)....(7—ﬂ+2)(7—ﬂ+l)(7—ﬂ)w
(7/+n—l)(7/+n—2)(7/+n—3)....(7/+2)(7/+1)7E/H

(a=PB)(r—B+1)..(y—p+n-1)
Py +1)(r+2)...(y+n-1)

(¥-AB),
(7),

Question: Show that F(1,1,1;x)=F(1,b,b;x)=F(a,l,a;x)= %
—Xx

F(-n,B,7;1)=

Solution: By the definition of Hypergeometric function

o (a),(8), x"

F(a,ﬂ,y;x)znz_(; ) —
L ape alar)p(p) ¢ |
F(a,B.y;x)=1+ » 1!+ Py .2!+... ()

Puta=B=y=1 in (i)
2
££+1(1+1).1(1+1) x_+

F(LLLx)=1 .
(LLEx) T 1(1+1) 2!

F(LLLx)=1+x+x"+x"+... (i)
Puta=1, B=b,y=b in (i)

Lbx 1(1+1).b(b+1) x*
b1l b(b+1) 2!

F(Lb,b;x) =1+
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2

F(1b,b;x) X424
2!
F(l,b,b;x) =l+x+x"+x... _(iii)

Puta=a, B=1,y=a in(1)

a,lf a(a+1).1(1+1) x_2

Flalax)=1 )
(o ,a,x) " a 1!+ a(a+1) 2!+

2
F(a,l,a;x) X 2.
2!

F(a,l,a;x) =l+x+x"+x... _(iv)

Also

TE =1+x+x +x... _(v)

From (ii),(ii1),(iv) and (v)

F(LLLx)=F(Lbb;x)=F(a,la;x) ZIL
—X

Question: Show that F(—-n,LL;—x)=(1+x)"

Solution: By the definition of Hypergeometric function

F(a,B.,y;x)= g%z—t

a,ﬂ£+a(a+l).ﬂ(ﬂ+l) x_2+
y 1 y(y+1) 20
Puta=-n,B=1, y=1,x=-x in(1)

(n) 1 (=) (n){(-m)+1)1(1+) (=)

11 1(1+1) 2

n(n-1) ,

F(a,B.y;x)=1+

F(-n,LL-x)=1+ +...

F(-n,LL—x)=1+nx+

X+ _(z)
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Also (1+x)” =1+nx+

"("2'_1))8 T ()
From (i) and (i)

F(-nLL-x)=(1+x)"

In(1+x)

Question: Show that F(l,l, 2;—x) —
X

Solution: By the definition of Hypergeometric function

F(a,B.y;:x)= g% ):‘

apfx ala+l)f(f+1) ¥’
~+ et
y 1 )/(7/+1) 2!

Puta=1,p=1, y=2,x=—x

F(a,B,y:x)=1+

2
P12 x) =14 2 () DO (2
2 2(2+1) 2!
2
LIS 2
2 32!
F(1,1,2 x)=1—f+x—2—x—3 (i)
=
2 3 4
h1(1+x):x——+x——x—+
3 4
2 3
1n(1+x):1_£ XX _(ii)
X 2 3 4
From (i) and (ii)
F(1,1,2;—x)=—1n(1+x)
X
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I i
Question: Show that F| — l é ol Bl
2272 :

Solution: By the definition of Hypergeometric function

& (), (8),

Fla,p,y;x)= :
(@:87:%) Z (), n
g, aBx ala+]).f(B+1) ¥
F(a,B.y;x)=1+ » 1!+ ) o

Puto= B=1/2, y=3/2,x=x%>

11 l(lﬂj.l(
2 2 2\ 2 2
1

Now In~ —t———+
23 245
- -1 2
X Xy L3 X (i)
X 23 245
From (1) and (i1)

i Zj B sin”' x
2’ X

~
7~ N\
N | —
0o | —
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. 1.3 tan™!
Question: Show that F (—,1,—;—)52)— an_x
X

Solution: By the definition of Hypergeometric function

F(a.p.y:x) :iM£

n=0 (7);1 n'
N B x a(a+1).ﬂ(ﬂ+l)x_2
Flanfyix) =1+ T y(y+1) P

Puta=1/2,p=1, y=32,x=—x

1 (1
F(l,l,é;—xzj:1+2—.1.(—x2)+ 2(2-’_1)1(14_1) (_xz)z
3
2

. +...
3(3 2!
—| < +1
2\ 2

13 5
1,3 ¢ 27
Flog 2 |=1-2 422 2
( sy 9 xj 3 Eé 2+
272
2 4
e i
. x©ox X
Now tan x=x——+———
3 5 7
tan~' x ¥ oxt xS
N = —? ?—7 (11)
From (1) and (i1)

-1
F(l)l,é;_x}j _ tan " x
2 2 X
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Question: Show that F' 1,1,3, — 11 1+x
2 2 2x \—x

Solution: By the definition of Hypergeometric function

F(O‘aﬂ,ﬂ/;x):im_ﬁ

n=0 (7/)n n!
F(Olﬂ]/'x):1+a'ﬂf_i_a(a—'_l)'ﬂ(ﬂ"‘l) x_z
o y 1 y(r+1) 2!

Puta=12,Bp=1, y=312,x=x>

1.3 +11 ) 1(1 jl(lﬂ)(x)

F| = 1L,2—x" |=1+2—
29E E 3£3
2 2\2

1 3

L] <
Flli2e]-14X 22 .x—+...

2 2 3 éé 2
272
2 4 6
F(l,l,z', j I+ T ()

2 2 3 5 7 -

Now by Taylor series

2

1) = 1(0)+ 3 (0)+ 2 1 (027 (0) .. (i

f(x )_h{”xj In(1+x)~In(1—x)

1—x

0 LN

I+x 1—-x

fM(x)=—(1 +x)_2 +(1 —x)_2
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f(x)=2(1+x)" +2(1-x)"

Now atx =0

Put in (i)

From (i) and (iii)

GETEES R
22 2x \l-x
Question: Show that Lim F (l,n,l;fj =e"

Nn—»0 n

Solution: By the definition of Hypergeometric function

F(a,pB.y:x) :2M£

= (r), n
L afx a(a+1).ﬂ(ﬂ+l)x_2
F(a,B,y:x)=1+ » 1!+ ) .2!+...

Puta=1,B=n, y=1,x=x/n
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+...

2
3
F(Ln’l;szul.n £+1(1+1).n(n+1) (n
n

1 n 1(1+1) 2!

2
F(I,n,l;szux{"_“jh ......
n n 2!

2
LimF(l,n,l;fj = Lim 1+x+("—+1)x—+ ......
N—>00 n N—>0 n 2'

2 3
LimF| Ln > |=1+x+—+2 .. ()
n— n 21 3!
xZ 3
Now e =l+x+—+—+.. (i)
2! 3l
From (1) and (i1)

LimF (l,n,l;zj =e"
n

n—»0

ﬂ—a+1.§+l

Exercise: Provethat ~ F(a,f,—-a+1,—1)=

p+1 b_ a+1
2
Proof: By the integral representation of Hypergeometric function

s jtﬂ‘l(l—t)”’ N (1—xt) “dr

Hlabrs) = =5

Put y=p-a+1 , x=-1

pa+l jz"“(l—t)ﬂﬂ”ﬂl(l—(—l)z)_adt

F(a,ﬁ,ﬂ—aﬂ;—l):mm

Fau B, f—a+1—1) = ﬂlﬁ_lgj

37
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F(a,p,f—a+1-1)=

p-a
e

F(a,p,f—a+1-1)= Iﬂ_

j (1=1)(1+1)) “at
a+l | re
— !t (1-1

Put =u = t=u

2tdt =

du  du

du = dt=—=—+

2 2u

u—>0 at t -0

u—1 at t -1

F(a,p.f-a+1;-1)=
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-
F(a,p,f—a+1;-1)= p-a+l 212

'Bm .'B+1—a
2

. Multiplying and divideby [

|7a+ +1

F(a,p.B—a+1-1)= Vs ‘ﬂ

+]l-«

Hence proved.
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Lecture # 05

Pochhammer symbol:

The Pochhammer symbol is defined as

(a) =a(a+1)(a+2)..(a+n-1) ;n=123..

Deductions:
Puta=1

(1), =1.2.3.....n=n!
Putn=nt1= (a) =a(a+1)(a+2)...(a+n)
(a) =a(a+1)(a+2)...(a+n+1-1)
L=a{(a+1)(a+2)...(a+1+(n-1))]
(@), =ala+l), (i)
(a+n)(a) =a(a+1)(a+2)...(a+n-1)(a+n)
(a+n)(@),=(@),, __(i)
Compare (2) and 3) = a(a+1) =(a+n)(a)

Question: Show that

(a=B)F(a.Boy;x)=aF (a+1,p,y;x)~ BF(a. f+17;x)
Solution: Taking RH.S = aF (a+1,8,y;x)— BF (a, f+1,7;x)

By the definition of Hypergeometric function

aF (a+1,B,y;x)—- F(a, f+1,y;x) = (7). n TS ()

(7/),1 /1 R— (7/);1 “n!

‘a(a+l) =(a+n)(a)

40
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aF(a+hfysa) - pF(af 1) = ng(;)( AL nwo(a)”<fy+>n)(ﬂ 2

af(a+1.B.yx) - fF(a.f+1y.x) = g( ();l/gﬂ)n ):u

aF (a+1B,y;x)-BF(a,f+Ly;x)=(a-B)F(a,pB.7;x)

Confluent Hypergeometric Differential Equation:

{a+n p— }

The 2" order homogeneous linear differential equation
xy" + (7/ —x)y'—ay=0 where a & yareconstants

is called the Confluent Hypergeometric differential equation. The solution of
this equation is called Confluent Hypergeometric function.

Solution of Confluent Hypergeometric function:

We shall solve the Confluent Hypergeometric differential equation

xy" + (7/ — x)y' -ay=0 (l) by Frobenius method.

Let y=Y ax"”’ (2) 5a,#0

V= Ya (ke A5 (3)

) :iak(k—l— B)k+A-1)x"2  (4)

Put the values of (2) , (3) & (4) in (1)

Y, (k+ B)(k+B-1)2"2 4 (r-2)Y ap (k+ B)x"" ~aY a6 =0

k=0

iak (k+B)(k+p-1)x"""+ 7iak (k+p)x"" —iak (k+B)x"" - aiakx’”/’ )
k=0 pary — <
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o0 o0

DA(k+B)(k+p-1)+y(k+B)jax""" = {(k+p)+a}ax"" =0

k=0 k=0

Shifting index ‘k’ by ‘k—1" in the second term of the above equation.

o0

=X :ZO{(m B)(k+p-1)+y(k+B)jax""" = {(k-1+B)+a}a,_x"" =0

k=0

o0

{(k+B)(k+B-1)+y(k+B)}ax"" =D {(k-1+B)+a}a,_x""" =0

k=0

NgE

k

Il
(=)

i[{kw )(k+B-1)+y(k+p)}a,~{(k-1+p)+a}a,, ]x’“/“:o (3

k=0

The coefficient of the lowest degree x is obtained by k = 0 in Eq (5)
(B(B-1)+1B)a,+0=0
(B(B-1)+1BYa,=0 ___(Indicial equation)
B(B-1)+1B}=0 , ~a %0
= =0 and f=1-y

Recurrence relation of Confluent Hypergeometric function:

k+p-1 -

Equating zero to the coefficients of x in equation (5)

{(k+B)(k+p-1)+y(k+B)ja,—{(k—1+B)+a}a, =0
{(k+B)(k+p-1)+y(k+B)}a, ={(k—1+B)+ala,,
{(k=1+p)+a}a,,

= (6
¢ {(k+B)(k+p-1)+y(k+p) (©)
Case-I: For B = 0 equation (6) becomes

{(k—l)+05}ak_1

a, =

(K)(k=1)+7(k)

Fork =1 a, :(O+—a).ao = q =g.a0
/4 /4
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Fork=2, a, = :
2.1+2y
a+l «a a(a+1) q,
a, = —.q, = a, = =
2(y+1) » y(y+1) 2!
Fork=3, a, = (2+a .a,
32+3y

(2+a) a(a+]) q,

73253 () 2
a(a+1)(a+2) q,
a, = —
(7/+1)(7/+2) 3!
Similarly, X (a+1)(a+2)(a+3)

y(r+D)(r+2)(y+3) 4

=a,{1+— x+a(a+l) x_2+a(a+1)
y_ao{l (r+1) 20 Ay +)(r+2) 3!
y_%g% =AFlay ) _(7) wd=a
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If we put ap = 0 the above series is called Confluent Hypergeometric function.

Case-I1
{(k +B-1)+ a}

F =1- tion (6) b = .
or B vy equation (6) becomes a, {(k+ﬂ)(k+ﬂ—1)+7/(k+ﬂ)} a,,
{k+1—7/—1+a}
a = .a
k {(k+1—}/)(k+1—7/—1)+7/(k+1—7/)} i1
Y= (k—y+a) .
¢ {(k+1—7/)(k—7)+7(k+1—7/)} -
. (k-y+a) .
"_(k+1—y)(k)' -
Fork=1 alzw-ao
—7
Fork =2 aZ:Z—}/+a‘a1:2—7/+a.1—7/+a.@
2(3—7/) 3—y 2—y 2!
(I-y+a)(2-y+a) aq,
a, = o
277 2
Fork =3 a _3-rta &:(3—7+a) (I-y+a)(2-y+a) ay
P34-y) 20 4-y T (2-9)(3-y) 3

(I-y+a)2-y+a)(3-r+a) a,
(2-7)(3-7)(4-7) 3

Cl3:

For f=1-y in equation (ii)) = y= Zakxk”_r

k=0

Put the above values

(1—]/+a) i(1—7/+a)(2—7/+ )ao L(1—7/+0{)(2—}/+a)(3—7/+ )ao

y=x"| a,+ XA =2+ =X+

2—y (2-7)(3-y) 2 (2-7)(3-7)(4-7) 3!
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[ 1+(1—;/+05)x+(1—]/+0{)(2—;/+a).x_z+(1—7/+05)(2—7/+0:)(3—;/+05)'i3
T 2 (2-71)G3-7) 2 )B4y 3

" 1—7/+C¥) X"
:xll ( n =
> (2-7),

y:B.xl_yF(l—}/Jra,Z—)/ ;x) (viii)

If we put ap = 0 the above series is called Confluent Hypergeometric function
from (vii) and (viii) y = AF (a,y ;x)+B.xF(l—y+a,2—y ;x) isthe

general solution of Confluent Hypergeometric differential equation.
Differentiation of Confluent Hypergeometric function:

Theorem: Prove that
d 14
i —Fla,y;x)=—F(a+1Ly+1;x
O G Flarx)="Fla+ly+ix)

d’ a(a+1)
3} arain
W (.7:x) y(y+1)

d’ o a),
av (577 (7),

Proof:(i) As we know that F a,y;x Z

F(a+2,y+2x)

In general, F((Z+n,7/+n;x)

AN a(a+1) x +a(a+1)(a+2) x_3+
y 1 y(y+1) 20 y(r+D)(p+2) 3t 7
Diff. w.r.t °x’
2
iF(a,y; )= O+a+a(a+1) 2x+a(a+1)(a+2). 3x
dx y r(y+1) 2 y(r+1)(r+2) 321
2
iF(oc,)/;x)—g +(a+l)x+(a+l)(a+2).x +..|_ (i)
dx ¥ (7/+1) (7+1)(7/+2) 2.1
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%F(a,yf,x) :%F(aﬂ,y/—lrl;x)

(ii) Again Diff. eq (i) w.r.t ‘x’

2
d—zF(a,y;x)—— (a+1)+(a+l)(a+2)-2+m
dx (]/+1) (7/+1)(]/+2) 1
2
d—zF(a,)/;x)—a(a+1){l+(a+2).x+..1
7/(7/+1) (7/+2)
2 a(a+1)
—F(a,y;x)= Fla+2,y+2;x
(@)= )
Similarly, in the same way we get the following results
d a(a+1)(a+2)
—Fla,y;x)= Fla+3,7+3;x
&’ ( ) y(r+1)(y+2) ( )
d ()
-F(a,y,x)=—=Fla+n,y+n;x

Integral representation of Confluent Hypergeometric function:

Theorem: Prove that

F(a,y;x) J.t‘“l —t) " e'dt where y>a>0

Proof: By the definition of Confluent Hypergeometric function

F(a,y;x)= i (), .xn

= (7), n!
a,y ;x =2 |L (a)ﬁ@
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) EEER

Natnly-a &

F(ap;x) o EZO: Cor - - Multiplying and divideby |y —a
_Ir A _ Imln
F(a,y;x)= ]/—CX.IE;B(a—i_n’}/ a).n! . ,B(m,n)—lm

F(a,y;x)= |7/7|; l_no[-"taml - t)}/aldt:| n”'

2o B(mn) = [ (1-2)" dt

X .X2 X3
e =l
I 20 31
o0 n
X
= e =
n:On!

= e =
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Kummer’s Relation:
Theorem: Prove that F(ct,y;x)=€¢"F(y—a,y ;)

Proof: By the integral representation of Confluent Hypergeometric function

1
F(a,y;x)= L It“‘l (1- 1,‘)7_0’_1 e dt
0

ly—a.la

Replace a by a—y & x by —x

1
v et (1= 7 e

F —a,),— =7 T
(r-ar x)|7—y+a¢7—ao

1
F(y—a,y;—x)= _lr jt”“l (1-1)"" e™dt

la.ly—as

Letu=1-t =t=1-u & du=-dt

u—>last—>0 &u—->0ast—>1

(=)™ ()" ) (—du)

F(}/_a,y;—X):

<
— — O

R
&

|
N

F(y-a,y;—x)= I_L I(l — u)Hl_1 (u)a_1 e e™du

48

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




Lecture # 06

Application of Confluent Hypergeometric function:
Question: Prove that ¢* = F (o, a5 x)

Solution: RH.S = F(a,a;x)

By the definition of Confluent Hypergeometric function

F(a,a;x)=¢"=LHS
Question: Prove that e® —1 = xF(1,2;x)
Solution: R.H.S = xF(1,2;x)

By the definition of Confluent Hypergeometric function

= (7), n!
xF(l,Z;x) = X:ZO(;))H )}C,l’:
xF(1,2:%) =x§(; (n’fl)!.’;_: (@), = (1), = (2), = (+1):
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2 31 41
7 ¥ X x
X (l,2;x):x+5+§ m _(1)
LHS=¢"-1
2 .3
ex=1+x+—+§
2 3
e — =x+—!+§+ (zz)
From (i) and (ii)

e —1= xF(l,Z;x)

x
Question: Prove that (1 + —] e =F(a+la;x)
o

Solution: L.H.S = (1 + 1) e’

a
2 3
X X
= 14+— || l+x+—+—
a 2! !
2 x3 2 x3
=l+x+—+—+..+—+—+ +...
'3 a o a2

X x2 x2 x3 x3
=l+|x+—|+| —+— |+]| —+ +
o 2!« 31 a2l
2 3
1+2 et =1+ 1+i X+ 1+3 " 1+é B
o o a)?2! a ) 3!
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RH.S= F(a +1,a;x)

By the definition of Confluent Hypergeometric function

2 3
F(a+1,a;x) :1+(1+ijx+(1+£j%+(l+éj%+...
a a ) 2! a ) 3!

= LHS=R.H.S
Hermite Function:
Hermite’s Equation:
d’y  dy
—2x—+2ny=0 [
dx’ dx 4 ( )

The solution of equation (i) is known as Hermite’s Polynomial.

Solution of Hermite’s equation:

We shall solve the equation

d’y . dy
—2x—=—+2ny=0 I
dx? dx Y —( )

by Frobenius method.
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k=0
Here a ,=a,=...=a =0
yr — Zak (m + k)xm+k—l
k=0

y'= Zak (m+k)(m+k—1)x"">

k=0

Put all these values in (i)

iak (m+k)(m+k-1)x""2 - 2xiak (m+k)x""" + 2niakxm+k =0
k=0 k=0

k=0

o]

Zak (m+k)(m+k—1)x""2 - 2§:ak (m+k)x""* + 2niakxm+k =0
k=0

k=0 k=0
iak (m+k)(m+k—1)x"" —2iak (m+k—n)x"" =0 __ (iii)
k=0 k=0

To get the lowest degree term X"

We put k = 0 in the first summation of (iii) and we cannot have X" form in

the second summation. Since k # —2. So, the coefficient of X" s
a,.m(m—1)=0
a,#0,m=0,m-1=0
m=0,m=1
This is the indicial equation.

Now equating the coefficient of next lowest degree term " to zero in (ii1) we

get by putting k = 1 in the first summation and we cannot have x"" from the
second summation, since k # —1.

a,(m+1).m=0
= g, may or may not be zero when m =0 and a; =0 whenm = 1.
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Recurrence relation of Hermite equation:

In equation (iii) replace k by k—2 in the second summation

iak (m+k)(m+k—1)x"" —2Z.o:ak_2 (m+k-2-n)x""? =0

k=0 k=2

= idk(m+k)(m+k_l)xm+k—2 —Ziak_z(m+k_2_n)xm+k—2 —0

k=0 k=0
Equate to zero the coefficient of X" in (iv)
= a,(m+k)(m+k-1)-2a,_,(m+k-2-n)=0
= ak(m+k)(m+k—l):2ak_2(m+k—2—n)

(v)

2(m+k—2—n) )
(m+k)(m+k-1) i

= a, =

Case-I: Whenm=0

Equation (v) =

Fork =2 a = 22((_1';) ay = (_22)'1 L4,
O TR et
G
Fork =4 a, =2(j—;").a2 = (_2)452_2).(_;)".%
) Z(!"—2) .
Fork=5 o220, P 2,

Collected by: Muhammad Saleem >
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_(iv)




5' .Cll
Fork 6 C24mn) (D=4 (D n(n-2)
© 65 65 41 0
; :(—Z)Sn(n—2)(n—4) ;
° 6! o
For k = 7 L _25-n) _(2)(n=9) (2) (n=1)(n-3)
o767 76 51 i
(2 ()(-3)(n-3)
! 7! .

Similarly, in general

g (=2) n(n-2)(n —4)...(n —(2r—2))

a (2r), %
. :(—2)r(n—l)(n—3)...(n—(2r—1)) .
2r+l (2]"+1)' |

With the help of these values equation (i1) becomes when m = 0

y={ao +(_22)!(n)%x2+(_2)2£7_ )a0x4+...}+{q)c+(_2)(3’.q_ )alf +(_2)2(n_ Jin- )alxs +o }

y:%{l | (_22)'(’1))3 :(_2)1(‘;1_ )x4+...}+al{x : (_2)(:_ )x3 }(—2)2(;1— Jin- )x5+ }_(vi)
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Case-II: Whenm =1
2(1+k—2—n)

* = .ak_2
(1+k)(1+k-1)

Equation (v) - a

I Ul ell) DO

(1+k)k
Fork =2 a :2(1—n)a :(—2)(11—1)
23 7 3

Fork =3 g 261 - (2)(2-n) 2A(2)(n-2)
o343 1 43 7h 4321

2A2)(n-2)

41

Fork=4 a4zw_a :(2)(3_’1)-(_2)("_1)

%= 6.5.41 & 6! i
Fork=6 L _2(6-1-n) _(2)(5-n) (22) (n-1)(n-3)
¢ 6.7 ? 76 51 0
(=52 (n=1)(n=3) _(2) (n=1)(n=3)(n-5)
° 7.6.5! o 7
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Similarly, in general for even

(—2)" (n —1)(n —3)(n —5)...(n —(2r—1))

(2r+1)! “

2}’:

For odd

2(-2) (n—2)(n—4)(n—6)..(n-2r)

(2r+2)! “

Ay =

With the help of these values equation (ii) becomes when m = 1

o0
1+k
y=3ax

k=0

J’={a0x+%aox3+(_2)2(n_1)(n_3) s }

a.x +....
51 0

ax’ +
6!

+{a o AD(n-2) L 22 (n=2)(n-4) }
: 41 :

X
5!

y:ao{x+<—2>g;—l>xz+<—2>2<n—1><n—3> }
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Lecture # 07

Generating function of Hermite polynomials:

2 2
Consider e"z.a—.e{tfx) =H, (x)+H

= )+ H (2) 2+ Hop (1) o (i)

(-

Now differentiating e w.r.t ‘t’

O = _ A= s N (1
—et = {2(t-x) (1-0)}
%.e_(t_x)z = —2(t - x) e

Taking limit t — 0 on both side

Limé Sy by R {_Z(t —Xx ) et }

-0 Of =0
0 _x)? —x? ..
Li}gia—.e{t S = 2xe™ _(zz)
-0 Of
2
Again differentiating e wrtx

0 —(t-x)* t—x)*
a.e( s ){—2(t—x).(1—0)}

0

5.6_(t_x)2 = 2(t — x) e

Taking limit t — 0 on both side

Limi e = Lim { z(t —X ) et }

-0 Ox 0
Limg.e_(’_x)2 =2xe ™ (i)
t—0 ax
Compare (ii) and (iii)
0 (1) .0 (i
Lim—.¢e ™) :(—I)le—.e (=)
=0 8t t—0 ax

57

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




Similarly,

o —(t—x) _(_ 2 . v —(t—x)
l;ilg’l ¥ e ( 1) tl;f)m - e
0 s 0 ey
l;ilg’ly.e =(—1) tl;f)m?.e
Lim i e =(—1)n Lim n Pl
t—0 8l‘n =50 xn
Lin S (L ()
eq(i)= & j;n ST Sl ()4 (x) i+ H, (x) £ .

Putt=01n (1)

Lime" Pl e =H (x)
t—0 ot"
e 00 e
e l;ilg/l P € =H, (x) (v)

Put (iv) in (v)

2 aod" 2
e (—1) X e :Hn(x)

" ;:n et (vi )

Putn=01n (vi)

= H,(x)= e (-1)

Hy(x)=e" e = e =6 =1
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= H, (x): 1
is the zero-degree Hermite Polynomial.

Putn=1 1in (vi)

= H (x)= e (—1).%.6”“2 =—¢" e (—2x)
= H, (x)= (—2x)
is the first degree Hermite polynomial.

Putn =2 in (vi)

x? d —xz_ x? —x? —x?
= Hz(x)ze E.e =e [—Z{e + xe (—2x)}}

= H,(x)= e e" +4xle T e"
= H, (x): 2 +4x°
= H,(x)=4x"-2
is the second degree Hermite polynomial put n = 3 in (vi)
4

= Hy(x)=e (<1) g = | 2o (20)=2fe T 2re e (2))
dx

= H,(x)= e [—er_xz +4x’e™ - 4xe‘x2]
= H,(x)= —4xe" & +8x%¢ e —8xe e
= H,(x)=-4x+ 8x” —8x

= H,(x)=8x"—-12x

is called third degree Hermite polynomial.
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Similarly,
H, (x)= 16x* —48x% +12
H,(x)=32x"—160x" +120x
H(x)= 64x° —480x" +720x> —120

H,(x)=128x" —1344x” +3360x° —1680x

Question: Convert Hermite Polynomial into ordinary polynomial.
2H,(x)+3H,(x)-H,(x)+5H,(x)+6H,(x)

Solution: Given that
2H,(x)+3H,(x)—H,(x)+5H,(x)+6H,(x)
=2(16x" —48x” +12)+3(8x" —12x) - (4x” = 2)+5(2x) +6(1)
=32x" =96x" +24+24x" —36x—4x" +2+10x+6
=32x* +24x° —100x” —26x + 32

Question: Convert ordinary polynomial into Hermite Polynomial.

64x* +8x° —32x* +40x +10

Solution: Given that
64x* +8x° —32x” +40x+10
64x" +8x” —32x" +40x+10=4H, (x)+BH,(x)+CH, (x)+DH, (x)+ EH,(x) __ (i)
= A(16x* —48x” +12)+ B(8x" —12x) - C(4x* —2)+ D(2x) + E(1)
Compare the respective coefficients
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Comparing x*
64=16A = A=4
Comparing x>
8§=8B = B=1
Comparing x>
—32 =—48A+4C
— —48(4) + 4C = —192+4C
=4C=192-32=160
— C =40
Comparing X
40 =-12B+2D
40 = —12(1)+2D
= 2D =40+12 =52
=D=26
Comparing x°
10=12A-2C+E
10 = 12(4) —2(40)+E = 48-80-+¢
10=-32+E
= E =42

Put all these values in (i)

64x" +8x* —32x” +40x +10 =4H, (x)+ H, (x)+40H, (x)+ 26 H, (x)+42

Orthogonality Property:
The orthogonal property of Hermite’s polynomial is
L 0 ;if m#n
_[ e H, (x).H,(x)dx=
b 2" N7 ;If m=n
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Question: Find the value of I e_sz2 (x).H3 (x)dx

Solution: Given that j e_le{z (x).H, (x)dx
Herem=2andn=3 = m#n

So, I e_szz (x).H,(x)dx=0

—00

Question: Find the value of I e [Hz (x)]2 dx

—00

Solution: Given that T e [Hz (x)]2 dx

—00

Here m=2andn=2 =D m=n

0

So, [ e H,(x).H,(x)dx =2" 27z =427

—00

T e [Hz (x)]2 dx=8Jm

—00
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Lecture # 08

Recurrence formula for Hu(x) of Hermite equation:

Prove that e = i H, (x) !
n=0 n'
Proof: As we know that
H, (x)zl
Hl(x):2x
H,(x)=4x>-2
x X
Also e =l+x+—+—+..
21 3!
Put x = 2tx —¢t*
. 2c—12)
e =1+(2tx—t2)+u+...

2!

2.2 4 . 3
ez’x_’2=1+2x.t—t2+4tx il 4tx+
2!
2.2 4 3
T =14 2xt—12 + 4 x t__4t_x
2! 21 2!
2 I,‘2
& :1+2x.t+—(4x2 —2)+...
2!
2 p—t? tz c t"
e =H, (x)+H1(x).t+H2 (x).5+...=ZHn (x).—'
! ~ n!

63

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




Recurrence Formula for Hn(x) of Hermite Equation:

Four recurrence relations

(i) 2nH, (x)=H.(x)
(i) 2xH, (x) =2nH _, (x) +H (x)
(i) H)(x)=2xH,(x)-H,,(x)

n

(v) H!(x)—-2xH(x)+2nH, (x)=0

Proof: (i) As we know that

22 C .
R e S
n=

Diff, (i) w.r.t ‘x’

H, (x)t"
!

n.

2tx—t* - ’;(x)tn
2t—n:0 x (zz)
M, ()" H )
2t.nzz(; o —nzz(; o .from(z)
= H (x)t" & H (x)t"
= 2% (n') -3 fﬂ)
n=0 . n=0

Replace ‘n’ by ‘n—1’ on the left-hand side of above expression.

Hl(x)t” x '(x)z‘”

2 - n— — n
,,Z_; (n—l)!

n=0 n!
© H (x)n " & H! (x)t”
2 n—1 — n
,,Z_; n(n—l)' nz_(; n!
= H,  (x)2nt" & H,(x)t"
Z 1 n! :Z n!
n=0 . n=0

Comparing the coefficients of t" on both side
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= 2n.H, (x)=H)(x)

n

Proof: (ii) Diff. equation (i) w.r.t ‘t’

0 n—-1
e (2x—2t)= Z—H” (x)nt
n=0 n!
0 n—1
2(x—t).eZ”H2 =ZH”(x)m
n=0 n!
= H (x)t" & H, (x)nt" _
2(x—t).z 51') =Z (n)' from (z)
n=0 . n=0
c H ()" e H ()7 & H, (x)e
2 . — n 3 "
- x; n! ; n! ; (n—1)!

Equating the coefficients of t" on both sides
2xH,(x) 2H,,(x) H,(x)

n! (n—l)! n!

2xH (x) B 2an_1(x) _H,, (x)
n! n(n-1)! !

2xH (x) _2nH,, (x) _H,, (x)

n! n! n!

= 2xH (x) —2nH, (x): H (x)
= 2xH (x) =2nH | (x)+ H (x) proved

Proof: (iii) First recurrence relation implies that

ont, (x)=H'(x) __ (i)

Second recurrence relation implies that
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2xH,(x)=2nH,  (x)+H,, (x)
2, (x)=2xH, (x)-H,,(x) __(il)
Compare (i) and (ii)
H(x)=2xH, (x)—H,, (x) proved
Proof: (iv) Diff. third recurrence relation w.r.t. ‘x’
H)(x)=2[H,(x)+xH,(x)]-H,,(x)
H)(x)=2H,(x)+2xH, (x) - H,,(x) __(*)
From first recurrence relation

2n.H,  (x)=H](x)

n

Replace n by n+1
2(n+1).H, (x) = H, (x)

Put this value in (*)
H!(x)=2xH(x)+2H,(x)-2(n+1).H,(x)
H!(x)=2xH(x)+2H,(x)—2nH,(x)-2H,(x)
= H!(x)=2xH](x)-2nH,(x)

= H!(x)-2xH(x)+2nH, (x)=0

Theorem: Prove that ;;m {Hn (x)} _ (nz_.’;;)!-Hn—m (x)im <n
Proof: As we know that
H!(x)=2nH, (x) (i)

= %{Hn(x)} —2nH, (%)

Diff. w.r.t ‘x’
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d’? , From (i)
— X))t =2n. X
dx’ {Hn( )} Hn 1( ) H(x)=2nH,  (x)
= d—z{Hn (x)} =2n.2(n-1)H,,(x) Replace "n” by ‘n=1"
dx H' (x)=2(n-1).H, ()
— %{Hn (x)} — 22n(n _1)]_]”72 (x) Replace ‘n’ by ‘n—2’
Agai: Diff, w.r.t X’ ()220 o ()
d3 2 ’
= g{H” (x)} =2’n(n-1)H,_,(x)
= {1, () =2 n(n-1)2(n-2) ., (4
d’ g
E{Hn (x)} =2'n(n-1)(n-2)H,_(x)
q"
o {Hn (x)} = 2’"n(n —1)(n — 2)(n —(m — 1))Hn_m (x)

dx" {Hn (X)} = (n—m)!'H""” (x) ‘m<n

Laguerre’s Function:

The Laguerre’s function is

d’y dy
X +(1=x)—=—+ny=0 *
de ( )dx y —( )
2
Or d§+1—xﬂ+ﬁy:0
dx x dx x

67

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




o]

k=0

Let y=) ax"" (i) 5a,#0

k=0
Here a ,=a,=...=a =0
yr — Zak (m + k)xm+k—l
k=0

y'= iak (m+k)(m+k—1)x"">

k=0

Put all these values in (*)

xzak (m+k)(m+k-1)x""2+(1 —x)iak (m+k)x"" +niakx’"+k =0
k=0 k=0

iak (m+k)(m+k—1)x""" + iak (m+k)x™ = iak (m+k)x™* + niakx””" =0
k=0 = “ Z

iak(m+k)(m+k—1+1)xm+k_l—iak(m—l—k—n)x"”k =0

k=0 k=0
iak(m+k)2xm+k_l—iak(m+k—n)xm+k =0 __ (i)
k=0 k=0

Equating to zero the coefficients to lowest degree term "
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a,.m’ =0
a,#0,m’ =0
m=0

Again, equating to zero the coefficient of x"™*

ak+1(m+k+l)2—ak(m+k—n):0

(m+k—n)

> a4, 6 =———>.a
kH (m+k+1)2 ¢
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Form=0

a,,., = (k=n) a
k+1 (k+1)2 k
Fork=0 a, :((()tlnz a, :—naO:(—l)na0
ork = 4 :(l—n) p :—(n—l) g
F k 1 2 (1+1)2 1 22 ( 1) 0
0 _(—1)2 n(n—l)ao
2y
Fork=2 a :M i :—(n—2) (—1)2n(n—1)a0
e+t 9 (2
1 (=)' n(n=1)(n=2)a, _(=1) n(n=1)(n-2)q,
3 36 (31)°
Fork =3 4= (3—n) ] :—(n—3) (—1)3n(n—1)(n—2)a0
B 16 36
; :(—1)4n(n—1)(n—2)(n—3)a0 :(—1)4n(n—1)(n—2)(n—3)a0
) 576 (4)

Similarly, in general

(—1)r n(n —1)(n —2)(n —3)...(n —(r—l))

a = (r!)2 a,

With the help of these values equation (i) becomes when m = 0
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(—l)zn(n—l)ao 5 (—1)3n(n—1)(n—2)a0 ;

y:a0+(—l)na0x+ X+ X 4.

@y (5
(—1)2n(n—1) 5 (—1)3n(n—1)(n—2) N

y=a,| 1+(-1)nx+ x*+ X

2y (3

Generating function for Laguerre polynomial

(l—t)im.t” — e
n=0 I’l'

Proof: Here we have

(l—t)iL”(x).t” — e
n=0

n!

L(x),_ 1 &

Z i @.e ¥

n=0 l/l'

L, 1 [ w e ()

Z;‘ nl o (I=o)| (1=1) 21(1-¢) k(11"

L (x).t" _ 1 i(_l)k otk

gy (4 (1_f) k=0 k!(l—t)k
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ks Ln (x 2 (- k kfk (k+1)
27 _Z )
iLn(x) tn:i(—l)kxktk o (k+1)t+(k+1)(k+2)t2+m+(k+1)(k+2)...(k+l) Z
S 5 K ! I
o L (%), &(-1) ¥ & (k+1), k+1+1
S = . 1 where (k+1) =
; pr t ; I ; (l!) t were( +)1 Tl
= L(x) , &&(- ) (k+1), x5
; a _kzol; ki1

Equating the coefficient of t"

on both sides, we get on putting | =n —k ,

L(x) &) (k1) -
T Wy - —)
Here(k—i—l)nk=|k+lg_k :n_: Z:
NUNETIE MU

(n 1) (n k+1)(n—k)!

)( n+1)( n+2) ( n+k—1)

Collected by: Muhammad Sa

n!

_ (_n)k

n!

(-1)'
(n — k)!
Putting in (1)

_ N (_n)k N
2 (k)"
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I (x) . (—n) o (—n)(—n+1) P (—n)(—n+1)(—n+2) P
’ (11’ (2 (31
L, (x) = n!F(—n,l;x)
From which it follows that L,(x) is a polynomial of degree ‘n’ in ‘x’ and that the

coefficient of X" iS(—l)n.

72

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




Lecture # 09

Bessel’s Function:

The differential equation

2
x’ lefﬁ—xgﬁ—(xz—nz)yzo

is called the Bessel’s Differential equation and parametric solutions of this D.E
are called Bessel’s function of order ‘n’.

Solution of Bessel’s D.E:

xzy”+xy'+(x2 —nz)y =0 (i)
Lt y=Yax™  (*)1a,%0
Here a \=a,=...=a =0
V= a, (m+ k)

y' = iak (m+k)(m+k—1)x""

k=0
Put all these values in (i)

o0 o0 o0

Y a (m+k)(m+k=-1)x""2+x> a, (m+k)x""" +(x2 _nz)zakank ~0
5=0 — Z

iak (m+k)(M+k—1)xm+k +iak (m+k)x’”+k +iakxm+k+2 —nziakxm”‘ 0

k=0 — k:O Z

3 a {(m+k)(m+k=1)+(m+k)—n*lx"* + 3 a,x""? =0
> a{(m+k)( )+(m+k)—n’} A

k=0 k=0

(m+k)(m+k—l) +(m+k) - :(m+k){(m+k—l)} i =(m+k)(m+k) - :(m+k)2 -

gak {(m—l—k)2 —n’ }x"”k +:§akxm+k+2 =0 _(ii)
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Equating to zero the coefficients to lowest degree term x” in the expression (ii
to zero by putting k = 0 in the first summation of (i1) we get the indicial
equation

a0<m2—n2)20
va,20,m —n’ =0
m=+n ___ (iii)

Again, equating to zero the coefficient of x"**** in expression (ii) to zero, we

get the recurrence relation

ak+2{(m+k+2)2—n2}+ak =0

a,., {(m +k+2)2 —nz} =—a,

—a, .
- a = v
. (m+k+2)2—n2 ( )

m+1

Equating the coefficients of x™" in expression (ii) to zero, we put k = 1 in the
first summation of expression (i1)

al{(m+1)2—n2} =0
= a,=0 " m+l#n

From equation (iv)

a ., = —%
e (m+k+2)2—n2
Fork =0
a =
? (m+2)2—n2
Ifk=1,a3=0"q =0
Fork=2 a, = —4

{(m+4)2 —nz}.{(erZ)2 —nz}
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Ifk=3,a,=0 - a=0

Put all of these coefficients in equation (*)

o]

_ m+k
Y= Zak'x

k=0

1 2
y=a,x" +ax"" +a,x"" +ax" +....

_ m m+2 m+3 .o _ — — —
y=a,x" +a,x"" +a,x"" +..... Ja,=a;,=a,=..=0
_ m Clo m+2 0 m+4
y=a,x" — e a2l 5T T F -
(m+2) —n {(m+4) —n }{(m+2) —n}

y=ayx {l(m+2)2 7 +{(m+4)2 _nz}{(m+2)2 n2}+..,]

Case-I: If m=n

yaox{l(n+2)2n2+{(n+4)2nz}{(n+2)2n2}+'l
(n+2) —n*=n* +dn+4-n*=4(n+1)=2*(n+1).1
(n+4) —n*=n*+8n+16-n* =8(n+2)
W(n+a) —n*{(n+2) =n*} =8(n+2).2" (n+1)=32(n+1)(n +2)
{(n+4) =w>H(n+2) =n*| =2%2(n+1)(n+2)

2 4
X X

2% (n+ 1).1!+ 2°21(n+1)(n+2) +} )

y=ayx" {1 —
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Where a is arbitrary constant.
Case-II: If m=—n

2
X

4
X

y=a,x" {1 —

Where a, is arbitrary constant.

Bessel’s Function Ju(x):

2 1(ntl)

24.2!(—71 + 1)(—n + 2)

The solution of Bessel’s D.E from (v) is

2
X

X

4

y:aoxn|:1—22(
y:aoxnz :(_ )r
r=0

n+1).1!+24.2!(n+1)(n+2)+"'

+} _(v)

2r
X

2r

) 27 ) (n+1)(n+2)..(n+r)

22r.r!(n + 1)(n + 2)(n + r)

: : 1 .
Where ay is an arbitrary constant. If ¢, = ——= then the above solution is
2" In+1

called the Bessel’s function of order ‘n’ and is denoted by Ju(X).

( l)r er

J
Py r' n +1)(n + 2)(n +r)

,FZ

j". {1_

i+l 1(n+D)n+1
1
(0)-(
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2 (n+ 1)1 220 (n+1)(n+2)

( j2+2!(n+1)

1
n+1

X

2

s
e
3 m=ls)
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X

2

X

2

-

1

n+1_
X

]

1

Nn+2

]
a2

X

2

1
|n+1

1

2Nln+3

n
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or ()= 3 G (2]

Ifn=0
0 (_1)” (xj2r+0 - (_l)i’(ijr
J — - _ g
O(X) ,Z_(;r'(OnLr)! 2 — rirt 2
2 4
Jo(x):l—%+)6€—4—
3 5
Ifn=1 J(x)=2- 4+
2 16 384

Question: Show that the Bessel’s function J (x) is an even function when n

1s even and i1s odd function when n is odd.

Solution: As we know that

Replace ‘x’ by ‘—x’

I Sez)

Case-I: If nis even then n+2r is also even. This implies that

2r+n 2r+n
- _| X
=) -6
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= Jn (x) 1s an even function when ‘n’ is even.

Case-II: Ifnis odd then nt+2r is also odd. This implies that

= J, (x) is an even function when ‘n’ is odd.

J (x 1
Question: Prove that Lim ”( )

>—1
T 2 Tntl’ (” )

Solution: As we know that

e >Z%U

0 ( )” 2r
J
ln—+ Z <22, r' n + 1)(n + 2)(n + r)
Divide both side by x”

( l)r et
x” In—+222’r' n+1)(n+2)...(n+r)

2 4
X X

I
= 1—
X 2+l 22(n+1).1!+24.2!(n+1)(n+2)
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Taking limit as x — 0

Lim I (x): ! Lim|1— X + x’ —
=0 x" 2" n+1 x>0 22(n+1).1! 24.2!(n+1)(n+2)
J,(x) 1
Lim—- = 1-0+0-—...
e T 1
J (x) 1
Lim— =
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Lecture # 10

Question: Prove that

T (3)=(1) 7, (x)

Where n is a positive integer.

Toteerls)

—orlin+r+1

Solution: As we know that

Replace ‘n’ by ‘—n’ in above

_ n—1 (_l)r (sz Z ” (x)2rn
—orll-n+r+1\2 nr'—n+r+

2r—n
X
=0+
;r'—n+r+ ( j

<>Z%(J

Replace r = n + k in above summation

Jx)=3 (- (szmmn

n+k:n(n+k)!|—n+n+k+1 2

2 #(’CJM
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Question: Prove that

Solution: As we know that

7(x)= 2")%{1_ 2° (nx+1).1!Jr 2*21(n fl)(n +2) "}—(i)

Put n = in above expression

Jl(x)z 1- + -
2 3 92311 2430
YTR -T2y
2 4
CRsil
2 \/5;

Put n = —% in expression (i)
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i Jy(x)= i{sinx —cosx}

2 X X
. 2 i COSX
(i) Js(x)=,|—q-sinx-

¥ X X

Solution: As we know that

=5 lﬁ{l_ 2.2(;;C+ .1 242 (nil)(n +2)"1—(A)

(1) Putn=3/2in(A)

. _ _
2 x° x*

J, (x) =— 1- +

()= 3 .
2 2| 221 =+11.1'" 2427 —+11|| —+
2L (2 j (2 )(2 j
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2 4
XNX X X
J3(x): 5 1- 5+ 57
2 225 242°-~
2\/52 22
P I P S S
2 a3 Lzl 25 2457 7
272
-
J, (x)= ox xf) 2 x
3 W2z x| 10 280 7
NCNE P S
3] 10 280

1 1 1 1 1 1 1 1 1

21 31 3741 51 30 6! 7! 840

2 2 4 4 6 6
2 x° xT x xT x Xx
T

=—F +—+
: JxdJx| 20 31 4 56 7
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As we know that

n

J,(x)=—=

n

2 W{l B 2.2(;;C+1).1!Jr 2.4.2° (n)—ckl)(n +2)"1—(A)

Multiplying and dividing by n+1

()= X" (n+1) {1_ % X' _}

2" (n+1)[n+1

J, (x) =

22(n+1) 2422 (n+1)(n+2)

x”(n+1){1_ x? .\ x* - }
2'[n+2| 22(n+1) 242%(n+1)(n+2)

Putn=-3/2
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Recurrence Formula:

@ xJy(x)=nJ,(x)=xJ,,(x)
)

(i) xJ (x)=-nJ,(x)+xJ,(x)
(iii) 2J'(x) J(x)=J,0(x)
(iv) 2nJ, (x)zx Jn_l(x)+Jn+l(x))

v) i{x‘”J (x

)
(vi) —{x"Jn (x)} =x"J,_(x)

Differentiate w.r.t ‘x’

' % 27"+n ¥ 2r+n-1
AOR Y TEaE IR

= r'n+r+ 2

SR T )
xIEM AL L — —
! —orlin+r+1\2 2 Zrlntr+l 2

Multiply both side by ‘x’

xi ( 1)1 7 ( j2r+n1+ni (_l)r (£j2r+nl (fj
—orlin+r+1\2 —orlin+r+1\12 2

Z‘O: ( l)r 7 (xj2r+nl+ i (_l)r (XJZr—O—n

=X — ny ——=t——| —

rlrr 1'n+r+1 2 —rin+r+1\2
Putr—-1=s=r=1+s

, © (_ 1)1+S ( ¥ )2+2s+n1
J = — +nJ
)= e e
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n

2s+(n+l)
(ij +nJ, (x)

2

W ()= xzw(g) en ()

xJ)(x)=—xJ,, (x)+nJ,(x)
xJ(x)=nJ,(x)-xJ,,(x)

Proof: (ii) As we know that

Differentiate w.r.t ‘x’

o (=) (@) (YT
Jn(x)—rz_(; riin+r+1 (Ej 5

Multiply both side by ‘x’
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xJ! (x)=xJ,_ (x)-nJ, (x)
= xJ)(x)=-nJ,(x)+xJ,_(x)

Proof: (iii) From the (i) and (ii) Recurrence formula

xJ(x)=nJ,(x)-xJ,,(x) ()
xJ(x)=-nJ,(x)+xJ,(x) (i)
Adding (i) and (i1)

2xJ (x)==xJ,., (x)+xJ, . (x)
Divide by ‘x’
2 (x)==J,.,(x)+J,_ (%)

Proof: (iv) From the (i) and (ii) Recurrence formula

xJy(x)=nJ,(x)-xJ,,(x) ()
xJ)(x)=-nJ,(x)+xJ,_(x) (if)
Subtract (ii) from (i)

xJy(x)=nJ,(x)-xJ,,(x)
+xJ! (x)=FnJ,(x)xxJ,,(x)
0=2nJ, (x) - x( J (x) +J, (x))

2nJ, (x) = x( J o (x) +J (x))
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Proof: (v) As we know that
©J,(x)=nJ, (x)=xJ,.,(x)
Multiplying by x™"~ both side
x"xJ(x)=x""nd, (x)-x""xd,, (x)
x"IN(x)=nx" (x)==xT"J,, (x)

d

a(x_"Jn (x)) =—x"J (x)

Proof: (vi) As we know that
xJ(x)=nJ,(x)-xJ,,(x)
Multiplying by x"' both side
XxJl(x)=x""nJ, (x)=x"xJ,,, (x)

xX"J(x)=nx""J, (x)=—=x"J,, (x)

-l
Question: Find the value of J_, (x)+J, (x)
Solution: From the (iv) Recurrence formula
2nJ,(x)=x(J,,(x)+J,,(x))
Putn =0
0=x(J,(x)+J(x))
Ji(x)+J,(x)=0
Question: Express J;(x) in term of J, & J,
Solution: From the (iv) Recurrence formula
2nJ,(x)=x(J,, (x)+7,.,(x)) (¥
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Putn=41in (¥*)

8J, (x) = x( Js (x)+J3 (x))

8

1()=20 -0 ()
Putn=31in (*)

6J, (x) = x( J,(x)+J, (x))
Put (ii) in (i) = J5(x) :§(§J3(x)—Jz(x)j—J3(x)

Putn=2in (¥*)

4J, (x) = x( J, (x) +J, (x))

Put (v in i) (x) —(if—lj{—Jz(x)—J](x)}——Jz(x)

48 \4

J.(x)= (_2_1j_J2(x) (—z—lle(x)—;Jz(x)

X X
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Question: Express J, (x) interm of J, & J,

Solution: From the (iv) Recurrence formula

2nJ, (x) = x( J, (x) +J, (x))

Ja(¥) =22, (4) =T (x) (%)
Putn=>51n (*)
Jo(¥) =20 (¥) =) ()
Putn=4in (¥*)
T5(3) =24 () =3 ()
s Ju(x) :%[%] (x)—J3(x)}—J4(x)
J6(x):(i_‘j_1jJ4(x)_%J3(x) (i)

Putn =3 in (¥*)

J,(x) =gJ3(x)—J2(x)

Putin i) = J6(x)=£i—9—lj[gJ3(x)—J2(x)}—%J3(x)
J6(x):(%_%J@(x)_@_?_q@(x) (i)

Putn=21n (*)

J(x) =2, (x) = J, ()

Putin Gii) J6(x):(%—%J[%Jz(x)—ﬁ(x)}—(i—?—lsz(x)
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X X X X X

O e O e E )

X X X X

)= 22t - 2L )

Putn=1in (¥) = J, (x) =—J1(x)—JO (x)

Put in (iv) J,(x) :(1?0 —ﬁﬂ)(zﬁ (x)=Jy(x) j—(“_io_ﬁjJI (x)

X X X X

1) (20282 016, (1920 148

4
XS X3 X X3 X X X

3840 768 18 1920 144
o

J6(x):( N g & : _—2+1on()€)

X X X X X

1

2" n+1

. d -n -n
Solution: As we know that E(x J, (x)) =—x"J,.,(x)

d(x_”Jn (x)) =—x"J

n+l

Question: If n>— 1, show that _“x"’Jn+1 (x)dx= -x"J,(x)
0

(x)dx

Integrate both side from 0 to x

X

Id(x‘”]n (x)) = —;ix_”JnH (x)dx

0

I)C"’Jn+1 (x)dx= —[x_"Jn (x)]z

J‘x_”Jn+1 (x)dx = —{x”Jn (x)- Liminx)
0 X—>0 X

h —-n —n 1

_([x J o (x)dx =-x"J, (x) + T o]
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Lecture # 11
Question: Prove that JxJ(f (x)dx = %xz [J(f (x)+ J! (x)} +c

2 2
Solution: LH.S = [x.J} (x)dx :%Jg(x)_ [ %.2Jo(x)Jg(x)dx

IO EAEEAE) PN O B
=T ()¢ o () () ()

As %x”]ﬂ (x)=x"J,_(x)

Putn=1

%x]l(x)leo(x)

Put in (1)

— %[]02 (x) + le (x)] +c=RH.S
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Question: Show that

2
(a) Jn+3(x)+Jn+5(x):;(n+4)Jn+4(x)
(b) Express J, (x) in terms of J, (x) and J, (x)
Solution: (a) As we know that

2ndJ, (x) = x( J (x) +J, (x))

= J (x) +J, (x) =%n]n (x)

Putn=n+4

= J

n+5

(x)=2(n+4)J,.(x)

(x)+J 3

n+3

Solution: (b) As we know that J,_ (x)+J,,(x) =gan (x)

X

2

Ty (x)==nJ,(x)=J,,(x) __(*)

X

Putn=3in(*)= J,(x) =§J3 (x)=Jy(x) (i)

Putin ) = J, (x) %FJQ(;C)_JI(X)}_JZ(X)

J,(x)= %12 (x) =27, (x) -, (x)
J.(x)= (%—IJJZ(x)—ng(x) (i)

Putn=1in(*)= J,(x) :%J1 (x)—J,(x)
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Question: Prove that . (x) :(1_12le (1) + 2, (x)
X X

Solution: As we know that x.J’ (x) =—nJ, (x) +xJ (x) by Reaurrence I1

Ty (x)==2J,(x)+J, , (x)

X
Pun=2 = J(x)=—2J,(x)+J,(x) (i)
X
Also, by Recurrence formula IV = J | (x) HiAL) (x) = Z_an (x)
X
2n
Jn+l (X) - 7Jn (X) - Jn—l (x)
Pun=1 = J,(x) =27, (x) 7, ()
X
. , 202
Putin () = Jz(x):——[—Jl(x)—JO(x)}+Jl(x)
X| X
, 4 2
Jz(x):—?Jl(x)+;Jo(x)+Jl(x)
, 4 2
Jz(x):(l—?JJl(x)aL;Jo(x)
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Lecture # 12

Rodrigues Formula:

> ( ):23.”!;;( -1) sn=0,1,2,..
Putn=0= Po(x):ﬁ(xz—l)ozl
Pun=1=  B(x) =%%(x2 -1) =%.(2x) —x
Putn=2= Pz(x):ﬁ;%(xz -1y :é%Q(xz ~1)(2x)
(9= 552029 =5 (3¢ )
Proof: Letv=(x"-1)" (i)
Diff. w.r.t °x’
& nfx-1) " 2x
2nx(x” ~1)'

(x2 - l)ﬂ = 2nx(x2 - l)n

dx
(x2 —l)ﬂ:2nx.v (ii) by (i)
dx -
Leibnitz Rule d (uv) =u".v+nu"" V' + n(n _ 1) IV 4 Hu)"
dx” 2!

Now diff. (i1) ‘n+1” times by Leibnitz Rule
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n+2 n+l n n+l n
(xz l)d (;)+(n+l)d (:}) x+(n+l).n-d (v)2:2n{xd <:})+(n+1)d (v)l
dxn+ ax | n+ dxn
n+2 n+l n+l n n
(x2 —l)d (:) +(n+1)d—<1v).2x—2nxd—(lv)+(n+l) n—(v) Zn(n+1)d (v =0
dxn+ dxn+ dxn+ dxn dxn
n+2 n+l n
e L L PR LA LY
n+2 n+l n
(xz—l)d (;)+2xd (:})—n(n+1)d (v)=0
dxn+ dxn+ dxn
d"(v)
P _
ut o y

(xz—l)y”+2xy'—n(n+1)y=0

(1 —xz)y” 20/ +n(n+1)y=0 __ (iii)
The solution of equation (iii) is called the Legendre polynomial. Therefore,
v=P,(x)
L _py i)

n
Where c is constant. But v= (x2 —1)

V= ((x+ 1)(x—1))n
v=(x+1)"(x-1)’
Now diff. n times by Leibnitz Rule.

d"(v n d" n it d™ n nd
din)z(x+l) .dxn(x—l) +n{n(x+l) 1.dxn_l(x—) +...+(x—1) y
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Now —(x-1)" =n(x-1)

;:" (x=1)"=n(n-1)(n-2)..32.1=n!
eQ(V)3%®=(x+1)",n!+n{n(x+1)"I.anl (x—l)n+...+(x—1)" ;z’x”n (x+1)"}

dn(V) n n
Putx=1 = 7 :(1+1) n+0+0+...+0=2"n!
X
x=1

Putx=1in(iv) = c dd)(cv):|x1 =P (1)

dxl’l
c2'n!=1
1
2"l
o 1 d"(v)
P ———==P
ut in (1v) = SO ’ (x)
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Question: Show that
(1) IP dx 0 ,n=#0
(ii) IP dx 2 ,n=0

Solution: (i) By using the Rodrigues formula

B(x)= 5w -1)

2" n! dx

+1 +1 1 dn 5 Y
;‘;Ri(x)dx:;[Z”.n!dx” (x —1) dx

+1 1 dn—1 | +1
jP" k& 2".11!{(1’)511 (x2 _1) }

-1

+1

an (x)dx =

-1

Solution: (ii) By using the Rodrigues formula

1 4 n
£ (x)= 2"n! dx" (xz _1)

Forn=0:>R)(x)=1

jP )dx = j1dx [x] =1-(-1)=2
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Question: Let P,(x) be the Legendre polynomial of degree n. Show that for
any function f(x), for which the nth derivative is continuous

jf (2n '_[f (x* 1) dx

Solution: By using the Rodrigues formula

jf(x)ﬂ (x)dx = g" n)'[ j (x i:n—zz (x2 _1)” dX}

J 7(x) (ae=C 1) [J (s j;z(xz—l)"dx}

Similarly integrate n times by parts we get

jf o= ] njf )(x*-1)" dx

2" n!
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Question: Given that £, (x)=1and P,(x)=x. Then

2

Show that (i) x2:§Pz(x)+%PO(x)
. 2 3
(i) x° =§P3(x)+§Pl(x)

Solution: (i)  As we know that

3x* =2PR, (x)+Po(x) Po(x) =1
P =2R(x)+ 7R (%)

Solution: (ii)) As we know that
1
P, (x) = 5(5x3 - 3x)

2P(x)= (5)63 1 3x)

5x° =2P, (x)+3x=2P3 (x)+3Pl(x) Pl(x)=x
2 3
¥ =2B(x)+LR(¥)

Question: Express in terms of Legendre polynomial.

f(x)=4x3—2x2—3x+8

Solution: As we know that
2 3 , 2 1

x3=gP3(x)+§Pl(x), X ZEPZ(x)—IrgPO(x)

x:E(x),lzPo(x)
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4020 —3x+8:4(§1’3(x)+§R(x)j—2(2132(x)+%E)(x)j—3]’l(x)+8]%(x)

. —2x2—3x+8=§}§(x)+%R(x)—gl’z(x)—g(+§j—2}%(x)—3ﬁ(x)+8f%(x)
4x3—2x2—3x+8:§f§(x)—§Pz(x)+(%—3jf{(x)+( —%jPO(x)

45 ~2x _3x+8:§p3(x)_gg(x)_gpl(x)%po(x)

Question: Express in terms of Legendre polynomial.
f(x) =4x° —6x" —Tx+2
Solution: As we know that

3

x’ =%P3(x)+§Pl(x) , X =

| N

5
40 —65 ~Tx+2=SB(x) 4]’2(x)+[%+7j131(x)+41%(x)
3 ) 47
4x° —6x —7x+2=—}§(x)+4}3(x)+?ﬁ(x)+4}3(x)
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Special results involving Legendre Polynomial:
Theorem: Prove that

i P(1)=1

G B (=1)=(-1)

i) B (=x)=(=1) £ (x)

Proof: (i) As we know that the generating function for Legendre polynomial
is

l+z+2°+2° +...=i]?1(1).z”

n=0

izn = ,,Z::'R’ (l).z”

n=0

Compare the coefficient of z”

P(1)=1

n
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Proof: (ii) As we know that the generating function for Legendre polynomial
is

l—z+z° =2 +..= ZP (—1).2"

n
n=0

Compare the coefficient of z”

P (-1)=(-1)

Proof: (iii) As we know that the generating function for Legendre polynomial
is
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1 = n ..
Tzers &h7 —@)
Putz=-zin (i)
1 o0

et U I RO

n=0 n=0

Compare (i1) and (iii)
Z(;Pn (—x)z"= Z;(—l)n P (x).z"
Compare the coefficient of z”

B (=x)=(-1)" ()

Question: Prove that

n

) P'(l)z%n(n—l—l)

(i) P’(—l):(—l)"”%n(nﬂ)

n

Proof: (i) The Legendre equation is
d’y , dy
1-x" )—=—2x=+n(n+1)y=0
( ) dx’ dx ( )y

(l—xz)Pn”(x)—2xBl'(x)+n(n+l)Bl(x):O ()
Putx=11n (1)
(=) (1)~28(1) (1), (1) =0

2P (1)+n(n+1)£,(1)=0

n n

P()=gn(n+1) ~R(1)=1
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Proof: (ii) The Legendre equation is
dy , dy
1-x*)— —2x=+n(n+1)y=0
( ) ax’ dx ( )y

(l—xz)B;(x)—2x}31'(x)+n(n+1)131 (x)=0 __ (i)
Putx=-11in (i)
(1) () +28(-1) (1) (1) =0
2P (-1)+n(n+1)B(-1)=0
-1

P()="tnlmr 1) R ()=

[E—

Question: Prove that ZP

n=0

ﬂ
I
N
=

Proof: As we know that

Ms

F(x)z"

1-2xz+2> &

Il
(e

Putz=1

\/1 2x+1 HZ:O:

Question: Prove that P/ (—x) = (—l)n+1 P (x)

Proof: As we know that
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y P (x).z" =(1 —2xz+2° )_21
0

m

Diff. w.r.t ‘x’ we get

gl’n’(x).z” =_71(1 ~2xz+72" )_23 (—22)
> P(x)z" =Z(1—2xZ+22)_23 ()
=0
Replace ‘X’ by X" in (i)
ilfl'(—x).z” =Z(1—|—2xz+zz)_23
=0

Replace ‘7z’ by ‘=z’ in (i)

Z:Pn '(x)-(_Z)n = —Z(1+2xz +7° )_23
g(_l)n B;(X)Z" = —Z(l +2xz+2° )_23

Multiplying by (—1)

-3

i(—l)n+1}?1'(x).z” :Z(1+2xz+zz)7 (iif)
n=0
Compare (i1) and (iii1)
> P(-x)2" =3 (1) Bl(x)
n=0 n=0

Compare the coefficient of z”

B(=)= (1" B

n
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Question: Prove that

i) B,.(0)=0
G B, (0)=(-1)".
11) 2 ( ) ( ) 22n(}’l')2
(i) P,(0)=0

. (2n+1)!
w B (0)=(1y 2

1S

n=0 ! 2 2
P (02 o1t 130 135 o L pl3S2nml) )
s 2 24 24.6 24.6..2n

Since the R.H.S of above equation consist of even power of z. So, equate the

: 20+l
coefficient of z™""

P

2n+l

(O) =0 i.e. no odd power in R.H.S
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Proof: (ii) Now equating the coefficient of z*" on both side of equation (i)
. 1.3.5..(2n-1
P =y 2]
24.6..2n
" 1.3.5...(2n — 1)(2.4.6...2}1)

B, =(-1
2 =(1) 2.4.6..2n(2.4.6..2n)
n 2n!
B =(-1
=) (24.6..2n)"
B, =(-1
=1 2"(12.3..n)
n 27’1'
=) 27 (nl)’
Proof: (iii) Diff. eq(*) w.r.t ‘x’
& _ -3
ZPn'(x).Z" 271(1—2)624-22)2 (22)
n=0
) -3

Pn'(x).Z" 3 Z(l—2xz+z2 )7
)

n

:Zol’z'n(O) 2= o(142)? =(1- (_ZZ))—;
iﬂnw)zuz_lﬁ( Zz)+(;)(2,231)(22>2 (23j(;3,)(23 j( 7'+
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35 357
ZPZ'H(O).anz l—ézz+2 224—2 2 226+...
2 2 2

2357..(2n+1) ,
z
24.6..2n

2}3'”(0).2" = 2—523 + ;:jzs — 32227 +...+(—1)

Since R.H.S of above equation consist of odd power of z. So, equate the

: 2
coefficient of z°"

B,

. (0) =0 i.e. no even power

2n+l1

Proof: (iv) Now equating the coefficient of z™"" on both side of equation (ii)

35.7..(2n+1
B,4(0)=(-1) 2.4.6(...2n |

. w|357.(2n+1)](246..2n)
Fa(0)=0) (24.6..2n)(2.4.6..2n)

2n+ 1) 2n..7.6.5.4.3.2.1

P, 2
(2.4.6..2n)

2041 (O) :(_1)" (
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Legendre’s Equation:

The differential equation

(l—xz)dzy—2xd—y+n(n+l) =0 (l)
dx’ dx = —

is called the Legendre’s Differential equation. The above equation can also be
written as

%{(l—xz)%}+n(n+l)y=0

X

Solution of Legendre’s Equation:

Let y=) ax"" (*) 5a,#0
k=0
Here a |=a,=..=a ,=0
y' = iak (m 1 k)x"”k_1
pary

y'= iak (m+k)(m+k—-1)x""

k=0

Put all these values in (1)

(1 —xz)iak (m+k)(m+k-1)x""> —2xiak (m+k)x""" +n(n+1) iakx"”k =0
k=0 k0 pary

i“ak(m—l—k)(nﬂ—k—l)x"”k_2 —iak(mﬁ—k)(m%—k—l)x"”k
[ k=0

—2§:a,c (m+k)x"" +n(n+ l)iakx"”k =0

k=0 k=0

Zak(m+k)(m+k—l)x’”+k_2 —gak [(me+k) (me+k—1)+2(m+ &) —n{n+1) 0" =0
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Let
(m+k)(m+k—l)+2(m+k)—n(n+1):(m+k)(m+k+l)—n(n+l)

Zak(m+k)(m+k—l)x””k_2 —gak [(m+k)(m+k+l) —n(n+1)]x’”+k =0

Equating to zero the coefficients to lowest degree term x" by putting k =0 in
the first summation

agm(m—1)=0
va,#0,m(m-1)=0
m=0,m=1
Now equate to zero the coefficient of x”** for recurrence relation

a,(m+k)(m+k—1)—a_,(m+k=2)(m+k—-2+1)—n(n+1)=0
a,(m+k)(m+k=1)=a, | (m+k=2) +(m+k—2)=n(n+1)| =0

4 - (m+k—2)2 +(m+k—2)—n(n+l)

)

(m+k)(m+k—1) B

Equating the coefficients of x”' for a; by putting r = 1 in first summation of
expression

a,(m+1)(m+1-1)=0
alm(m+1) =0
a, may or may not zero when m =0 and q, is zero when m = 1

Case-I: When m =0

(k=2 +{k=2)-n(n+])
k (k)(k=1) -
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Fork=2

(2-2)" +(2-2)—n(n+1)

02:

a2 =

Fork=3

_(3-

a,,

(2)(2-1)
—n(n+l)
2!

q,

2)’ +(3-2)—n(n+1)

a’j_

ch_

@

w”+2n—n—2

)

(2)(3-1)
1+1—n(n+l)a
32 1
_2—n(n+1)
3!

&

n(n+2)—l(n+2)

e 3

ch:

Fork=4

{3 4

3!
(n=1)(n+2)

3! “

_4+2—n(n+l)

a,

n(n+1)—6

a,

43 I

n* +n—6 —n(n+l)

4.3

_n2 +3n—2n—-6

a, = a,

4.3 2!

a,

n(n+

1
432 )

_n(n—2)(n+l)(n+3)

a,

Fork=35

a
4! ‘

_9+3—n(n+1)

as

a5 =

n(n+1)—12'_(n—1)(n+2)

54

54
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(n2 +n—12)(n—1)(n+2)

“= 543! “
(17 +4n—3n-12)(n-1)(n+2)
“= 543! “
Y (n(n+4) —3(n+4))(n—1)(n+2) ‘
: 5!
4= (n—l)(n—3)5(!n+2)(n+4) a

From equation (i) when m =0
y=) ax =ay+ax+ax’ +ax’ +..
k=0

Put the value of a;,a; ,...

y:%mlx{waosz{ (n—l)(n+2)aljx3+[n(n—2)(n+l)(n+3)aoj

2! 3! 41

(n—l)(n—3)(n+2)(n+4) al]xs .

L 5!
SRR .
g {x_(n—l)(n—lﬂ)x3 N (n—l)(n—3)(n+2)(n+4)x5 N }
1 3 51

Thus, for any integer n > 0 the above equation has a polynomial solution. These
polynomials are multiplied by some constants called Legendre’s polynomial of
order n and denoted by P, (x).
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Case-I: Whenm =1

Clk:

Fork=2

Fork=4

a,

(-

(14+k=2)" +(14+k—=2)—n(n+1)

(1+k)(1+k-1)
+(k—1)—n(n+1)
k(1+k)

a. = k2

(k1)

)

1+1—n(n+1)
2.3
—(n-1)(n+2)
3!
9+3—n(n+1)
4.5
n’ +n—12 —(n—1)(n+2)
54 3!
1)(n—3)(n+2)(n+4)

02:

CLZ:

a, =

)

ao

a,

5| a, And so on.

From equation (i) whenm=1 y =Zakx1+k =Zakx_xk

y= xiakxk
k=0

y= x[aOJrazx +ax’ +.. }

k=0 k=0

= yzx[ao +ax+ax’ +ax’ +]
va=a,=a;=...=0

4

n—1)(n-3)(n+2)(n+4)
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5!

+((n—1)(n—3)(n+2)(n+4)

5!
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Lecture # 13
Some Modern Special functions:

e  Wright Function

e Mittag-Leffler Function
¢ Dini Function

e Struve Function

e Lommel Function

e Hyper-Bessel Function

(i) Wright Function
The Wright function is

Normalization:

Any function f(x) is said to be Normalized if

f(0)=0 and f'(O):l

e.g. K(Z) =

1:Z{1+Z+22+Z3+...}
z—

K(Z)=Z+22+Z3+...
K(0)=0

Now K'(z)=1+22+3z2 +...

K(0)=1+0
K (0)=1
Hence, K (Z) — is normalized.

z—1
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Normalized form of Wright Function:

Zn
_;n!ln+,u ,

A>-1LueC

0

_+ZZ_"
El n=l1 n! /7.1’H-,Ll

Multiplying by l; z

As
1
W, (2)=
Aum,,(2)
W, )= S A

Deduction:

z
Ifweput A=1and u=v+1 & z= e multiplying by

ZDIZ
=z +;n"7ﬂ

where Wl’ﬂ(z) ZZEI

. 2
— | then the
2

n+l

2

Wright function converted into Bessel function

Put A=1 and

z
multiplying by (5

Collected by: Muhammad Saleem
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v+l & z=2
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W _Z2 _i (_1)’1 (Zj2n+2
M4 ) Salnrvri\4

Which is the Bessel Function.

(ii) Mittag-Leffler Function:
In 1903 the Mittag-Leffler function E«(z) is define as

z):gﬁ ;aeC,R(a)>0

In 1905 Wiman generalize this function

(2)=Y -2 :a,feC.R (a) >O0.R (£)>0

n=0|0N +ﬂ

In 1997 Perbhakker generalize this function

a,ﬂeC&Re(a)>0,Re(ﬂ)>0

;mﬁ n!

Normalized form of Mittag-Leffler function:

i
) S

Multiplying by | 8.z

N rzz
FﬂZE =z ‘7,3
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E, ; (z)=z+ ;’% where E, ;(z) Zm.ZEa, 5(2)

is the normalized form of Mittag-Leffler function.

Question: Show that E, | (z) = ze”

© n+l
Solution: As we know that Ea,ﬂ (Z) . Z I,EZ
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